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Ingvar Lindgren at Fysicum in Uppsala around 1960.



Throughout a long and highly productive career, Ingvar Lindgren has pursued
with unwavering fidelity a scientific goal that is beset with formidable obstacles.
His goal has been to understand many-body effects and relativistic phenomena in
atoms, and in this he has enjoyed many successes. In pursuing his goal Ingvar has
been the devoted leader of an outstanding research group that has trained gener-
ations of physicists. He has also given generously to the governance of Chalmers
University of Technology and Goteborg University, and he has played a major role
in guiding science policy in Sweden. Following in the great tradition of eminent
physicists speaking out on public affairs, Ingvar has become de facto an interna-
tional statesman for science. For all these reasons, plus his exceptional human
qualities of friendship and good humor, to his many friends and admirers, Ing-
var is an icon for the best in physics. To put it simply: knowing Ingvar Lindgren
makes one proud to be a physicist.

In celebration of Ingvar’s 75th birthday, many of his friends and admirers gath-
ered for a Symposium in his honor, held at Chalmers University of Technology
on June 2nd and 3rd, 2006. The symposium was organized by Berit Augusts-
son, Eleanor Campbell, Daniel Hedendahl, Eva Lindroth and Sten Salomonson,
to whom I express a deep gratitude that I know is shared by everyone who at-
tended. The Symposium was followed by a weekend outing to Ingvar’s home in
Ljungskile where Ingvar revealed yet another of his extraordinary qualities: in ad-
dition to being a great host, he is a great cook.

This volume of the proceedings is offered to Ingvar with affection by the au-
thors and by all who attended, as well as his many friends who could attend only
in spirit.

Daniel Kleppner
Cambridge, Massachusetts
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Abstract In 1947, I.I. Rabi invented the molecular beam magnetic resonance method

for the important, but limited purpose, of measuring nuclear magnetic mo-
ments and five of us working in his laboratory immediately began such
experiments. The first experiments with LiCl gave the expected single res-
onance for each nucleus, but we were surprised to discover six resonances
for the proton in Hy, which we soon showed was due to the magnetic ef-
fects of the other proton and the rotating charged molecule: from these
measurements we could also obtain new information on molecular struc-
ture. We had another shock when we studied D, and found the resonance
curves were spread more widely for Dy than H; even though the magnetic
interactions should have been much smaller. We found we could explain
this by assuming that the deuteron had an electric quadrupole moment
and J. Schwinger pointed out that this would require the existence of a
previously unsuspected electric tensor force between the neutron and the
proton. With this, the resonance method was giving new fundamental infor-
mation about nuclear forces. In 1944, Rabi and | pointed out that it should be
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2 N.F. Ramsey

possible by the Dirac theory and our past resonance experiments to calcu-
late exactly the hyperfine interaction between the electron and the proton
in the hydrogen atom and we had two graduate students, Nafe and Nelson
do the experiment and they found a disagreement which led J. Schwinger
to develop the first successful relativistic quantum field theory and QED. In
1964, Purcell, Bloch and others detected magnetic resonance transitions by
the effect of the transition on the oscillator, called NMR, making possible
measurements on liquids, solids and gases and giving information on chem-
ical shifts and thermal relaxation times T1 and T2. | developed a magnetic
resonance method for setting a limit to the EDM of a neutron in a beam
and with others for neutrons stored in a suitably coated bottle. Magnetic
resonance measurements provide high stability atomic clocks. Both the sec-
ond and the meter are now defined in terms of atomic clocks. Lauterbuhr,
Mansfield, Damadian and others developed the important methods of us-
ing inhomogeneous magnetic fields to localize the magnetic resonance in a
tissue sample producing beautiful and valuable magnetic resonance images,
MRI’s, and fMRI’s.

1. INTRODUCTION

It is a pleasure and an honor to speak at this celebration for Ingvar and his impor-
tant relativistic atomic calculations, for his work with the Nobel Foundation and
for his contributions to the international community of atomic physics where he
has been a wonderful friend to all of us.

A delightful feature of fundamental scientific research is the frequency with
which a study started in one limited field of research eventually contributes to
other scientific and applied fields and often leads to the creation of new research
fields. This has been markedly true of magnetic resonance.

I shall initially discuss the scientific basis of magnetic resonance, the first suc-
cessful experiments and then the subsequent discoveries and inventions which led
to other disciplines.

2. MAGNETIC RESONANCE AND NUCLEAR MAGNETIC MOMENTS

LI Rabi invented the molecular beam magnetic resonance method in 1937, just
two months after I began working for my Ph.D. with him at Columbia University.
Immediately, six of us in his laboratory dropped all other activities to adapt two
of our apparatuses to his new invention. Magnetic resonance depends on the facts
that electrons and most nuclei spin like tops with angular momentum | and are
magnetized like compass needles with magnetic moments . Just as a tilted top in
the earth’s gravity field will precess about a vertical axis, the | of a nucleus or elec-
tron in a magnetic field B will precess about that field with a frequency vg. Rabi’s
proposed experiment [1,2] was to apply an oscillatory magnetic field at frequency
v and to vary v in hopes of finding a resonant change in the orientation of g when
at resonance v = vy. Initially this was with 7Li [2] in LiCl and with the proton [3]
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in molecular Hy. The experiment with “Li worked as expected and gave the hoped
for change in orientation at the resonance frequency v = vy, from which g could be
calculated. In subsequent years many nuclear magnetic moments were measured
in this way.

3. MAGNETIC INTERACTIONS IN MOLECULES

In contrast to the success of the first ’Li measurements of nuclear magnetic mo-
ments, the experiment with Hy was initially very disappointing. Instead of the
expected sharp resonance we obtained a broad pattern looking like noise. How-
ever when we greatly reduced the strength of the oscillatory field we found [3] that
we had six separate resonances, due to the proton magnetic moment also interact-
ing with the magnetic field from the other proton and from the electric charges
of the rotating molecule. In other words we were observing the radio-frequency
spectrum of the molecule. This extended the contributions of magnetic resonance
to the fields of molecular structure and chemistry. From these measurements we
could also obtain molecular structure parameters of interest to chemists, such as
the value of (1/R3) for the H, molecule.

At the time of these measurements we knew that our nuclear magnetic moment
measurements had to be corrected for magnetic shielding from the circulation of
the electrons in the molecule induced by the external magnetic field. W. Lamb
calculated this correction for single atoms but not for molecules. After WWII, I de-
veloped a method for calculating the magnetic shielding correction for polyatomic
molecules and discovered that the corrections were different for the same atom in
different locations in the same molecule [4]. At about the same time this chemical
shift was independently discovered experimentally by N. Bloembergen, F. Bloch
and others. The magnetic resonance chemical shifts are now powerful methods in
chemical analysis and studies of molecular structure.

4. NUCLEAR ELECTRIC INTERACTIONS IN MOLECULES

When we studied the radio-frequency spectrum of D, we hit another surprise [5].
The separation of the spectral lines in D, were greater than in Hj even though the
nuclear spin—spin interaction and the nuclear spin molecular rotation interaction
should be much less. We found a similar anomaly for HD. We finally interpreted
this as due the deuterium nucleus having a quadrupole moment (being ellipsoidal
in shape) which gave rise to a spin dependent electrical interaction. The existence
of the quadrupole moment, in turn, implied the existence of a new elementary
particle force called a tensor force. In this way, magnetic resonance made a funda-
mental contribution to particle physics.
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5. ATOMIC HYPERFINE STRUCTURE, SEPARATED OSCILLATORY FIELDS
AND ATOMIC CLOCKS

The magnetic resonance method was extended to atomic physics to measure the
magnetic interaction between the atom and electron which in atomic spectroscopy
is called the hyperfine separation frequency, Avyg. Since Avyg is dependent only
on interactions internal to the atom, it could be used as a standard for frequency
and time, but atomic clocks at that time would have been no more accurate than
clocks based on vibrating crystals. The magnetic resonance methods then in use
had the great problem that for high accuracy the oscillatory field region should be
as long as possible and the wave length of the radiation should be as short as pos-
sible, but these two requirements were mutually incompatible since the oscillatory
field region had to be less than one-half a wave length long to avoid cancellations
by opposite phases. In 1949 I invented the separated oscillatory fields method [6]
which overcomes this problem by confining the phase coherent oscillatory fields
to two separate regions, each of which is shorter than one half a wave length,
but with their separation being many wave lengths apart, the resonance width is
correspondingly narrow. This greatly increased the accuracy of all radiofrequency
spectroscopy measurements and made it possible for atomic clocks to be much
more stable than any other time or frequency standard. In addition to their high
stability, atomic clocks had the advantage over all previous time standards of be-
ing determined by internal atomic properties which, by the quantum mechanical
identity principle, were the same for all atoms in the same state. As a result the
international definitions of both the second and the meter are now based on mag-
netic resonance atomic Cs clocks. Atomic clocks are now extensively used in many
different disciplines. If one counts all these disciplines, the list of sciences would
be very long indeed, including radio-astronomy, metrology, precision navigation
in outer space and on the earth, the Global Positioning System (GPS), tests of rela-
tivity, tests of the constancy of fundamental constants, etc.

6. ATOMIC HYPERFINE STRUCTURE AND QED

In 1947 it was thought that for atomic hydrogen the value of Avyg could be calcu-
lated precisely because magnetic resonance experiments had measured the ratio
of the electron and proton magnetic moments and the Dirac theory gave the wave
function of the atom and the magnetic moment of the electron. Rabi and I there-
fore started our graduate students, J.E. Nafe and E.B. Nelson, on an experiment to
measure Avyg for H. They found [7] a slight disagreement with the Dirac theory,
which led J. Schwinger to develop a successful new relativistic quantum field the-
ory of electromagnetism (QED). This theory showed that the magnetic moment of
the electron was slightly different from that used in the Dirac theory. This was the
first accurate relativistic quantum field theory and it stimulated the later develop-
ment of other field theories in particle physics. The anomalous magnetic moment
was quickly confirmed by an experiment of P. Kusch.
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7. NMR

Shortly after WWII, E.M. Purcell, F. Bloch and their associates invented methods,
called NMR, for detecting magnetic resonance by the effect of the resonance ab-
sorption on the oscillator inducing the resonance transition, which enabled them
to study liquid, gaseous and solid samples. The molecules in these substances
were subject to frequent collisions which averaged out most of the nuclear inter-
actions in molecules. This collision narrowing had the advantage of producing
strong narrow resonances, but the disadvantage of losing much molecular in-
formation. However, the relaxation time T1 for the nuclear spin system to reach
thermal equilibrium with the sample and T2 for the precessing nuclear spin system
to lose phase coherency can be measured. T1, T2, the observed chemical shifts and
the electron coupled nuclear spin—spin interaction provide sufficient information
to be a guide in determining the location of atoms in a molecule and information
about the surroundings of an atom in a molecule. Improved procedures for mea-
suring the relevant NMR parameters have been developed, such as the spin-echo
techniques of E. Hahn for measuring relaxation times and the pulse and Fourier
transform methods developed by R.R. Ernst and others for obtaining magnetic
resonance spectra. As a result, NMR has become an immensely valuable research
tool.

8. MAGNETIC RESONANCE IMAGING

Although NMR provided valuable information about the materials being studied,
the observations suffered by not being able to localize the signals in the sam-
ple. P.C. Lauterbur, P. Mansfield and R.V. Damadian developed different methods
for using inhomogeneous magnet fields to localize the NMR signals in the sam-
ple, leading to the present beautifully detailed magnetic resonance images (MRI).
A typical modern MRI apparatus includes a very strong and stable homogeneous
magnetic field of approximately 20,000 Gauss (2 Tesla), usually produced by a
large super-conducting magnet. In addition there are three variable gradient mag-
nets at 180 to 270 Gauss each of which can produce an inhomogeneous magnetic
field such that there are magnetic resonances only along a line, so the observed
signal is the result of all of these resonances. When the gradient field is changed
similar results are obtained for a different line. When a different gradient magnet
is used the resonance lines lie in different planes. These results are then analyzed
in a computer using Fourier transforms and programs similar to those used in
X-ray CAT scans to give two dimensional pictures in arbitrary planes and in re-
markably fine detail. The early MRI scans were of great value in biological and
medical research and treatments, but the technology and applications of MRI’s
have been and are being greatly improved and extended by the development of
even sharper images, of images showing blood circulation, of injectable contrast
materials, of functional MRI (fMRI) which shows which portion of the brain re-
sponds to different stimuli, etc. The illustration in Figure 1.1 shows an MRI of a
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FIGURE11 An MRI of a human brain, when the subject is asked to think hard about a particular

problem. For a colour reproduction of this figure see the colour plate section, near the end of
this book.

human brain, when the subject is asked to think hard about a particular prob-
lem.

9. CONCLUSIONS

Magnetic Resonance has greatly contributed to the fields of Nuclear Magnetic
Moments, Molecular Structure, Quantum Field Theory, Particle Physics, QED,
Chemical Analysis, Chemistry, Navigation on Earth and in Space, Biology, Time,
Frequency, Astronomy, Seismology, Metrology, Tests of Relativity, Medicine, MRI
and fMRI. There is every reason in the future to expect even better contributions.
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Abstract The evolution of quantum mechanics has followed the critical analysis of

“gedanken” experiments. Many of these concrete speculations can become
implemented today in the laboratory—thanks to now available techniques.
A key experiment is concerned with the time evolution of a quantum sys-
tem under repeated or continuing observation. Here, three problems over-
lap: (1) The microphysical measurement by a macroscopic device, (2) the
system’s temporal evolution, and (3) the emergence of macroscopic reality
out of the microcosmos. A well-known calculation shows the evolution of a
quantum system being slowed down, or even obstructed, when the system
is merely observed. An experiment designed to demonstrate this “quan-
tum Zeno effect” and performed in the late eighties on an ensemble of
identical atomic ions confirmed its quantum description, but turned out in-
conclusive with respect to the very origin of the impediment of evolution.
During the past years, experiments on individual electrodynamically stored
and laser-cooled ions have been performed that unequivocally demon-
strate the observed system’s quantum evolution being impeded. Strategy
and results exclude any physical reaction on the measured object, but re-
veal the effect of the gain of information as put forward by the particular
correlation of the ion state with the detected signal. They shed light on the

" Institut fiir Laser-Physik, Universitit Hamburg, D-22761 Hamburg, Germany
E-mail address: toschek@physnet.uni-hamburg.de
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process of measurement as well as on the quantum evolution and allow an
epistemological interpretation.

1. FROM “GEDANKEN” EXPERIMENTS TO QUANTUM MEASUREMENT

The exceedingly successful modelling of the microscopic world by quantum me-
chanics has been achieved on the expense of non-intuitive peculiarities that are
associated with this description. In spite of this dilemma—or, perhaps, because
of it—the historic evolution of quantum mechanics has proceeded in step with
the critical analysis of “gedanken” experiments. At the very heart of these con-
crete speculations resided Erwin Schrodinger’s concept of “entanglement”: the
non-separability of the wave function of a composite system that quantitatively
models this system. To a large extent, the debate encircled the problem of knowing
what can be known in principle, and what not—which is, after all, the fundamental
epistemological problem. A particularly acute embodiment is the plot of Einstein,
Podolsky, and Rosen [1], in the version of D. Bohm [2], which has the inevitable
consequence: Of a bipartite quantum system with zero total spin, that is, being
in the singlet state, let only one part be detected, and its spin component mea-
sured in an arbitrary direction. Then, the result of this measurement determines
the corresponding component of the remote other part—irrespective of the se-
lected direction and of the distance!

Einstein commented on this consequence which points to the intrinsic non-
locality of quantum mechanics: “. .. it is spooky action on a distance ...”

Another kind of entanglement refers to different features of an individual
atomic particle, say, to its internal and external degrees of freedom (Figure 2.1).
Such a concept was inaccessible to experimental scrutiny at Einstein’s time. The
very idea of experimenting with single atoms has been ridiculed by Schrédinger
evenin 1952 as a proposal of “. . . raising ichthyosauria in the zoo . . .” [3], but today
it does no longer remain the mere basis of lofty gedanken experiments. Rather it
is solid experimentation, since we have learnt, more than 25 years ago, the manip-
ulation of individual atomic particles [4-6]. That this concept seems less “spooky”
to us is only because the distance of the electron from the vibrating centre of mass
is so small on a human scale.
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FIGURE 2.1 Ion vibration in external potential well correlated with electronic excitation [39] or
spin excitation [48] as described by entangled state with mixing angle 6. Application in quantum
information processing [49].
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FIGURE 2.2 A single quantum system, prepared in a superposition of its lower state |0) and
upper state |1) by coherent interaction with a resonant radiative pulse of area 0 (top left) does
or does not scatter probe light such that signal “on” or “off” is detected, respectively (top
right). A schematically indicated beam of scattered probe light, marked by shaded sectors and
“signal on”, correlates with the quantum system being in state |0). The other schematic beam,
marked by “off”, and indicating null scattering, correlates with the quantum system being in |1).
The quantum system is left in one of its eigenstates (bottom left) that is shared (0) or not
shared (1) with the probe line. What kind of action, if any, has made the superposition become
an eigenstate?

There is another consideration of entanglement needed in the attempt of un-
ravelling an actual observation that is claimed to be a “measurement”: namely,
when we have to include in the analysis the detector apparatus, or “meter”. Let us
assume, in another gedanken experiment, an atom being prepared in a superposi-
tion of its ground state and a metastable state (Figure 2.2). One of these eigenstates,
say, the ground state, may become identified by excitation and detection of light
scattering on a resonance line: Presence or absence of scattered light makes the
atom appear in this “bright” ground state, or in the “dark” excited metastable
state, respectively, depending on the scattered-light signal recorded by the de-
tector found “on”, or “off”. This is a prototype of what John von Neumann had
labelled “state reduction” by a measurement [7]. It was sometimes considered to
be caused by the reaction of the meter on the measured system, as suggested in
Heisenberg’s scheme of microscopically detecting a diffracted electron [8§]—which
is still another gedanken experiment! Repeated observations of the atom’s state
via probing by scattered light will provide us with a string of “on” or “off” results
in the shape of a “random telegraph” signal. Its statistics certainly will obey the
laws of quantum mechanics [9], although the particular, individual trajectory of
stochastic data is unpredictable.

Here, obviously, three problems overlap each other:

(1) the temporal evolution of a quantum-mechanical system,
(2) the measurement on such a micro-physical system, and
(3) the emergence of the classical world out of the quantum micro-cosmos.
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Attempts to tackle these problems are therefore supposed to benefit from
deeper analysing the scenario of an evolving quantum system under repeated or
continued measurement, and from an experimental embodiment.

2. EVOLUTION FRUSTRATED BY OBSERVATION?

The scenario, at first glance, seems to escape the standard experimental approach,
namely comparison of the outcome from a set of observations with predictions
based on a fittable model: The control of all degrees of freedom of a quantum object
is hard to achieve. Moreover, any measurement requires the interaction of quan-
tum object and classical meter, and the object is supposed to suffer intolerable back
action. However, there is a loophole based on “indirect null-result” measurements
[10]. Fortunately enough, there are predictions, stated more than half a century
ago, that may be matched with the results of measurements on a well-isolated
and available type of microphysical system. A very counterintuitive prediction pro-
claims: The evolution of a measured quantum system becomes slowed down, or,
in the extreme, even completely frustrated [11,12]. This prediction, the “quantum
Zeno effect” (QZE) [13], has evoked a wealth of theoretical work [14] but very
little, and highly controversial experimental evidence.

A macroscopic and even completely classical experiment seems to demonstrate
the structure of the Zeno effect: While linearly polarised light propagates in an op-
tically active medium, the concomitant variation of light polarisation turns out
impeded by the insertion of analysers [15,16]. A simple implementation is the
following one (Figure 2.3): The polarisation of a light beam, set by polariser Py
and probed at distance L by analyser P, is found rotated by the angle 6. Another
analyser P; inserted at L/2 with its direction of transmitted field parallel Py leaves
the light polarisation at P; rotated by 6/2 only. Insertion of n — 1 of such analy-
sers separated by L/n yields, at the position of P1, the total rotation 6/n. With n
growing larger, the rotation at Py tends to zero, and the original polarisation Py
shows up. Loss from the repetitive projection of the rotated light polarisation on
the direction Py does not invalidate this result: Since the loss per inserted analyser
is (6/n)?, the total loss is 6% /n and vanishes with the rotation.

For a discussion of this scheme, the polarisation of a light beam may be rep-
resented by a vector in a three-dimensional configuration space whose symmetry
group is SO(3). The apices of all possible polarisation vectors fill the unit sphere,
the “Poincaré sphere”, whose north and south pole may be chosen as locations
of the two eigenstates of linear polarisation, horizontal and vertical (Figure 2.4).
States of complete polarisation are placed on the surface, and transformations
among these states correspond to rotations of the state vector. In particular, the
rotation of linear light polarisation corresponds to the rotation of the state vec-
tor along a particular meridian whose plane stands vertically on the plane of
the figure. Each increment of propagation along the path length L/n turns the
state vector by a finite angle 0/n, but the subsequent transit through the next
analyser sets it back. Thus, in the large-n limit, the state vector is left unal-
tered.
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FIGURE 2.3 A light beam of polarisation Py propagates through a polarisation-rotating
medium. After path length L, the polarisation is Py, rotated by the angle 6. With a second
analyser (P,||Pg) inserted at L/2, the final rotation is 8/2. With n — 1analysers (all ||Pg) inserted
at distances L/n, the final rotational angle at P approaches zero for n — oc.
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FIGURE 2.4 Configuration space of light polarisation (“Poincaré sphere”). Thick polarisation
arrow in foreground, thin arrow in background.

Although this concept seems convincing, letting it pass as a model of the gen-
uine quantum Zeno effect is questionable: Although an analyser plate is required
for measuring the polarisation of light, its mere insertion into a beam may not
qualify as a measurement. The inhibition of polarisation may be ascribed, instead,
to the filtering action of the set of analysers—not to measurements, understood as
acts of gaining information. Moreover, any result of this classical experiment, that
a nineteenth-century physicist could have recognized, is deterministic, since every
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real measurement on the light polarisation repeated again and again at anyone
particular stage of light propagation leads to the same result—within the bound-
aries set by the standard deviation around the average value. The results are not
random, as are the results of measurements on a quantum system in a superpo-
sition state. This latter restriction does not apply, however, when this experiment
makes use of light at the single-photon level.

3. OBSERVATIONS ON A DRIVEN QUANTUM SYSTEM

It seems that a better suited approach should make use of a series of actual mea-
surements on an evolving material quantum system. In fact, two-level atoms,
equivalent to spin systems, show a formal analogy with light polarisation.
Whereas the configuration space of polarisation transforms according to symme-
try group SO(3), the symmetry of spin transformation is SU(2), which is a double
covering of SO(3), and locally isomorphic with the latter one [17]. Thus, similar
visualisations of the dynamics of both systems apply.

In an ensemble of two-level atoms, all of them may be initially prepared in
state 0, and driven by a long pulse of radiation resonant with the transition 0 — 1.
When we neglect relaxation, for simplicity, the excitation probability for each atom
is

Poi(1) = sin*(6/2), 1)

where 6 = 27, the pulse duration is 7, and the Rabi frequency §2 of the driving
field varies as the field amplitude at the atomic location [18]. At = 2T = x, all
atoms are supposed to be found, after the driving pulse, in state 1 with certainty.
Simultaneous irradiation of the ensemble by 1 short pulses of “probe” light tuned
to a resonance line has been considered to interrupt the atoms’ coherent evolution,
and to make this evolution disintegrate into intervals of length t = T/n. Then,
the final probability of having excited a particular atom during anyone of these n
intervals is

Po1(n) = n(2t/2)* = 7% /4n, )

which vanishes in the large-n limit. Recording the amount of scattered light gen-
erated by the last probe pulse allows one to measure the chance of finally finding
the atoms in state 1, i.e. the net transition probability [19]

Po1(n) = %[1 — cos"(m /n)] =0 (3)

Along this line, an interesting experiment has been performed on the ground-state
hyperfine transition of an ensemble of 5000 beryllium ions in an electromag-
netic ion trap [20] (Figure 2.5). The results of this experiment showed complete
agreement with the predictions of quantum mechanics as expressed by Egs. (1)
through (3), and this agreement was considered a proof of the QZE.

During the nineties, more and more points of criticism had been raised against
the outlined interpretation of this experiment. Arguments that related either ac-
ceptance or refusal of the interpretation to the applicability of the postulate of state



A Single Quantum System 13

S Strategy of Measurement
I o on Ton Cloud

Time

Prepa- < O = g = Detection:
ration )
Size of Signal ?

FIGURE 2.5 Coherent excitation by a long 7 -pulse of “driving” radiation, simultaneously
irradiated probe pulses, and final detection of ion state [19,20].

reduction have been shown irrelevant [21]. However, more disquieting questions
have remained controversial:

1.

Recording the net probability of finally finding the ions in their excited state was
said neither to establish the intermediate probe interactions as measurements,
nor to reveal the transition probability: individual transitions, back and forth,
may compensate each other and finally leave detectable, at best, the probability
of retrieval in the ground or excited state [22].

. The obstruction of the ion’s evolution was said comprehensible, at least in

principle, in terms of physical reaction of the apparatus on the ion ensemble,
and as such not being too surprising. Only the non-local correlation of system
and meter, and a null result of the detection, however, would exclude dynam-
ical coupling and qualify as back-action-free measurement. Such a procedure
would prove the obstruction of the evolution by measurement, that is, by gain
of information, and would establish a real QZE, or “quantum Zeno paradox”

(QZp) [21].

. Moreover, measurements on an ensemble of quantum systems seem fundamen-

tally unable to discriminate a potentially non-local effect of such a measurement
from physical actions of neighbours, environment, or of the measuring device,
e.g., the recoil of light on the members of the ensemble [23,24].

The last argument is based on an essential of the quantum description: In a

measurement, an ensemble reveals an expectation value that allows the observer
to learn about an average value of the observable, that characterises the “macro-
state” of the system. Any measurement on an individual system, however, yields
an eigenvalue, and repeated observations provide a string of information on this
system that defines a “micro-state” of the ensemble of the repeated measurements.
The particular features of measurements on individual quantum systems have been
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TABLE 2.1 Preparation and addressing of an individual quantum system

System Ensemble Individual Application
quantum system

Quantity Expectation Eigenvalue
value (O) O;

Perturbation Interaction with No Frequency standard
neighbours

Observed Macro-state Micro-state Quantum infor-
average mation processing

Result Deterministic Stochastic Cryptography

recognized prerequisite for various applications, as time-keeping, quantum infor-
mation processing, and cryptography (see Table 2.1).

For the unequivocal demonstration of the real QZE, it seems indispensable to
address a single quantum system. Let us examine in more detail how incomplete
information from an ensemble disqualifies an attempted proof.

The quantum states admissible by a two-level atom and a corresponding en-
semble may be visualised in the configuration space of SU(2) symmetry, as well as
what these objects reveal to their observer. The states of a two-level system [18,25]
are placed on the surface of the doubly covered unit sphere, the Bloch sphere (Fig-
ure 2.6). On the other hand, an ensemble’s Bloch vector can describe mixed states
located in the interior of the Bloch sphere. A measurement of the excitation of an
ensemble yields an expectation value that corresponds to a particular energy of
excitation. This value is deterministic save the small variation on the order of its
standard deviation—the “projection noise” [26]. The measured value corresponds
to a great variety of near-degenerate quantum states, and the actually prepared
state cannot be identified from this result. Moreover, the coherent driving should
have generated a pure superposition state, but spurious decoherence may have
left over a mixed state.

In contrast, a single two-level system is necessarily prepared in a pure state.
The result of a measurement on this system is random, within the boundaries re-
quired by the actual composition of the state, which is determined by the mixing
angle 0. However, repeated measurements on the identically prepared system al-
low the observer to identify 6.

A string of measurements, each of them including reiterated driving the system
by pulses of radiation, subsequent probing, and recording scattered probe light,
yields a trajectory of results that represents the history of the system’s evolution.
Any such sequence of results on a single system in the time domain, a particular
trajectory, corresponds to a “micro-state” in an ensemble of systems. Whereas the
ensemble’s micro-state is inaccessible by measurement, the single system’s tra-
jectory may become documented. But only the fully documented evolution of
the state complies with the requirements for a valid demonstration of the QZE,
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FIGURE 2.6 Preparation and measurement of two-level quantum system (SU 2). Py initial state
vector, Py after preparation, by pulse with area 6 of single quantum system (right). The
expectation value from a measurement on an ensemble (left) may result from any P; state
located at the horizontal plane indicated by the dashed line. Any such mixed state located
inside the Bloch sphere would result from phase decoherence by interaction with measuring
device, neighbour atoms, or environment. In contrast, a single-atom measurement makes use of
a pure state Py, located on the surface of the Bloch sphere, that results from the coherent
preparation Py — P;. The small bars indicate the probabilities of the results of measurement
anticipated from 0; they are different, in general, for |0) and [1). The actual result is an
eigenvalue: 1(and not 0), or 0 (and not 1).

since neither non-locality nor the absence of any physical reaction could be taken
for granted otherwise. In short, “... the essence of the quantum Zeno effect is that it
is a nonlocal negative-result effect between a microscopic system and a macroscopically
separated macroscopic measuring device ...” [21]. These requirements call for the
demonstration of QZE on an individual system.

Finally, the complete documentation of the quantum system’s evolution entails
recording the data acquired along each trajectory. Detection of the scattered light in
each cycle of probing allows the observer to identify the results of the probing and
to distinguish intermediary signals from null signals. On the other hand, recording
only the final result after a series of cycles lacks the complete control necessary for
the identification and acceptance of a true null-result measurement.
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FIGURE 2.7 Instantaneous electric potential in electrodynamic (Paul) trap. Insert: Temporal
variation of the potential. For a colour reproduction of this figure see the colour plate section,
near the end of this book.

These preconditions determine a strategy that allows to unequivocally demon-
strate the obstruction of a quantum system’s evolution as being caused by the
reiterated acts of measurement.

4. MEASUREMENTS ON SINGLE IONS

It is well known how individual atomic ions are singled out, confined in vacuo,
and cooled as well as controlled by laser light [6,27-30]. Recently, preparation of
individual quantum systems has been achieved with neutral atoms and molecules
[31-33]. Ions may be stored in a superposition of a homogeneous magnetic field
and an electrostatic quadrupole field, the “Penning” ion trap [34], or in an ac elec-
tric quadrupole field, the electrodynamic, or “Paul” ion trap [35]. The quadrupole
field of a Paul trap is generated inside a ring electrode of 1 mm diameter on whose
axis of symmetry (z) are placed two grounded cap electrodes facing each other. The
ring is loaded by ac voltage of, say, 1 kV and 20 MHz frequency. At any instant of
time, a saddle potential extends across any plane (r—z) containing the trap axis with
the caps (Figure 2.7). The direction of the saddle switches back and forth, at the ac
frequency, between the - and z-directions. Averaging over many ac periods yields
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FIGURE2.8 An individual trapped barium ion (38Bat). Diffraction-limited image of its
laser-induced resonance scattering. False-colour display of scattered intensity. A second ion
placed 3 um apart would show up in the lower right part of the figure, but was temporarily
excited into its “dark” metastable state 2D5/2. For a colour reproduction of this figure see the
colour plate section, near the end of this book.

a net dc potential well, on the order of 1 V deep, that derives from the “pondero-
motive” electric force. An ion is generated inside the trap volume by impact of an
evaporated atom with an electron from a small electron gun. It is retained in this
potential well and moves harmonically at about 1 MHz vibrational frequency. In
addition, it is driven far off resonance at the ac frequency, with its excursion grow-
ing in proportion to its distance from the trap centre, and to the ac amplitude. Since
the ac field vanishes at the point of symmetry, a single ion at the trap centre is free
of this “micro-motion”. The ion approaches this location when its “secular” mo-
tion in the potential well is laser-cooled [4,5], and by application of small auxiliary
dc voltages to the caps. Figure 2.8 shows a single trapped and cooled barium ion
(1¥8Ba) in the light of its 492 nm resonance fluorescence, recorded by a CCD cam-
era. The ion may be transferred, either by means of additional laser light from its
ground level, or by spontaneous decay, into a metastable state, here Ds . Such
an event is signalled by extinction of the resonance fluorescence [36,37]. In fact,
another ion being “dark” resided at the location imaged on the lower right part of
the Figure. This ion decayed to the ground state and scattered probe light again a
few milliseconds after the image having been recorded.

During the past years, individual ions of barium and ytterbium have been
prepared in the outlined way at Hamburg University in order to study the in-
teraction of these ions with light and radio frequency radiation [38-43]. Some of
this work was devoted to the very observation of the obstruction of a free ion’s
evolution by its repeated measurement [41-43]. An experiment on a single ytter-
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FIGURE29 Alternating microwave-optical double resonance on individual 7'Yb* ion: Scheme
of excitation and detection (top). Temporal schedule of measurements (middle). Schematic
trajectory of results (bottom).

bium ion (*’1Yb™T) has been carried out, in principle, as follows (Figure 2.9) [43]:
After the ion initially having been prepared in its electronic state 0—the hyper-
fine level F = 0 of the ground state 2S; ,—it is irradiated by alternating pulses
of microwave radiation (12.6 GHz) and resonant laser light at 369 nm wavelength.
The microwave pulses coherently drive the hyperfine resonance, whereas the light
probes the F = 1 hyperfine level by attempts of exciting resonance scattering, via
the 25, nE=1)— 2p, /2 line, which succeed only if the F = 1 level had been actu-
ally populated before. A photon counter, activated synchronously with the probe
light, records possibly scattered resonance light. A pair of subsequent drive and
probe pulses complete with the activation of the counter represents a single mea-
surement, whose result is one out of the two possible outcomes: scattered light
“on”, or “off”. These alternatives are strictly correlated with the ion being found
in hyperfine level 1, or 0. Reiterated measurements yield a trajectory. Its particu-
lar shape is conditionally random, that is, its distribution of the two alternative
results depends on the “area” § = 22t of the driving pulses which agrees with the
mixing angle of the generated state. The special values # = 7 or 27 would yield
deterministic trajectories: alternations of “on” or “off”, or a string of exclusively
“off” results, respectively. In general, a trajectory is made up of alternating strings
of “on” and “off” results of irregular length. They contain sequences of two, three,
four, ...q... equal results, whose occurrence may be subject to statistical analy-
sis. The “frequency” U(q) is defined by the number of such a sequence of length g
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FIGURE 2.10 Probability U(qg)/U(1) of uninterrupted sequences of g results all of them “off”,
when the ion was initially prepared in the “off ” state F = 0 (dots; log scale). The lines show the
distribution of probability of survival, V(g — 1), for the ion not undergoing a flip of its spin to the
“on” state during the entire sequence. Length of trajectories: 2000 measurements of 4.9 ms
driving time and 2 ms probing time (see text).

found in the entire trajectory. In a long trajectory containing a large enough num-
ber of individual measurements, this normalised frequency is a reliable measure
of the probability for the appearance of a sequence of specific length. Then, we have

U(q) =UMVig - 1), 4)

since the probability of a sequence of g results (all either “on”, or “off”’) equals the
probability for the appearance of one of these results, multiplied by the conditional
probability for (g — 1)-fold survival in this state. This conditional probability is

Vig-1)=p/ " (i=0orD) )
with the simple probability of survival [18,25]

po = p1 = cos*(8/2), (6)

if relaxation can be neglected, as with the hyperfine ground levels. The comple-
ment of p; is the transition probability

pij =1—p; =sin*(6/2), @)

where ij = 01 or 10. Now, the observed normalised numbers of sequences U(g)/
U(1) may be compared to the calculated probability of survival from Eq. (5). In
Figure 2.10, trajectories, made up of 2000 individual measurements each, and
recorded with four different values of pulse area § = §2t have been evaluated.
The ratios U(g)/U(1) are shown as dots; the predictions V; are straight lines in
logarithmic scale. The slopes of these lines depend very sensitively on the angle
0 [42]. Thus, fits to the observed data allow a highly precise determination of the
area of the actually applied driving pulses, which may somewhat deviate from the
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preselected values, for setting the pulse amplitude £ o« £2 and duration r is liable
to deviations. These values were chosen such as to set  equal 27 — 0.1, 7 /5, 7 /2,
and m. The fits almost reproduced these values, but uncovered a systematic error
of 0.1 in the settings of the pulse area. The deficiency in the recorded numbers of
long sequences (g > 1) results from the finite length of each trajectory which the
more restricts the statistical chance of its occurrence the larger q. Eventually, the
normalised frequencies U(g)/U(1) cannot anymore be taken for probabilities.

The foremost result of this experiment is the agreement of the empirical distri-
bution U(q)/U(1) with the (g — 1)-fold conditional survival probability. The latter
one has been calculated under the precondition that the coherent evolution of the
microwave-driven ion’s wave function is broken by just the possibility of observa-
tion during the intermittent irradiation of probe light. If such breaks were not to
happen, the evolution of the ion’s wave function should continue during the sub-
sequent intervals of driving. An uninterrupted evolution would require a different
calculation of the conditional probabilities of survival [44], namely

q-1
Vig-1) =[]V, (8)
n=1
where

V'(n) = cos?(nf /2). ©9)

The step-like function (8) is incompatible with the recorded distributions.

Is the pulse area 6 of the microwave drive small enough, a second measure-
ment will most probably reproduce the result of the first one, since the chance
of survival in Eq. (6) deviates from unity only as the square of 6. The quantum
state we ascribe to the ion, based on the previous result, has evolved after the next
driving pulse as well as the associated expectation value. This ascribed state could
be verified only by a set of observations on the (equally prepared) system. In fact,
the equal result of a second measurement makes jump back our best knowledge to
what we knew after the first measurement, i.e. before the second driving pulse;
it is an updating of information, by the measurement. This is why the evolution
ascribed to the ion is retarded, or frustrated, by reiterated observation even when
scattered light, in an “off” result, does not show up.

5. AN ALTERNATIVE STRATEGY

Still another strategy is capable of divulging the impeding effect of measurement.
This alternative approach makes use of effective driving pulses of total pulse area
6 = m, ie., of sequences composed out of n fractional pulses (Figure 2.11). Such
a composite pulse is expected to transfer the ion from its lower ground level 0
into its upper ground level 1 to a certainty. Any residual population left over in
state 0, as brought about by the intermittent irradiation of probe-light pulses, is
considered evidence for QZP.
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FIGURE 2.1 Scheme of measurement (a) with one driving 7 pulse, (b) with fractionated &
pulse (n-times 7 /n), no intermediate probing, and (c) with 7 /n pulses alternating with probe
pulses, and simultaneous detection of scattered probe light. PC: photon counting.

So far, this approach recalls the strategy of the experiment on an ensemble of

Bet ions mentioned above [19,20]. However, the present approach is characterised
by essential and distinctive features:

1.
2.

The quantum object is a single ion.

The effective pulse of driving is split up in n fractional pulses of area = /n.
During the intermittent intervals, the ion’s coherent evolution is supposed to
halt.

. There is no spurious decoherence effect expected to impair the overall coherent

evolution, since perturbations that affect the ion’s internal state are minimised
by its solitary positioning in the trap centre, within ultra-high vacuum.

. The probe pulses are applied within the intermissions of the coherent driving,

not during the driving pulses. Thus, nonlinear interaction of the ion with si-
multaneously present drive and probe fields is avoided.

. The photon counter is activated during all the probe-light irradiations such that

actual detections of the scattered light form sequences of n results each. This
recording provides control of the ion state whenever probe light examines the
ion.

The complete documentation of the ion’s history allows one to select sequences

that prove the ion to survive in state 0, and to discriminate those other sequences
that contain some events of transition to state 1. The latter kind of sequences
goes unnoticed when merely recording the final result of the sequence. From a
large number of recorded sequences, one determines the fraction of histories of
n-fold survival in state 0. This fraction approaches the conditional probability of
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survival,
PS(1) = [po(6n)]" = cos?( /2n), (10)

where 0, = 7 /2n [43]. This distribution increases monotonously with 7.

Ignoring the results of the intermediate recordings by the photon counter
makes contribute to the set of data with final result “off” many more sequences:
those data that reveal one or more intermediate back-and-forth transitions. All
these sequences with a final “off” form a set of “non-selective” measurements. The
compiled results do not approach the survival probability, but rather the probabil-
ity of retrieval in state 0,

PI () = %[1 + cos"(t/m)] = 1, 11)
which is the complement of (3).

A set of non-selective measurements cannot indicate the survival of the ion.
Rather, it conveys information analogous to that from an experiment on an en-
semble of quantum systems [19,20]. In both cases, agreement of the observed
distributions with (3) or (11) does not qualify as proof of measurement-induced
survival of the quantum system.

The results of a series of selective measurements are shown in Figure 2.12. The
normalised numbers of sequences whose n results never showed light scattering
have been plotted at five values of n. Control measurements lacking the interme-
diate probing should finally leave the ion in the light-scattering state 1, and they
should allow no survival. Indeed, the results of such a test show null survival for n
up to 3, in agreement with actual 7-pulse driving. At n = 9, there is a 10% chance
of survival in the “dark” state 0. This deviation from the strictly coherent ion evo-
lution hints to increasing perturbation of the ion state upon the extended duration
of the actual measurement: The area of the fractional driving pulses, £2(n)t = = /n,
had been set by keeping 7 constant, and varying £2(n) o /I(n) via the local in-
tensity of the driving radiation I, in step with n. Therefore, the duration of the
complete 7 pulse increased with n, and left the ion’s state more susceptible to de-
coherence by thermal radiation from the environment.

In Figure 2.12, also shown are the calculated probabilities of survival in se-

lective measurements (Pésg, black bars), and the probabilities of retrieval in non-

selective measurements (sz)s), white bars). Both types of results agree, within the

error limits, with the observed data, which are displayed only for the selective
measurements. The agreement of the former data with the corresponding proba-

bilities ng from Eq. (10) indeed proves the frustration of the quantum mechanical
evolution by the repeated acts of measurement, that is, of the QZE. An essential
feature of the observed data set is its exclusive composition of null results. Any
reaction to the quantum object by the measuring device cannot account for the
corresponding acts of measurement. Measurements of this kind leave the system
untouched—they are in fact “quantum non-demolition” measurements [10].

Both reported experiments prove a quantum system’s evolution being im-
peded by a measurement that involves no physical backaction. The very existence
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FIGURE 2.12 Probability of survival in the “off” state with intermediate probing (green bars,
grey in print), and with no probing (light-gray bars close to abscissa line), versus number n of
m-pulse partition. The probability is evaluated by counting as favourable those measurements
that show only “off” results in each of the n observations. Driving time 2.9 ms, probing time

3 ms. Probability of survival in a selective measurement, calculated after Eq. (8) (black bars). The
probability of retrieval (stars), evaluated from the entire ensemble of results with final “off”
irrespective intermediate “on” results would represent a non-selective measurement and does
not prove QZP. This probability is calculated after (11) (white bars behind black bars).

of such an impedance, the QZP, requires reinspection of epistemological positions
in the context of quantum-mechanical measurement.

6. SUMMARY

The experiments outlined in Sections 4 and 5, as well as corresponding ones that
involve a light-driven ion [41], have allowed the reiterated detection of the in-
ternal state of a free, isolated quantum system without perturbing this quantum
state. The results show that mere observation and recognition of the results—the
“gain of knowledge”—retards or inhibits the temporal evolution of the system,
as it is predicted by quantum-mechanical modelling. This effect is the consequence
of an intentionally prepared correlation of the system with the detected signal—
a particular entanglement of quantum states and meter states [21]. Whereas in
most kinds of actual measurement on a quantum system the detected signal in
fact physically reacts on the measured system, the above results show that such
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a reaction seems irrelevant for both the definition and the comprehension of the
measurement process. This situation forbids dynamical explanations of the funda-
mental uncertainty of micro-physical measurements, as in the early concept of the
“Heisenberg microscope” that relied on this very reaction for the vindication of the
limitations imposed upon the measurement process by quantum mechanics [8].

The empirical findings seem to support a simple interpretation: The results
of measurements convey information on the measured object; they establish an
element of reality, embodied in the data strings of the trajectories. Predictions pro-
vided by quantum mechanics on the basis of these results represent the potentiality
of the future evolution of the system, not its reality. The predicted evolution passes
a discontinuity when a new result of a measurement is available. The well-known
consequences of such a discontinuity are

(1) loss of coherence of the quantum system as an intrinsic effect of potentially
allowed measurements, and

(2) the renormalisation of the predictions as an effect of a new factual result of the
measurement that updates the initial conditions for the predicted evolution.

On the other hand, if we insist on attributing reality to the predicted quantum
mechanical evolution, we have to trade in “real” discontinuities of this evolution,
including the acceptance of state reduction as a dynamic effect.

Taking into account the consequences of the two possible alternative positions,
it seems more acceptable to restrict the role of quantum modelling to the potential
future, in the tradition of Wolfgang Pauli [45]. Although state reduction plays an
important role as a tool in computational applications [14], it seems to reflect only
the stepwise gain of knowledge in the course of subsequent measurements.

Aside from the epistemological notion, there is a more down-to-earth motiva-
tion to the reported work: It demonstrates how to achieve, by microwaves and
even by light, a crucial manipulation of an individual two-level-atom, equivalent
to a spin system, in its configuration space, the deliberate “coherent rotation”. This
process, fundamental for preparation and application of micro-physical systems,
is associated with maximally controlled absorption and emission of radiative en-
ergy by an atom. A spin system is the physical representation of a “qubit”, the
smallest unit of quantum information. Thus, the demonstration of coherent rota-
tion in configuration space, especially in the optical domain is a small but essential
step in the progress towards technical applications of manipulations on individual
quantum systems [46,47]. These techniques promise to put into reality, in a not too
distant future, the long-proclaimed quantum computer that will herald a new age
of quantum information processing.
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Abstract The International System of Units is a widely used system of measurement

standards that provide the basis for expressing physical quantities, such as
the kilogram for mass. This paper will describe a proposed modernization of
some of the unit definitions that would provide a system that is more stable
over time and more suitable for expressing the values of many fundamental
constants.

1. INTRODUCTION

It is generally recognized that it is in the interests of science, technology, and com-
merce to have a universally agreed to set of measurement standards. In fact, efforts
in unification and standardization of measurements date back thousands of years.
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Currently, the International System of Units (SI) provides standards that are offi-
cially used by many countries.

As science and technology have advanced, standards have also advanced. A re-
cent change in the SI was made in 1983, when the definition of the meter was
revised to be the distance that light travels in a specified time interval. Also, for
some time it has been recognized that, after more than 100 years of use, the de-
finition of the kilogram to be the mass of the prototype located near Paris at the
International Bureau of Weights and Measures (BIPM), is no longer satisfactory.
Moreover, the definition of the ampere has not been used as a practical current
standard since 1990. To deal with these shortcomings, redefinitions of the kilo-
gram and ampere are being considered by the metrology community; redefinitions
of the kelvin for temperature and the mole for amount of substance are also being
discussed [1].

In this paper, the relevant issues and the proposed redefinitions are reviewed.
One of the consequences of these possible redefinitions is that values of many
of the fundamental constants, when expressed in the new units, would be exact
and many others would have reduced uncertainties. Another possibly surprising
result is that the new definitions could be made in such a way that the distinc-
tion between base units and derived units, presently specified in the SI, would
become unnecessary and could be eliminated. This might be called unit democ-
racy, in which all SI units have equal status. In principle, this scheme could be
extended to include an analogous redefinition of the second, but this would have
to await improved accuracy in the relevant experiments and theory. Constraints
on timing of the proposed redefinitions, which could take effect as early as 2011,
will be described.

2. INTERNATIONAL SYSTEM OF UNITS

The International System of Units is presently defined in terms of seven base units,
various coherent derived units, and units that are defined to be in other categories.
The seven base units and symbols are:

meter m (length),

kilogram kg (mass),

second s (time),

ampere A (electric current),

kelvin K (thermodynamic temperature),
mole mol (amount of substance),
candela cd (luminous intensity).

A few of the many SI derived units and symbols are:

hertz Hz (frequency),

newton N (force),

joule J (energy),

coulomb C (electric charge),

volt V (electric potential difference).



The Quantum S| 29

The derived units are coherent with the base units and each other, which means
that relations between equivalent ways of expressing units have unit coefficients.
As an example 1] = 1 kgm?s2.

Non-SI units and symbols are also recognized in the SI. Two examples are:

e electron volt eV (energy),
e unified atomic mass unit u (mass).

In general, the non-SI units are not coherent with the SI units; for example,
1eV ~ 1.6 x 107 ], where the coefficient is not unity, and in this case depends on
measured quantities.

The SI system of units provides the international basis for expressing physical
quantities that is officially recognized by the 51 states that are members of the
Convention of the Meter.

3. THE KILOGRAM AND THE AMPERE

In the SI system, the unit of mass is the kilogram, which is defined to be the mass of
the prototype kilogram kept at the International Bureau of Weights and Measures
(BIPM) near Paris. This definition was adopted by the 3rd General Conference on
Weights and Measures (CGPM) in 1901, with some minor subsequent modifica-
tions. Figure 3.1 shows a replica of the international prototype of the kilogram.
Although it is kept under glass covers, it is not in vacuum. This way of defining
the kilogram has a number of limitations:

e The prototype definition is not linked to an unchanging property of nature.

e The mass of the international prototype appears to be changing relative to the
mass of its copies.

o The drift of the kilogram prototype together with its copies (relative to an un-
changing standard) could be as large as 20 x 10~ kg per year [2,3].

e The prototype and its copies appear to gain mass over time and lose mass when
washed for use in comparisons.

e The kilogram mass definition cannot be realized independently of the interna-
tional prototype.

It is also of interest to consider the definition of the ampere adopted by the 9th
CGPM in 1948: The ampere is that constant current which, if maintained in two straight
parallel conductors of infinite length, of negligible circular cross-section, and placed one
meter apart in vacuum, would produce between these conductors a force equal to 2 x 1077
newton per meter of length. For the precision that is possible with present day tech-
nology, this definition is not useful, because it does not provide a measurement
standard with comparable precision. In general, it has not been used since 1990,
when a conventional electrical system of units was adopted. This modified system
is based on the fact that modern voltage measurements are based on the Joseph-
son effect and modern resistance measurements are based on the quantum Hall
effect. In this case, voltage and resistance measurements are made in terms of the
Josephson constant Kj and von Klitzing constant Rk, respectively. The theoretical
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FIGURE 3.1 A replica of the international prototype of the kilogram.

relations,

Rx == )

which are often assumed to be exact, relate these constants to the elementary
charge e and the Planck constant . However, the values of e and / in SI units
are of a limited accuracy that is well below the measurement precision that can
be achieved. Therefore, in the conventional electrical system, the SI values are re-
placed by the exact values

Kj90 = 483597.9 GHz/V, 3)
Ri.90 = 25812.807 £, (4)

which provide an arbitrary, but precise definition of voltage and resistance.

4. POSSIBLE REDEFINITIONS OF THE KILOGRAM

The limitations on the stability of the kilogram defined in terms of the interna-
tional prototype could be eliminated if the kilogram were defined in terms of a
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fundamental constant in analogy with the definition of the meter. This definition
of the meter, adopted by the 17th CGPM in 1983, is: The meter is the length of the
path traveled by light in vacuum during a time interval of 1/299 792 458 of a second. As
a consequence, the velocity of light c is given by:

. Im
T 1/299792 458 s

An alternative statement of the definition of the meter could be: The meter is the
unit of length scaled such that the velocity of light is 299 792458 m/s.

An analogous definition of the kilogram, based on a certain value of a fun-
damental constant, can be made by specifying the value of the Planck constant.
Such a definition could be used to determine the mass of an object by means of the
watt-balance experiment [3-5] which is sketched as follows.

In a recent version of the experiment [5], a horizontal circular coil is suspended
in a radial magnetic field produced by superconducting magnets. In the first phase
of the experiment, the current in the coil is adjusted so that the net magnetic forces
on the coil equal the force of gravity on a 1 kilogram mass. In the second phase
of the experiment, the coil is slowly moved through the magnetic field and the
induced voltage on the coil and the velocity of the coil are measured to calibrate
the magnetic field and geometry factors. The electrical measurements are done in
terms of the Josephson and von Klitzing constants, which results in a determina-
tion of the combination

= 299792458 m/s. ()

4
El (6)

assuming the relations in Egs. (1) and (2) are exact. The present-day interpretation
of this experiment is that the precise kilogram mass together with the watt-balance
experiment determine the value of the Planck constant /.

On the other hand, if the value of the Planck constant were specified in ad-
vance, then that value, together with the watt-balance experiment, would deter-
mine the mass used in the first phase of the experiment in kilograms. This means
that instead of using the example of an object that has the mass of one kilogram
in order to define the unit, one could specify a value of the Planck constant and
use the watt-balance experiment to determine the mass of a given object in the
resulting kilogram units. Of course, the value for the Planck constant would be
selected so that the new kilogram unit would be as close as possible to the cur-
rent artifact based kilogram. In this way, a possible new definition of the kilogram
might be: The kilogram is the unit of mass scaled such that the Planck constant is exactly
6.6260693 x 10734 Js.

An alternative definition of the kilogram could be made in terms of an assigned
value of the Avogadro constant. In this case the relevant experiment could be the
Avogadro Project [6], which is an international effort to measure the Avogadro
constant by determining the number of atoms in a kilogram of silicon, along the
lines of Ref. [7].

In this experiment, the volume and lattice spacing of a crystalline silicon sphere
with a precisely known mass is measured to determine the number of atoms it

KfRK -
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contains. This result, together with the relative atomic mass of silicon isotopes
and the isotopic composition of the sphere, determines a value of the Avogadro
constant.

On the other hand, if a value of the Avogadro constant were specified in ad-
vance, then that value, together with the Avogadro Project experiment, would
determine the mass of the sphere in kilograms. The corresponding definition of
the kilogram would be: The kilogram is the unit of mass scaled such that the Avogadro
constant is exactly 6.0221415 x 1023 mol 1.

5. RELATION BETWEEN THE AVOGADRO CONSTANT AND THE PLANCK
CONSTANT

Although the experiments to measure the Planck constant and the Avogadro con-
stant are completely independent, the values of the two constants are closely
related theoretically. An expression for the mass of the electron in kilograms can
be obtained from the definition of the Rydberg constant Re:

2 1 2
Re — a’MeC L L a‘c /
2h Me  2hRo

(7)

where « is the fine-structure constant and . is the mass of the electron, which
taken together with the expression for the electron mass in terms of the unified
atomic mass unit u:

1
me = Arle)u = — = , )
u e

yields a relation between the Avogadro constant and the Planck constant given by

a?c

= AAe)(W) x 1073 kg/mol. 9)

-3
Na — 107 kg/mol
lu

This relation contains other constants, but the uncertainties of those constants are
much smaller than the uncertainty of either Na or h [8]. The result of this rela-
tionship is that in principle, either of the constants could be specified to define the
kilogram, and either experiment could be used to realize the definition.

At present, the relation can be used to calculate a value of the Planck con-
stant determined by the Avogadro Project experiment to be compared to the value
obtained from watt-balance experiments. Figure 3.2 shows values of the Planck
constant determined by various experiments, including watt-balance experiments,
labeled KJZRK, and the Avogadro Project experiment, labeled V1, (Si) (see Ref. [8] for
an explanation of the other entries). As is evident from the figure, there is disagree-
ment between the two methods of determining the Planck constant. Presumably,
this disagreement will be resolved by further work on the experiments.
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FIGURE 3.2 Values of the Planck constant determined by various experiments.

6. OTHER REDEFINITIONS

Redefinitions in terms of fundamental constants are also being considered for the
ampere, kelvin, and mole [1].

Such a definition of the ampere could be: The ampere, unit of electric current, is
such that the elementary charge is 1.60217653 x 107 coulomb. This definition de-
termines the ampere, because in principle at least, one could count the number
of electrons passing through a surface, and since the amount of charge carried
by each electron would be known, the current would also be known. One of the
consequences of this definition is that the electric constant ¢y and the magnetic
constant pp would no longer be exact quantities, but would be defined by experi-
ment through the expressions

o2

%= Ineohe (10)
and eouo = ¢ 2, for example. Thus, the value of ¢y would follow directly from the
value of «, since ¢, i, and ¢ would have exact values. Another consequence would
be that the Josephson constant and the von Klitzing constant, as given in Egs. (1)
and (2) would be exact quantities. This would be valuable for electrical metrol-
ogy, because voltage and resistance are measured in terms of these constants, and
they would have exact values in the new SI. As a result, precise electrical measure-
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ments could be made in terms of SI units rather than the arbitrary units defined
by Egs. (3) and (4), as they presently are.

The kelvin temperature unit could be defined in terms of an exact value of
the Boltzmann constant k by the statement: The kelvin, the unit of thermodynamic
temperature, is scaled such that the Boltzmann constant is exactly 1.3806505 x 10723
joule per kelvin.

Similarly, the mole could be defined in terms of an exact value of the Avogadro
constant N through the statement: The mole, the unit of amount of substance, is scaled
such that the Avogadro constant is exactly 6.022 1415 x 10?3 per mole.

7. CONSEQUENCES FOR OTHER FUNDAMENTAL CONSTANTS

If the SI units were redefined as described above, other fundamental constants,
which are functions of the constants used in the new definitions, would also be
exact. A partial list is:

Faraday constant F

molar gas constant R
Stefan-Boltzmann constant o
eV-joule conversion factor
Hz-joule conversion factor
kelvin—joule conversion factor

The effect of these new SI definitions would be to decrease the uncertainties of
many other fundamental constants not used in the new definitions. For example,
the relative uncertainty of the mass of the electron in kilograms m. would change
from 2 x 1077 to 2 x 107°. Of course, the mass of the current kilogram artifact
mass would no longer be exactly one kilogram, but rather would be determined
by experiment, with its uncertainty being of the order of a few parts in 10%.

8. THE QUANTUM SI

The SI system defined in terms of fundamental constants as discussed above is
more closely related to atomic scale phenomena than to macroscopic scale stan-
dards, as is presently the case. Hence, the name Quantum SI might be appropriate
for the new system. It is quantum in the sense that it uses the Planck constant, the
quantum of action and angular momentum; the elementary charge, which is quan-
tized; the Boltzmann constant, which appears in the Planck radiation formula; and
the mole directly defined as a number of entities, rather than in terms of mass,
which emphasizes the role of atoms and molecules. The present day definitions
of the kilogram, ampere, and kelvin, and mole are independent of quantum phe-
nomena, since they are based on concepts that predate such knowledge.

In the Quantum SI, the fundamental constants, ¢, h, ¢, k, and N, and at least
for the moment, the hyperfine frequency of cesium vcs, would have exact val-
ues. The SI redefinitions have been described in terms of the base units, such as
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the kilogram and ampere to make contact with the present-day system. However,
a moment’s reflection reveals that associating particular constants with particular
units is unnecessary. For example, specifying that the hyperfine frequency of ce-
sium has a particular value and that the speed of light (in meters/second) has a
particular value assures that the meter will be a particular length without stating
that specification of the speed of light defines the meter. Similarly, the specification
of the elementary charge determines the ampere without specifically stating that
fact. It is sufficient to define the Coulomb by relating it to the elementary charge,
and from that current, which is charge divided by time, follows from the fact that
the SI units are coherent. In fact, charge is a derived unit that is defined by spec-
ifying the value of the electron charge in coulombs. An explicit association with
current is not necessary.

The conclusion that can be drawn from these considerations is that the separa-
tion of units into base units and derived units is not necessary in the Quantum SI.
This would eliminate the arbitrary selection of base units.

9. THE SECOND

Evidently, the present definition of the second is out of character with the rest
of the definitions based on constants which could be called universal (with the
possible exception of the Avogadro constant). In contrast, the hyperfine frequency
of cesium is a property of a specific atom.

A definition of the second that is consistent with those made in terms of uni-
versal constants could, in principle at least, be based on specifying a value for the
Rydberg constant, which is also a universal constant. If the value of the Rydberg
constant in inverse meters were specified, then since the speed of light ¢ is exact,
the corresponding frequency would be fixed. From this, the observed frequencies
of particular atomic transitions could be known and used as time standards.

The drawback, at the moment, is that the theory needed to relate the Rydberg
constant to observable frequencies is not sufficiently accurate to make this modifi-
cation without introducing an excessively large uncertainty. This could change in
the future, but for now, such a redefinition would not be practical.

10. TIME SCALE FOR REDEFINITIONS

At its meeting in October 2004, the International Committee on Weights and Mea-
sures (CIPM) asked the Consultative Committee on Units (CCU) to study the
possibility of a fundamental constant-based definition of the kilogram. In June,
2005, the CCU requested that the CIPM approve preparation of possible new de-
finitions of the kilogram, ampere, and kelvin in terms of fundamental constants,
and also consider redefining the mole at the same time. At its meeting in October,
2005, the CIPM approved, in principle, preparation of the new definitions, as re-
quested by the CCU, for possible adoption by the General Conference on Weights
and Measures (CGPM) in 2011, provided the results of experiments over the next
few years make this acceptable.
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1. CONCLUSION

The SI can be improved by modernizing the way units are defined. In particular,
the definitions of the kilogram, ampere, kelvin and mole are based on 19th cen-
tury science and technology and can be replaced by ones that take into account
subsequent progress in physics.

If an update of the SI were done by specifying values of fundamental constants,
the concepts of base units and derived units would not be necessary.

If there are no persistent problems with experiments, the changes could be
made in 2011.
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Abstract This paper reviews progress in the application of atomic isotope shift mea-

surements, together with high precision atomic theory, to the determina-
tion of nuclear radii from the nuclear volume effect. The theory involves
obtaining essentially exact solutions to the nonrelativistic three- and four-
body problems for helium and lithium by variational methods. The calcu-
lation of relativistic and quantum electrodynamic corrections by perturba-
tion theory is discussed, and in particular, methods for the accurate calcula-
tion of the Bethe logarithm part of the electron self energy are presented.
The results are applied to the calculation of isotope shifts for the short-
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lived “halo’ nuclei ®He and "Li in order to determine their nuclear charge
radii from high precision spectroscopic measurements. It is shown that the
results provide a unique measurement tool that is capable of discriminat-
ing amongst a variety of theoretical models for nuclear structure. In view
of the high precision that is now obtainable, helium and lithium, along with
hydrogen, can be regarded as fundamental atomic systems whose spectra
are well understood for all practical purposes.

1. INTRODUCTION

More than 20 years ago, Tanihata et al. [1,2] discovered that certain neutron-rich
nuclei such as ®He and !'Li have a halo-like structure in which a pair of neutrons
orbits a more tightly bound core. Since the neutrons are electrically neutral, one
would expect the nuclear mass radius to be substantially larger than the charge ra-
dius, and this is in fact the hallmark of a halo nucleus. A comparison between the
two radii provides a sensitive test of nuclear structure models, and especially of
correlation effects between the two neutrons in the presence of the core. However,
the nuclear charge radius has been notoriously difficult to measure in a model-
independent way. This paper provides an overview of recent advances in both
theory and experiment that open the way to a new method for accurate deter-
minations of the nuclear charge radius. The key idea is that the isotope shift in
atomic transition frequencies depends on the nuclear charge radius, as well as a
large number of other effects that depend on the mass difference between the two
isotopes, such as ®He and *He. The nuclear charge radius can thus be determined
if the other mass-dependent effects can be calculated to sufficient accuracy and
subtracted from high-precision laser-resonance measurements of the isotope shift.
Accuracies of the order of 100 kHz or better are required.

The basic idea of using the isotope shift to determine the nuclear charge radius
has been in use for many years for heavy nuclei [3,4] where the field shift is propor-
tionately much bigger. For such cases, relativistic coupled cluster methods are suf-
ficiently accurate. However, for light nuclei, the necessary accuracies of £100 kHz
have not been available until recently. The achievement of this goal requires accu-
rate nonrelativistic eigenvalues, relativistic corrections of order «? Ry, and quan-
tum electrodynamic corrections of order o® Ry, where a ~ 1/137.035999 11(46)
is the fine structure constant. Recent advances over the past several years [5-10]
now make it possible to obtain solutions to the quantum mechanical three- and
four-body problem that are essentially exact for all practical purposes, at least
in the nonrelativistic limit. The calculation of the lowest order ® Ry relativistic
corrections is then straight-forward, but the calculation of the QED corrections
(especially the Bethe logarithm) has remained a long- standing problem in atomic
physics. This last problem has also now been solved [11], thereby opening the way
to complete calculations up to order & Ry. Even these terms by themselves would
introduce uncertainties much larger than the required +100 kHz. However, it is
only the finite mass corrections to these terms that contribute to the isotope shift,
and so the uncertainties are suppressed by a factor of the electron-nucleus mass
ratio of /M ~ 10~* for ®He or HLi.
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TABLE 41 Contributions to the energy and their orders of magnitude in terms of Z, u/M =
1370745 624 x 10~ (for “He), and a2 = 0.532 513 5450 x 10~*

Contribution Magnitude
Nonrelativistic energy 72

Mass polarization Z2 /M
Second-order mass polarization Z2(u/M)?
Relativistic corrections Z4a2
Relativistic recoil Z42u/M
Anomalous magnetic moment Z4a®
Hyperfine structure z83 g1 u%

Lamb shift Z43 Ino + - - -
Radiative recoil Z4a3(Ina)u/M
Finite nuclear size Z4(Fc/ap)?

On the experimental side, there is a large body of high precision data avail-
able for comparison. The particular significance in relation to the present work
is that the theoretical uncertainty in the D-states for helium is now so small
that their energies can be taken as absolute points of reference. The measured
transition frequencies to the lower-lying S- and P-states can then be used to de-
termine the absolute ionization energies of these states (see Drake and Martin
[12], and Morton et al. [13]), and from this the QED energy shifts can be deter-
mined.

2. THEORETICAL BACKGROUND

Table 4.1 summarizes the various contributions to the energy, expressed as a dou-
ble expansion in powers of « >~ 1/137.036 and the electron reduced mass ratio
/M = 1074, Since all the lower-order terms can now be calculated to very high
accuracy, including the QED terms of order &> Ry, the dominant source of uncer-
tainty comes from the QED corrections of order a* Ry or higher. The comparison
between theory and experiment is therefore sensitive to these terms. For the iso-
tope shift, the QED terms independent of ;t/M cancel out, and so it is only the
radiative recoil terms of order a*u /M ~ 10_12Ry (~10 kHz) that contribute to the
uncertainty. Since this is much less than the finite nuclear size correction of about
1 MHz, the comparison between theory and experiment clearly provides a means
to determine the nuclear size.

3. SOLUTION TO THE NONRELATIVISTIC SCHRODINGER EQUATION

3.1 Variational basis sets for helium

Considering first the case of helium, the starting point for the calculation is to find
accurate solutions to the nonrelativistic Schrodinger equation. The effects of finite
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T2 = |1 — T2
ry

I

T

FIGURE 41 Coordinate system for a helium atom with the nucleus at the origin.

nuclear mass will play a key role in studies of the isotope shift, but we begin with
the case of infinite nuclear mass, in which case the nucleus can be taken as a fixed
point of reference. The Schrodinger equation is then given by (in atomic units)

1 1 Z Z 1
(——V% —Vi-= -S4 —)lI/(r1,r2) = E¥(r, 1) 1
2 2 1 2

The usual methods of theoretical atomic physics, such as the Hartree-Fock approx-
imation or configuration interaction methods, are not capable of yielding results
of spectroscopic accuracy. For this reason, specialized methods have been devel-
oped. As long ago as 1929, Hylleraas suggested expanding the wave function in
an explicitly correlated variational basis set of the form

W(ry, 1) = Y agriryrize 1 PRYN | G, B) )
ijk

where 112 = |11 — 12| is the interelectronic separation (see Figure 4.1). The coeffi-
cients ajj are linear variational parameters, and « and B are nonlinear variational
coefficients that set the distance scale for the wave function. The usual strategy is
to include all powers such that i 4 j+ k < £2 (a so-called Pekeris shell), where £2 is
an integer. The inclusion of powers of 13, and especially the odd powers, makes
the basis set rapidly convergent as §2 increases. The basis set is provably complete
in the limit 2 — oo [14].

For states of higher angular momentum L, the quantity y{flz [ (t1,T2) denotes a
vector-coupled product of spherical harmonics, and the basis set includes a sum-
mation over the possible integer values of I; and I (with I constrained to be
I = L — 1) such that /1 < L/2. In addition, the nonlinear parameters o and B
are separately optimized for each set of angular momentum terms, and, as dis-
cussed in Refs. [5-7], it is desirable further to ‘double’ the basis set so that each
set of powers {i,j, k} is included two (or more [15]) times with different values of
« and B. For sufficiently large basis sets, the doubling is very important because it
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helps to preserve the numerical stability of the wave function, it gives improved
accuracy for a given total size of basis set, and it avoids the disastrous loss of ac-
curacy that normally sets in for variational calculations involving the higher-lying
Rydberg states [5-7].

The principal computational steps are first to orthogonalize the x;j basis set,
and then to diagonalize the Hamiltonian matrix H in the orthogonalized basis set
so as to satisfy the Rayleigh—Schrodinger variational principle

5/ w(H — E)¥ dr = 0. 3)

Finally, a complete optimization is performed with respect to variations in the as
and fs so as to minimize the energy.

For high precision calculations, and especially for the isotope shift, it is nec-
essary to include also the motion of the nucleus in the center-of-mass (CM)
frame. A transformation to CM plus relative coordinates yields the additional
—(u/M)Vq - V2 mass polarization term in the modified Hamiltonian

1 1 z z 1

in reduced mass atomic units e? /a,,, where a,, = (m/p)ag is the reduced mass Bohr
radius, and u = mM/(m + M) is the electron reduced mass, M is the nuclear mass,
and ap = hz/ me? is the Bohr radius. The mass polarization term can be treated
either by including it as a perturbation (up to second-order), or by including it ex-
plicitly in the Hamiltonian. The latter procedure is simpler and more direct, and
the coefficient of the second-order term can still be extracted by differencing [5,7].
A general method for the decomposition of this equation was developed many
years ago by Bhatia and Temkin [16], and the effects of mass polarization studied
by Bhatia and Drachman [17] for a range of values of j+/M. These authors have
also extended the calculation of the second-order mass polarization term for sev-
eral low-lying states to the He-like ions [18].

As an example, Table 4.2 shows a convergence study for the very well studied
case of the ground state of helium [15]. The quantity R in the last column is the ra-
tio of successive differences between the energies. A constant or slowly changing
value of R indicates smooth convergence, and allows a reliable extrapolation to
£2 — oo. The results clearly indicate that convergence to 20 or more figures can be
readily obtained, using conventional quadruple precision (32 decimal digit) arith-
metic in FORTRAN. The very large calculation by Schwartz [20], using 104-digit
arithmetic, provides a benchmark for comparison.

3.2 Variational basis sets for lithium

The same variational techniques can be applied to lithium and other three-electron
atomic systems. In this case, the terms in the Hylleraas correlated basis set have
the form

023 012 23 j31 ,—ar|—Bro—yr3 LM
T 773 p 331 € Neren)ern e (X1, 12, 13) X1, ®)
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TABLE4.2 Convergence study for the ground state of helium (infinite nuclear mass case) [15]. N
is the number of terms in the ‘triple’ basis set

2 N E(£2) R(£2)
8 269 —2.903 724 377 029 560 058 400
9 347 —2.903724 377 033 543 320 480
10 443 —2.903724 377034 047 783 838 7.90
11 549 —2.903724 377034 104 634 696 8.87
12 676 —2.903724 377 034 116 928 328 4.62
13 814 —2.903724 377 034119224 401 5.35
14 976 —2.903724 377034 119539797 7.28
15 1150 —2.903724 377 034 119 585 888 6.84
16 1351 —2.903724 377034119596 137 4.50
17 1565 —2.903724 377034 119597 856 5.96
18 1809 —2.903724 377034 119 598 206 4.90
19 2067 —2.903724 377 034 119 598 286 444
20 2358 —2.903724 377 034 119 598 305 4.02
Extrapolation 00 —2.903724 377034119598 311(1)
Korobov [19] 5200 —2.903724 377034119598 311 158 7
Korobov extrap. 00 —2.903724 377 034 119598 311 159 4(4)
Schwartz [20] 10259 —2.903724 377 034 119 598 311 159 245 194 404 4400
Schwartz extrap. 00 —2.903724 377034 119598 311 159 245 194 404 446
Goldman [21] 8066 —2.903724 377034 119593 82
Biirgers et al. [22] 24497 —2.903724 377034 119 589(5)
Baker et al. [23] 476 —2.903724 3770341184

where YIM

) (Lr62)t12,t3 ) . .
X1 is a spin function with spin angular momentum 1/2. As for helium, the usual
strategy is to include all terms from (5) such that

is again a vector-coupled product of spherical harmonics, and

j1+j2+j3+j12+ )3 +j31 < £2, (6)

and study the eigenvalue convergence as §2 is progressively increased. The lithium
problem is much more difficult than helium both because the integrals over fully
correlated wave functions are more difficult, and because the basis set grows much
more rapidly with increasing £2. Nevertheless, there has been important progress
in recent years [24-26], and results of spectroscopic accuracy can be obtained for
the low-lying states.

Bhatia and Drachman have also made important progress in applying the
asymptotic expansion methods to the Rydberg states of lithium [27-29]. The cal-
culations in this case are more difficult because the “polarizable core’ now consists
of the nucleus and two 1s electrons, and so its multipole moments cannot be cal-
culated analytically.
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4. RELATIVISTIC CORRECTIONS

This section briefly summarizes the lowest-order relativistic corrections of order
«?Ry, and the relativistic recoil corrections of order «?1/M Ry. The well-known
terms in the Breit interaction [30] (including for convenience the anomalous mag-
netic moment terms of order o Ry) give rise to the first-order perturbation correc-
tion

AEel = (¥)|Hrel|¥)), (7)

where ¥} is a nonrelativistic wave function for total angular momentum J =L+ S
and Hy is defined by (in atomic units)

w\* w\’ Me, ~ =
Hiel = < ) Bi + ( ) [BZ + B4 + Bso + Bsoo + Bss + _(AZ + Aso)
Me Me M

+y (ZBSO + 3Bsoo + 3B(1) +2B ) + V%Aso} 8)
with y = a/(27). The factors of (u/me)* = (1 — u/M)* and (u/me)® = (1 — u/M)3
arise from the mass scaling of each term in the Breit interaction, while the terms
A and Ag, are dynamical corrections arising from the transformation of the Breit
interaction to CM plus relative coordinates [31]. These latter terms are often not
included in atomic structure calculations, but they make an important contribution
to the isotope shift. The explicit expressions for the spin-independent operators are

o 4, 4
By = ?(Pl +13), ©)
a? (1 1
B, = 7( p1-p2+ 5ri2-(r2- P1)P2>, (10)
"
Z
By = o%n ( Zo0) + 2ot — o) ay
and the spin-dependent terms are
Za?[ 1 1
Bso = ——| 51 x p1) o1+ 5(r2 x p2) - 02|, (12)
4 In "
a? 1 1
Bsoo = —| 5112 X p2- (201 + 02) — 5112 X p1- (202 + 01) |, (13)
41m, Eh
o’ 8 1 3
Bss = — | —378(r12) + 50102 — 5-(01 - 112)(02 - 112) |- (14)
41 3 e "2

Finally, the relativistic recoil terms are [31]

Zo? 1
Ay = —T{—(pl +P2) P15 [r1- (p1 +P2)|p1
1

1
+ E(Pl +p2)-p2+ r_3r2 [r2- (p1 + pz)]Pz}, (15)
2
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- Zo? (1 1

Aso=——| 31 XPp2-01+ 3 xp1-02 . (16)
2 \n "

It is then a relatively straight forward matter to calculate accurate expectation val-

ues for these operators. Also, asymptotic expansions have been derived for the

matrix elements and compared with the direct variational calculations, as dis-

cussed in Ref. [7].

5. QED CORRECTIONS

For a many-electron atom, the total QED shift of order o’ Ry consists of two
parts—an electron-nucleus part Ep; (the Kabir-Salpeter term [32]), and an
electron—electron term Ej » originally obtained by Araki [33] and Sucher [34]. The
Ep > term is relatively small and stright-forward to calculate. The principal com-
putational challenges come from the Ej ; term given by (in atomic units)

Er1= %ZO&3<8(1‘1) + 5(1‘2)>|:11’10l_2 — B(1sne) + %], (17)

where B(1snf) is the two-electron Bethe logarithm arising from the emission and
re-absorption of a virtual photon (see Figure 4.2). It is the logarithmic remainder
after mass renormalization, and is defined by

(¥ )|*(E; — Eo)In |E; — E
lisney = 2 = Zalt0olpr -+ pali) P(Ei = Eg)In |, —
D 2i [(olp1 + p2li) I*(Ei — Eo)
The foregoing equations are virtually identical to the corresponding one-electron

(hydrogenic) case, except that there the §-function matrix elements can be replaced
by their hydrogenic value

(18)

(8(r1) + 8(r2)) — Z3/ (nn?). (19)

The sum in the denominator of (18) can be completed by closure with the result
D = (¥|p(H — Eo)p| o) = 27 Z(8(x1) + 8(x2)), (20)
where p = p1 + p2. The numerator is much more difficult to calculate because

the sum over intermediate states (including an integration over the continuum)

hv

Uy Uy

v,

FIGURE4.2 Feynman diagram for the electron self energy.
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FIGURE 4.3 Differential contributions to the Bethe logarithm for the ground state of
hydrogen. Each point represents the contribution from one pseudostate.

cannot be performed analytically, and a sum over pseudostates nearly diverges at
high energies. Schwartz [35] transformed the numerator to read

K
N = Kli_)l‘lgo(—K(lI/0|p-p|lI/0)+Dln(K) +/kdk(l1/0|p(H— Eo +k)1p|l1/0)>.
0

20
However, this is slowly convergent, and expensive in computer time since a matrix
diagonalization must be performed at each integration point. Despite this, results
of useful accuracy for the lowest-lying S- and P-states have been obtained by this
method in Refs. [36-38].

An alternative method based on a discrete variational representation of the
continuum in terms of pseudostates has been developed by Drake and Gold-
man [11]. The method is simplest to explain for the case of hydrogen. The key
idea is to define a variational basis set containing a huge range of distance scales
according to:

Xij = r exp(—a;r) cos(9), (22)
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TABLE 4.3 Convergence of the Bethe logarithm §(1s) = In(kg/Ry) for hydrogen

2 N B(1s) Differences Ratios

2 3 2.73448191727230174149

3 6 2.94877219077044909822 0.21429027349814735672

4 10 2.97975301862169611861 0.03098082785124702039 6.917

5 15 2.98361449929795351803 0.00386148067625739942 8.023

6 21 2.98407183714911362800 0.00045733785116010997 8.443

7 28 2.98412247036420809592 0.00005063321509446792 9.032

8 36 2.98412792735460886871 0.00000545699040077279 9.279

9 45 2.98412849201006208099 0.00000056465545321228 9.664
10 55 2.98412854946585020174 0.00000005745578812075 9.828
11 66 2.98412855514977775545 0.00000000568392755370 10.108
12 78 2.98412855570645173753 0.00000000055667398208 10.211
13 91 2.98412855575986426711 0.00000000005341252957 10.422
14 105 2.98412855576496736061 0.00000000000510309350 10.467
15 120 2.98412855576544766988 0.00000000000048030928 10.625
16 136 2.98412855576549294823 0.00000000000004527834 10.608
17 153 2.98412855576549717245 0.00000000000000422422 10.719
18 171 2.98412855576549756974 0.00000000000000039729 10.633
19 190 2.98412855576549760688 0.00000000000000003714 10.697
20 210 2.98412855576549761038 0.00000000000000000351 10.594
Extrap. 2.98412855576549761075
withj=0,1,...,2—-1,i=0,1,...,2 —j—1,and

wj=agxg, §~10, agx~1. (23)

Thus, each increase in §2 introduces another set of terms containing different pow-
ers of r, but with a distance scale 1/¢; that is approximately a factor of 10 smaller
than the previous one (a number close to 10 happens to be the variational opti-
mum). For example, for p-states x0.20 = exp(—102°r) cos §. As shown in Figure 4.3,
this has the effect of pushing the eigenvalue spectrum up to enormously high en-
ergies far above the few tens of atomic units that one would normally expect for
a variational basis set. The number of elements is N = £2(£2 + 1) /2. One then fol-
lows the usual procedure of orthogonalizing the basis set, and then diagonalizing
the Hamiltonian to generate a set of N pseudostates that can be summed over to
calculate the Bethe logarithm.

As an example, for the ground 1s state of hydrogen, one would generate a
set of pseudostates with p-symmetry, and then calculate the dipole transition in-
tegrals in Eq. (18). An additional trick to speed convergence is to include in the
basis set terms that behave as 7~! at the origin for pseudostates of angular mo-
mentum /. Such terms of course do not contribute to the exact wave functions of
angular momentum [, but they do contribute to the effective Green’s function that
the sum over intermediate states represents (see Ref. [11] for further details). The
results in Table 4.3 demonstrate that the Bethe logarithm calculated in this way
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converges to the known result for the 1s ground state of hydrogen to 20 figure ac-
curacy. Figure 4.3 shows the differential contributions to the Bethe logarithm from
each pseudostate. It is clear that extremely high energies are needed to capture
the majority of the Bethe logarithm. The basis set has good numerical stability,
and standard quadruple precision (32 decimal digit) arithmetic is sufficient for the
example shown.

5.1 Bethe logarithms for helium and lithium

The basis sets for helium and lithium are more complicated in detail but the prin-
ciples are the same. In each case the Bethe logarithm comes almost entirely from
virtual excitations of the inner 1s electron to p-states lying high in the photoion-
ization continuum, and so the basis set must be extended to very short distances
for this particle. The outer electrons are to a good approximation just spectators to
these virtual excitations.

Results for the low-lying states of helium and the He-like ions are listed in
Table 4.4 (see also Korobov [39]). In order to make the connection with the hy-
drogenic Bethe logarithm more obvious, the quantity tabulated is In(kg/Z’Ry).
The effect of dividing by a factor of Z2 is to reduce all the Bethe logarithms to
approximately the same number g(1s) = 2.984128556 for the ground state of
hydrogen. It is convenient to express the results in the form S(1snL) = B(1s) +
AB(L)/n3, where AB(nL) is a small number that tends to a constant at the series
limit.

TABLE 4.4 Bethe logarithms In(ko/Z2Ry) for He-like atoms, from Ref. [11] (see also Ref. [39])

State Z =2 Z=3 Z=4 Z=5 Z=6

11S 2.9838659(1) 2.982624558(1) 2.98250305(4) 2.982591383(7) 2.982 716 949(1)
215 2.980118275(4) 2.97636309(2) 2.97397698(4) 2.97238816(3) 2.97126629(2)
235 297774236(1) 2.973851679(2) 2.971735560(4) 2.970424952(5) 2.969 537 065(5)
21P 2.98380349(3) 2.98318610(2) 2.98269829(1) 2.98234018(7) 2.98207279(6)
23D 2.98369084(2) 2.98295868(7) 2.9824435(1) 2.9820895(1) 2.98183591(5)
315 2.982870512(3) 2.9814365(3) 2.98045581(7) 2.979778086(4) 2.979289 8(9)
335 2.982372554(8) 2.980849595(7) 2.979 904 876(3) 2.979282037  2.978 844 34(6)
31P 2.98400137(2) 2.983768943(8) 2.983584906(6) 2.983 449 763(6) 2.983 348 89(1)
33P 2.9839398(3) 2.98366636(4) 2.98347930(2) 2.983350844(8) 2.983 258 40(4)
41S 298359631(1) 2.9829446(3) 2.9824863(1) 2.982166154(3) 2.98193294(5)
435 298342912(5) 2.98274035(4) 2.98229137(7) 2.98198821(2) 2.981772015(7)
41P 2.984068766(9) 2.9839610(2) 2.9838758(1) 2.9838132(1) 2.9837666(2)
43P 298403984(5) 2.98391345(9) 2.9838289(1) 2.9837701(2) 2.9837275(2)
515 29838574(1) 2.98351301(2) 2.983267901(6) 2.98309485(5) 2.982 968 66(2
535 2.98378402(8) 2.98342250(2) 2.983180677(6) 2.98301517(3) 2.98289613(2
51P 2.984096174(9) 2.98403803(5) 2.98399223(1) 2.98395867(5) 2.98393365(5
53P 2.9840803(2) 2.9840144(4) 2.9839689(4) 2.9839372(4) 2.98391407(6

- O = —
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TABLE 4.5 Residual two-electron Bethe logs Ay, S(Isnl)

State 13 ABno(1snl) Least squares fit Difference

31D —0.000 001 08(4)

33D 0.000181 74(5)

41D —0.0000184(3)

4%D 0.00023118(7)

51D —0.000 026 84(9)

53D 0.000249 73(12)?

41F 0.000 006 58(2) 0.000 006 60 —0.000000 02(2)
43F 0.000 007 63(2) 0.000 007 64 —0.00000001(2)
51F 0.000 008 70(3) 0.000 008 69 0.00000001(3)
53F 0.00001042(3) 0.00001041 0.00000001(3)
6'F 0.000009 8(1) 0.000 009 83 0.0000000(1)
63F 0.0000119(3) 0.00001198 —0.0000001(3)
51G 0.000 000 770(3) 0.000 000770 0.000 000 000(3)
53G 0.000000771(3) 0.000000771 0.000 000 000(3)
61G 0.000 001 043(3) 0.000 001 042 0.000 000 001(3)
63G 0.000 001 050(8) 0.000 001 047 0.000 000 003(8)
6'H 0.000 000 127(2) 0.000 000 127 0.000 000 000(2)
6°H 0.000 000 127(2) 0.000 000 127 0.000 000 000(2)

a  Corresponds to an energy uncertainty of +14 Hz.

For high-L, the dependence of the quantity AB(nL) on n and L can be under-
stood in terms of the core polarization model originally developed by Drachman
[40,41] and extended by Drake [6,7] for the energies of Rydberg states. Just as for
the energy, the Rydberg electron induces corrections to the Bethe logarithm for
the 1s electron corresponding to the various multipole moments of the core, with
the leading term being the dipole term 0.316 205(6)(x*)/Z° [42,43]. The complete
expression is

4
B(1snl) = B(ls) + <Z; 1) ﬂ,(;ﬂ) . 0.316Z 2050

where the 8(nl) are hydrogenic Bethe logarithms [44,45], and Ap,8(1snl) takes into
account contributions from the higher-order multipole moments. A least squares
fit to direct calculations up to L = 6 and n = 6 for helium yields the results [46]
AnoB(1snl'L) = 95.8(8)(r ) — 845(19)(r~7) + 1406(50)(r), (25)
AnoB(1snl®L) = 95.1(9)(r ) — 841(23)(r~7) + 1584(60)(r ). (26)
For example, for the 1s4f IF state, B(4 'F) = 2.984 127 1493(3). As can be seen from

the comparison in Table 4.5, for higher L the asymptotic expansions reproduce the
direct calculations to within the accuracy of the calculations.

(x™*) + AnoB(lsnl),  (24)
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TABLE 4.6 Comparison of Bethe logarithms for lithium and its ions

Atom Li(1s%2s) Li(1s%3s) Lit(1s?) Lit*(1s)

In(ko / Z*Ry) 2.98106(1) 2.98236(6) 2.982 624 2.984128

Table 4.6 compares the Bethe logarithms for the two lowest S-states of lithium
with those for the Li-like ions Li*(1s? 1S) and Li**(1s 2S). The comparison empha-
sizes again that the Bethe logarithm is determined almost entirely by the hydro-
genic value for the 1s electron, and is almost independent of the state of excitation
of the outer electrons, or the degree of ionization.

6. APPLICATIONS TO NUCLEAR SIZE MEASUREMENTS

As stated in Section 1, one of the goals of this work is to use the comparison be-
tween theory and experiment for the isotope shift to determine the nuclear charge
radius for various isotopes of helium and other atoms. One of the most interesting
and important examples is the charge radius of the ‘halo’ nucleus ®He. For a light
atom such as helium, the energy shift due to the finite nuclear size is given to an
excellent approximation by

2 Ze? _ 2
AEnyc = 3 r<2;<2 B(ri)>/ (27)

i=1

where 7, is the rms nuclear charge radius. If all other contributions to the isotope
shift can be calculated to sufficient accuracy (about 100 kHz) and subtracted, then
the residual shift due to the change in 7. between the two isotopes can be deter-
mined from the measured isotope shift. Specific results for helium and lithium
isotopes (especially the halo isotopes) are discussed in the following two subsec-
tions.

6.1 Results for helium

The theory of isotope shifts, including relativistic recoil and radiative recoil con-
tributions, is discussed in detail in Ref. [47], and will not be repeated here. In-
stead, we show as an example in Table 4.7 the various calculated contributions to
the isotope shift for the 1s2s 351—15319 3P, transition of ®He relative to *He. The
corresponding experimental value was obtained in a remarkable experiment per-
formed at the Argonne National Laboratory by Z.-T. Lu and collaborators [48],
using the techniques of single-atom spectroscopy to trap the short-lived ®He nu-
clei (t1/2 = 0.8 s) in the metastable 1s2s 35, electronic state. Each term in the table
represents the energy difference between ®He and “He with nuclear masses of
6.018 8880(11) u and 4.002 603 250(1) u respectively (see Table 4.8). The first entry
denoted /M represents the sum of the ‘normal’ isotope shift due to the common
mass scaling of all the nonrelativistic energies in proportion to u/me =1 — /M,
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TABLE4.7 Contributions to the ®He—*He isotope shift (MHz)

Contribution 235, 33p, 235,-33P,
n/M 55195.526(19) 12000.673(4) 43194.853(16)
(n/M)>? —3.964 —4.847 0.883

a’u/M 1.435 0.724 0.711

r2a —1.264 0.110 —1.374

o3 /M, electron—nucleus —0.285 —0.037 —0.248

o3 /M, electron—electron 0.005 0.001 0.004

Total 55191.453(19) 11 996.625(4) 43194.828(16)
Experiment® 43194.772(56)
Difference 0.046(56)

a  Nuclear size correction for an assumed nuclear charge radius of 7er(®He) = 2.04 fm.
b Wang et al. [48].

TABLE 4.8 Table of nuclear masses used in the calculations. Units are atomic mass units

Isotope Mass

SHe 3.016029310(1)
4He 4.002603250(1)
®He 6.0188881(11)
oLi 6.015122794(16)
"Li 7.0160034256(45)
8Li 8.02248736(10)
oLi 9.0267895(21)
4 11.0437157(68)

and the “specific’ isotope shift due to mass polarization, calculated as a first-order
perturbation. The remaining entries represent important corrections to these dom-
inant terms. The second entry of order (u/ M)? comes from second-order mass
polarization, and the next term of order 21t/ MRy is the relativistic recoil term. It
contains contributions from the mass scaling of the terms in the Breit interaction,
as well as cross-terms with the mass polarization operator, and the mass depen-
dent Stone terms (1me/M)(As + Ago) in Eq. (8). The term denoted r% is the finite
nuclear size correction for an assumed nuclear charge radius 7. = 2.04 fm for °He,
relative to the reference value 7. = 1.673(1) fm for *He [49].! Finally, the two terms
of order a1 /M Ry denote the mass-dependent parts of the electron-nucleus and
electron—electron QED shift, including recoil [52] and mass polarization correc-

1 This value is based on measurements of the Lamb shift in muonic helium, but attempts to reproduce the measurement
have not proved successful, as discussed by Bracci and Zavattini [50]. The consistent, but less accurate value 1.676(8) fm

has been obtained from electron scattering [51]. If the electron scattering value is used for *He, then the size of the error
bars for the other helium isotopes increases in proportion, but the results do not otherwise change significantly.
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A Proving Ground for Nuclear Structure Theories
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FIGURE 44 Comparison of the point-proton nuclear charge radius rp for 5He with other
measurements and theoretical values.

tions. The key point is that the uncertainty in the much larger mass-independent
part of the QED shift (tens of MHz) cancels when the isotope shift is calculated.
The residual uncertainty of only 16 kHz shown in Table 4.7 is then determined
primarily by the uncertainty in the nuclear mass of °He, rather than the atomic
physics calculations.

Since the goal of the experiment is to determine the nuclear charge radius
for ®He, the final step is to adjust 7. so as to eliminate the small discrepancy of
0.046(56) MHz shown in Table 4.7. The various contributions to the isotope shift in
Table 4.7 can be collected together and expressed in the form

IS(2°S-3°P) = 43196.202(16) + 1.008[72( *He) — 72(“He)]. (28)
The adjusted nuclear charge radius is then 7.(°He) = 2.054(14) fm.
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TABLE4.9 Contributions to the ®Li—’Li isotope shift for the 1s2 3s 25-1s2 2s 25 transition. Units
are MHz

Contribution 325225
w/M 11 454.656
(/M) —1.794
o?u/M 0.010(5)

31/ M, electron-nucleus —0.066(2)

ol u/M, electron—electron 0.011(2)

2 1.24 +0.39
r2u/M —0.000677(98)
Total 11 454.056(5) + 0.39
Sanchez et al. [65] (Expt.) 11 453.983(20)
Difference 0.073(20)

The significance of this result in comparison with other measurements and cal-
culations is illustrated in Figure 4.4.2 The first important point is that no other
method of measurement is both independent of nuclear structure models, and
capable of yielding sufficient accuracy to provide a meaningful test of theory.
Ref. [55] was obtained from nuclear reaction cross sections, and Ref. [56] was
extracted from elastic scattering from protons (in water). Second, the accuracy
is sufficient to rule out all but two of the cluster calculations. Refs. [57-59] de-
scribe ®He in terms of a single (« + n + n) channel, but inclusion of the additional
(t 4+ t) channel in Refs. [60,61] produces a substantial disagreement. Also, the ab
initio calculation based on the no-core shell model [62] is in poor agreement. The
best agreement is with the ab initio quantum Monte Carlo calculations of Pieper
and Wiringa [63,64] based on the AV18 two-body potential and the IL2 three-body
potential, while other versions of the model potentials do not agree. The compari-
son with our value of 7. obtained by the isotope shift method is therefore capable
of distinguishing amongst the various possible candidates for the effective low-
energy nucleon—nucleon interaction potential.

6.2 Results for lithium

Isotope shifts for the various isotopes of lithium °Li to 'Li have been measured
by the group of Kluge et al. at GSI (including a collaboration with TRIUMF for
11i) and the results reported in Refs. [66,65]. The result for Li is of special in-
terest because, like ®He, it is a halo nucleus with a °Li core, and so the nuclear
radius is very sensitive to the details of nuclear structure. All the experiments
involve measurements of the isotope shift for the 2 25, /2—3 25, /2 two-photon
transition. As an interesting test of the method, Table 4.9 compares theory and

2 For comparison with theory, it is customary to express the calculated values in terms of an effective rms radius p
corresponding to a point-like proton and neutron, which is related to the rms charge radius 7 by 72 = ?%, + 1_2% +(N/Z)R3,

where RP = 0.895(18) fm [53] is the rms charge radius of the proton, R2 = —0.116(5) fm? [54] is the mean-square charge
radius of the neutron, and N and Z are the neutron and proton numbers.
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TABLE410 Contributions to the 'Li—’ Li isotope shift for the 1s2 3s 25-1s2 2s 25 transition. Units
are MHz

Contribution 325225

w/M 25104.490(21)
(/M) —2.9679(1)
o?u/M 0.023(10)
o311/ M, electron-nucleus —0.145(4)
o311/ M, electron—electron 0.026(5)
Nuclear polarization [10] 0.039(4)

Total 25101.462(24)
Sanchez et al. [65] (expt.) 25101.226(125)
Difference 0.236(125)

a  Uncertainty from the atomic mass determination for 1 Li. See Table 4.8.

experiment for the isotope shift of °Li relative to ”Li. The assumed nuclear radii
are r.(°Li) = 2.554:0.04 fm and .("Li) = 2.3940.03 fm. The theoretical uncertainty
of £0.39 MHz is completely dominated by the uncertainty in the nuclear radii. The
difference between theory and experiment is only 0.073 £ 0.020 MHz, and this can
be removed by a slight adjustment to the assumed nuclear radii. Using the theo-
retical results in Table 4.9, the isotope shift can be written in the form

IS(2 %S — 32S) = 11,452.816(5) + 1.566[72( °Li) — 72("Li)] (29)

(cf. Eq. (28)), and so, for example, an adjustment to r.(°Li) = 2.54 £ 0.04 fm instead
of 2.55 £ 0.04 fm would be sufficient to resolve the discrepancy. Thus the experi-
mental accuracy of £20 kHz is sufficient to determine the nuclear charge radius to
+0.01 fm.

The corresponding results for 'Li are shown in Table 4.10, and compared with
the experiment of Sanchez et al. [65]. The difference of 0.236 £ 0.125 MHz is due
entirely to the nuclear volume effect, and so the difference in squared nuclear radii
is 0.236(125)/1.566 = 0.151(80) fm>. Thus, relative to r.(’Li) = 2.39 & 0.03, the
nuclear charge radius for 'Li is 2.421 + 0.040 fm.

The significance of this result has recently been discussed by Drake et al. [67].
The overall pattern is as follows. The nuclear charge radii progressively decrease
from °Li to °Li, where they reach a minimum of r<(°Li) = 2.185 + 0.033 fm, and
then dramatically increase to 2.42 + 0.04 for 'Li. Of the various models of nu-
clear structure, only the stochastic variational multi-cluster (SVMC) model [68,69]
gives a meaningful result for 'Li. By chance, their calculated value of 2.43 fm for
the assumed point-proton case is in excellent agreement, but when this value is
corrected for the finite proton and neutron sizes (see footnote 2), it increases to
2.529 fm. The corresponding value for an assumed frozen °Li core (i.e. neglecting
core excitations) is 2.261 fm. The measured value therefore lies between these two
extremes, but agrees with neither. Several other calculations of nuclear structure
are also available, such as the Greens-Function Monte Carlo method [70,64], fermi-
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onic molecular dynamics [71], the dynamic correlation model [72,73], and the ab
initio no-core shell model [74,75]. It is particularly significant that most of these
agree well with the measured values for the stable nuclei 3He, *He, °Li, and “Li,
and also for 8Li and °Li [66], but not for the halo nuclei °®He and "Li. The mea-
surements of halo nuclear radii therefore play an important role in distinguishing
one theory from another.

7. SUMMARY AND CONCLUSIONS

The principle message of this paper is that few-body atomic systems such as he-
lium and lithium can be solved essentially exactly for all practical purposes in the
nonrelativistic limit, and there is a systematic procedure for calculating the rela-
tivistic and other higher-order QED corrections as perturbations. The solution of
the problem of calculating Bethe logarithms means that the theoretical energy lev-
els are complete up to and including terms of order &> Ry.

As a consequence of these advances, helium and lithium now join the ranks
of hydrogen and other two-body systems as examples of fundamental atomic sys-
tems. The high precision theory that is now available creates new opportunities
to develop measurement tools that would otherwise not exist. One such example
discussed here is the determination of the nuclear charge radius for the halo nuclei
®He and ''Li. This opens up a new area of study at the interface between atomic
physics and nuclear physics, and it provides important input data for the determi-
nation of effective nuclear forces. Other similar experiments have been performed
on the lithium isotopes [66], including the halo nucleus 111 [65], and further work
is in progress on 8He at Argonne and 'Be at GSI/ TRIUMF.
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Abstract One- and two-electron ions traditionally serve as an important testing

ground for fundamental atomic structure theories and for investigation
of QED, relativistic and correlation effects. In the domain of high nuclear
charges, new opportunities open up for precise testing and consolidating
of the present understanding of the atomic structure, in the regime of
extreme electromagnetic fields. In this article, the current progress in exper-
imental investigations of the heaviest H- and He-like systems at GSI Darm-
stadt is presented. In addition, the planned future experimental studies and
developments devoted in particular to high-resolution spectroscopy of ex-
cited states in heavy He-like ions as well as of the 1s state in hydrogen-like
systems, are reviewed.
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The most recent
cooler experiment
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FIGURE 5.1 Various individual contributions to the ground-state Lamb shift in H-like uranium
together with the experimental accuracies achieved so far [13-16]. SE and VP denote the self
energy and the vacuum polarisation contributions, respectively.

1. THE GROUND-STATE BINDING ENERGY IN H-LIKE URANIUM

One-electron high-Z ions represent the most fundamental atomic systems pro-
viding unique opportunities to bring our present understanding of atomic struc-
ture under critical tests. In particular, the bound-state Quantum Electrodynamics
(QED) which up to now has been extremely successful in describing simple atomic
systems in the low-Z domain, can be probed in the nonperturbative regime of ex-
tremely strong Coulomb fields (as provided by the heavy nuclei) in the absence
of many-electron effects. Besides, in combination with accurate measurements for
high-Z Li-like systems, precise results for the 1s binding energy in H-like ions
may help to disentangle between nuclear, one- and multielectron contributions to
the 2s binding energy in Li-like species where very accurate experimental results
have been obtained already [1-3]. Experimental studies at the Experimental Stor-
age Ring (ESR) (at GSI) devoted to precise measurements of the ground-state Lamb
shift in high-Z heavy H-like systems have experienced substantial improvements
of accuracy over the last decade. In Figure 5.1, this is shown for the example of
the 1s Lamb shift in H-like uranium (U%!*) where an increase of precision by more
than order of magnitude has been achieved (the various theoretical contributions
displayed in the figure are taken from [4]). Furthermore, very recently all a?-order
QED contributions have been evaluated (see Figure 5.1) [5,6], thus providing op-
portunities for probing higher-order QED effects in the strongest electromagnetic
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FIGURES5.2 The experimental arrangement used in the first beam-time dedicated to measure
ground-state Lamb-shift in H-like Pb exploiting high-resolution X-ray spectrometers in
combination with position-sensitive Ge(i) detectors.

fields. For the next generation experiments devoted to the ground-state Lamb shift
in high-Z H-like systems, novel high-resolution X-ray detection devices namely,
crystal spectrometers [7], in combination with position sensitive solid-state detec-
tors [8,9] and bolometers will be exploited [11,12]. Successful commissioning and
test experiments with such devices at the gasjet target of the ESR storage ring [7,
8,10-12] has already been followed by a first data-taking beam-time devoted to
a measurement of the ground-state Lamb-shift in H-like Pb (see Figure 5.2). The
data are currently being evaluated.

2. STRONG FIELD QED IN He-LIKE HEAVY IONS

Helium-like ions, being the simplest among few-electron atomic systems are very
important for gaining insights into relativistic many-body, quantum electrody-
namical and correlation phenomena and into their impact on the atomic structure.
Here, in contrast to hydrogen-like systems, even for light (low-Z) ions there are
still considerable disagreements between state-of-the-art theoretical calculations
and experimental results [17,18] challenging both experimental as well as theoret-
ical investigations of these fundamental atomic systems. Of particular importance
are investigations of high-Z He-like ions, because here the fundamental atomic-
structure theories can be tested in the domain of strongest electromagnetic fields
as provided by the heavy nuclei. In these strong external fields, the influence of
relativistic and QED effects on the bound electrons is significantly enhanced and
as a consequence the correlation (many-body) and the specific QED corrections
for the electron—electron interaction are of the same order of magnitude providing
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a challenge for theoretical description. A further important aspect which makes
studies of high-Z He-like ions extremely interesting is the possibility of testing the
standard model by means of parity nonconservation (PNC) [19,20].

Theoretical investigations of He-like ions in the high-Z domain have expe-
rienced considerable progress during the last decade where a new generation
of relativistic many-body calculations (RMBT), the multiconfigurational Dirac—-
Fock (MCDF) and the configuration interaction (CI) methods have established
improved benchmarks for the non-QED part of the electron—electron interaction
[21-24]. This was followed by calculations of the ground-state two-electron QED
contributions: the so called two-electron Lamb shift, including all corrections of
order o2 [25,26]. Moreover, very recently, calculations of various contributions to
the two-electron Lamb shift has been completed for L-shell excited states [27].

In the following, we report the first measurement of the two-electron contribu-
tion to the ionisation potential for the heaviest stable ion available to experiments,
i.e., He-like uranium. The ground state of high-Z He-like ions is of particular rele-
vance for probing bound-state QED in strong fields since to date, the two-electron
contribution to the ionisation potential in He-like systems is one of very few mea-
surable values which have been calculated completely to second order in « [25].
In addition, the value for the two-electron contribution is known to be negligi-
bly affected by nuclear size uncertainties, in contrast to the situation in high-Z
hydrogen- or lithium-like systems.

2.1 The two-electron contribution in U%°": experiment at the ESR
electron cooler

In order to obtain the two-electron contribution to the ground-state binding-
energy in He-like uranium, we have performed a relative measurement of radia-
tive recombination (RR) transitions into the K-shell of initially bare and H-like
ions. This experimental technique was first introduced at the Super-EBIT device at
the Lawrence Livermore National Laboratory (LLNL) and successfully applied to
series of He-like ions up to bismuth [28]. However, at very high-Z there have been
difficulties in producing bare species and results were limited by counting statis-
tics. We have extended these earlier studies to the higher Z regime at the electron
cooler of the ESR storage ring at GSI by profiting from brilliant-quality beams of
heaviest bare and H-like ions.

For the experiment bare and H-like uranium ions were injected into the ESR,
in alternate order, at the initial (production) energy of close to 360 MeV/u and
subsequently decelerated to the final (measurement) beam energy of 43.6 MeV /u.
Meanwhile, the deceleration technique is routinely available at the ESR. There are
several advantages resulting from the deceleration: most importantly, the uncer-
tainties stemming from the Doppler effect are considerably reduced. Furthermore,
background due to Bremsstrahlung of the cooler electrons is strongly suppressed
due to lower cooler current and voltage applied. Besides, the chosen energy al-
lowed us to place the RR-lines in spectrum very close to the calibration y-line
of YD, enabling for a precise determination of the line centroid energies. For
the detection of the RR photons, the 0 deg X-ray detection apparatus at the ESR
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FIGURE 5.3 Scheme of the experimental setup at the electron-cooler device of the ESR
storage ring. X-rays are observed at almost 0 deg with respect to the beam axis and recorded in
coincidence with the down-charged ions (U7, U%0),

: . . . . . electron beam

250 —— H-like - [ 0 e =y
Ly — He-like | — 1T M 1
2007 ‘ . L
| hCOHe
| ha e
e
—e—@®—1'S
s —e—— K r d
. H-like He-like
| Eyin= 0
120 130 140 150 160 170 180 190
energy (keV) AE = hoy - hoy, = 1y = 1y

FIGURE 5.4 Left side: X-ray spectra for capture into bare and H-like uranium (forming H- and
He-like uranium, respectively) as measured at ESR electron cooler. Right side: Schematic
presentation of the RR process of free electrons into the initially bare and H-like ions. The
energy difference AE = hwy — hwpe gives exactly the two-electron contribution to the
ionisation potential in He-like ions.

cooler section was used, an environment which was already exploited in first
Lamb shift experiments at high-Z by Beyer et al. [14]. The experimental setup is
displayed in Figure 5.3. For details of the experimental arrangement please refer
to [14,16]. In Figure 5.4, the X-ray spectra for RR into initially bare- and H-like
uranium recorded in coincidence with the ions which have captured an electron is
shown.
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TABLE 5.1 Comparison of our experimental result for Z = 92 with the RMBPT calculations of
Persson [25]. 2eSE and 2eVP denote two-electron self-energy and vacuum polarisation contribu-
tions, respectively. All values are in eV

Nuclear 1st order >2nd order 2eSE 2eVP Total Experiment
charge RMBPT RMBPT theory
92 2265.87 —-14.11 -9.7 2.6 2246.0 2248 +9

The difference between the K-RR centroid energies transformed into the emit-
ter frame gives directly the two-electron contribution to the ground-state binding-
energy in He-like uranium (compare Figure 5.4 right side). For the determination
of the K-RR line centroid positions, least-squares fits using a Gaussian peak shape
with a shelf on the low energy side were done. This model-function is known to
describe well response of Ge(i) detectors [29]. Following this method, we obtained
a value of 3047.91 & 12.6 eV (as a weighted mean of values for the three strips)
for the difference between the K-RR centroid energies (A = K-RRyg — K-RRye). Fi-
nally, using the cooler-voltage value of 23913(5) V (corresponding to the ion beam
velocity B = 0.29565 £ 2.9 - 10°) and the X-ray detector observation angles of
0.35(2)°, 0.53(2)°, 0.71(2)° for the three strips, the difference A was transformed
into the emitted frame yielding a value of 2248 4 9 eV for two-electron contribu-
tion in He-like uranium. Here, one has to emphasise that due to the combination
of the 0 deg detection geometry and the deceleration technique the Doppler un-
certainties introduced by the observation angle as well as by the beam velocity
do not affect the final accuracy. Therefore, our uncertainty is of purely statistical
nature.

In Table 5.1 a comparison of the present experimental result with state-of-
the-art theoretical calculations is shown. The theory is based on the relativistic
Many-Body Perturbation Theory (MBPT) approach and incorporates in addition
all of the second order («?) QED contributions. The comparison shows a very
good agreement between our experimental result and the calculations. Our re-
sult is sensitive to the second-order MBPT contribution, moreover, the accuracy
is of the same size as the two-electron a?-order self-energy. Another theoretical
approach by Yerokhin et al. [26], which takes into account the electron—electron
interaction in a complete manner to second order in « is also in excellent agree-
ment with the present experimental result. Here, we like to emphasise that the
relative contribution of the second-order QED effects in the total value of two-
electron contribution is quite high (as compared, for example, to the 1s binding
energy in H-like system), in addition, the influence of uncertainty introduced by
poorly known extended size of the nucleus is negligible for the theoretical value
of the two-electron contribution. These distinctive features make this particular
kind of QED study unique among other tests for high-Z ions such as 1s Lamb
shift (in one-electron systems), g-factor of bound electrons, or hyperfine split-
ting.
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FIGURE5.5 3Po-3S; transition in He-like systems as a function of the nuclear charge (relative
to the values of Plante et al. [24]). The theoretical results are from Plante et al. [24], Drake [21]
and Artemyev et al. [27]. For the experimental data see [30] and references therein.

2.2 L-shell excited states in two-electron high-Z ions

Recently there has been a significant progress in theoretical investigation of n = 2
levels of high-Z two-electron systems manifested in evaluation of binding energies
of all the L-shell states including all two-electron QED contributions in a complete
manner [27]. On the experimental side, there exist numerous data for the low-Z
domain (see Figure 5.5) providing precise test of the state-of-art QED calculations.
However, as mentioned above, there is a significant disagreement between the the-
ory [18] and the recent experimental results [17] for the fine structure in helium,
indicating the need for further investigations from theoretical as well as experi-
mental sides. The situation is very different in the high-Z regime, where very few
experimental data are available up to now (see Figure 5.5). Therefore, a precise
test of the fundamental theories as well as probing the higher-order QED contri-
butions for excited states are still awaiting. Besides, an accurate determination of
the L-shell binding energies in high-Z He-like ions is of importance for PNC in-
vestigations [19,20]. In particular, as shown in Figure 5.6, the 3Pg-1Sy interval has
still to be determined accurately in order to allow for choosing of a best candidate
for the PNC observation.

In high-Z ions, the excited levels can be efficiently populated via electron cap-
ture into initially H-like species [35]. This is in contrast to the excitation process,
which has been a limiting factor for former investigations at the Super-EBIT [31].
Therefore, for future studies at GSI, a production of the excited states in He-like
uranium via ion-atom collisions (at the ESR gasjet target) is planned which will be
complemented by precise spectroscopy of the An = 0 transition energies. Here,
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FIGURE5.6 3Po-'Sg interval (theoretical results) in high-Z two-electron ions. The values are
from Drake [21], Plante et al. [24], Schafer et al. [32], Cheng et al. [23,33], Artemyev et al. [27] and
Indelicato et al. [34].

a novel high-resolution X-ray detection devices, namely crystal spectrometers and
microcalorimeters will be utilised.

3. SUMMARY

We reviewed the current status of the experimental investigations devoted to pre-
cise study of the bound-state QED effects and their impact on atomic structure
in one- and two-electron heavy ions. The recent improvements in experimental
accuracy for the ground-state binding-energies in H- and He-like heavy systems
are accompanied by increase of accuracy in theoretical predictions by evaluating
higher-order QED contributions. Comparison of the most recent experimental re-
sults with the corresponding theoretical values manifests a good agreement and
provides test of the dominant QED contributions on a percent level; even reaching
the scale of the higher-order QED effects for the case of two-electron contribution
in He-like uranium.

The future experimental investigations will target in particular the accurate
spectroscopy of the excited states in heavy He-like systems. In contrast to the
ground-state properties, this topic has almost not been addressed up to now exper-
imentally. In addition, very recently, there has been a considerable progress in de-
velopments for the next generation Lamb shift experiments on H-like heavy ions.
Here, the first beam-time has already been conducted utilising the high-resolution
X-ray spectrometers (in combination with novel position-sensitive solid-state de-
tectors) as well as the X-ray microcalorimeter.
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Abstract In this paper we describe the features of the SMILETRAP Penning trap

mass spectrometer and give examples of recently performed precision mass
measurements. SMILETRAP is designed for precision mass measurements
using the merits of highly-charged ions. We emphasize here the importance
of accurate masses of hydrogen-like and lithium-like ions for the evaluation
of g-factor measurements of electrons bound to even—even nuclei and test
quantum electrodynamics (QED). For these experiments the ion masses of
40¢cal’+ and 40Cal* were measured at SMILETRAP with 5 x 10710 preci-
sion. Highly precise mass measurements can also be used for testing atomic
structure calculations and determination of atomic and nuclear binding en-
ergies. Some Q-values are of fundamental interest, for example, the beta-
decay of tritium and the double beta-decay with no neutrinos of several
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nuclei, in particular 7°Ge. These decays are related to properties of the elec-
tron neutrino mass and whether this neutrino is a Majorana particle. The
reason that Penning traps are so reliable for the determinations of accurate
decay Q-values is due to the fact that systematic errors to a great deal can-
cel in the mass difference between the two atoms defining the Q-value. In
this paper we report the most accurate Q-values of these two beta decays
namely 18589.8(12) eV for the tritium decay, and 2038.997(46) keV for the
neutrinoless double beta-decay of 76Ge.

1. INTRODUCTION

Atomic masses are related to fundamental questions in current physics, partic-
ularly when they can be measured with extremely high accuracy. Beside their
fundamental importance as new information in the atomic mass table [1], high-
precision masses have wide ranging applications in modern physics, including
the determination of fundamental constants, verification of nuclear models, test of
the Standard Model, test of QED, metrology and many more [2]. The Penning trap
mass spectrometer SMILETRAP is connected to the electron beam ion source CRY-
SIS [3,4] which produces Highly-Charged Ions (HCI). High charge is required for
high precision mass measurements since the precision (§m/m) increases linearly
with the ion charge state [5]. Furthermore, mass measurements using different
charge states of the same element offer a check of certain systematic errors.

In the Penning trap, where an ion with charge ge and mass m is confined by sta-
tic electric fields and a strong magnetic field B for a certain time At, the cyclotron
frequency w. = (qe/m)B of the ion motion is determined. The ratio of cyclotron fre-
quencies of two different ions in the same magnetic field gives directly their mass
ratio. Due to the long observation time and the well understood dynamics of the
ion motion in a trap, Penning trap mass spectrometers are the leading devices in
the field of high-accuracy mass spectrometry today. It is evident that the precision
in the mass m increases linearly with g, since m/Am = v/Av grows with v, for a
resonance width Av at a fixed observation time Af (as Av =~ 1/At). SMILETRAP
is the first Penning trap mass spectrometer that is designed for exploiting the mass
precision increase by using highly-charged ions.

The acronym SMILETRAP is an abbreviation of Stockholm-Mainz-lon-Levita-
tion-TRAP, reflecting the close cooperation between the Physics Department of
the Johannes Gutenberg University in Mainz and the Atomic Physics group at
Stockholm University, a successful cooperation that still is vital. The Penning trap
part of SMILETRAP was built in Mainz by German and Swedish undergraduate
and graduate students. This work started in the summer of 1990 and finished in
the beginning of 1993 when the device was shipped to Stockholm.

During this time the question was raised whether a crystal of 28Si could be used
as an atomic definition of the kilogram. Therefore a measurement of the mass of
this atom was made using singly charged silicon ions and '2C* and 12C§’ ions as
mass references [6]. Though we reached a statistical uncertainty of 10~ we had to
face the large q/A asymmetry which resulted in a systematic uncertainty of 1075.
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This was a clear warning that in future mass measurements we should use ions
which, as close as possible, are q/A doublets. Nevertheless, at that time, it was a
tenfold improvement of the Si mass. Later in Stockholm, using fully stripped 23Si
ions, we could reach a mass uncertainty of 3.5 x 10-10[7], a compatible value, with
a somewhat higher accuracy, had been obtained by the MIT-group [8].

In this contribution we describe measurements with the Penning trap mass
spectrometer over a wide span of mass values, from masses of hydrogen and tri-
tium to 7°Se?®* ions. This fact shows also the versatility of SMILETRAP, being
able to cover a wide mass range with an accuracy of below 10~. So far, mass mea-
surements involving ions of about 30 isotopes in the mass range of up to 200 u and
Charges of up to 52+ have been performed at SMILETRAP. By measuring the mass
of 1%Hg and 2*Hg, a problem in the atomic mass table has been solved [9]. In the
following we show examples of accurate mass measurements of heavy HCI for de-
termining the g-factor of the bound electron and their electron binding energies.
We shall also discuss the possibility of using these measurements for testing QED-
effects of strongly bound electrons [10]. We report about the measurement of the
cyclotron frequency of atomic tritium ions as well as singly and doubly charged
3He ions which gave the atomic masses of *H and *He and thus the Q-value of the
tritium beta-decay. This Q-value is of interest for experiments aiming at finding a
finite rest mass for the electron antineutrino.

A further highlight from SMILETRAP is the determination of the 7°Ge dou-
ble B-decay Q-value [11,12]. This is important to identify the energy where one
could observe possible events of neutrinoless double g-decay that can occur if the
neutrino is a Majorana particle.

2. THE SMILETRAP FACILITY

In a preceding paper [13] we have described in details the method of mass mea-
surements with SMILETRAP. Here we want to outline the most essential proce-
dures to produce, trap, excite, and detect highly charged ions for mass measure-
ment using the time-of-flight ion cyclotron resonance technique. Most elements
have a large number of isotopes. We therefore use an isotope separator after the
CHORDIS ion source (see Figure 6.1) in order to be able to inject mass separated
beams of singly charged ions into CRYSIS. Figure 6.2a shows the mercury mass
spectrum recorded about 50 cm from the entrance to CRYSIS obtained by sweep-
ing the selection magnet current. The mercury isotopes are well resolved and the
background is low (Figure 6.2a). A low isotopic abundance can be compensated
by a longer accumulation time.

In the charge breeding procedure in CRYSIS it is found that the ions with the
highest charges have the largest emittance due to heating by electron-ion colli-
sions when creating highly-charged ions. The large emittance causes problems
when trying to inject the ions into the Penning trap. It is therefore necessary to
cool the ions with e.g. *He?* ions during charge breeding. With a typical electron
current of 100 mA the number of trapped charges in CRYSIS is about 108, corre-
sponding to about 10° ions with 50+ charge, that are extracted in a 100 ps long
pulse.
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FIGURE 6.1 Schematic layout of the SMILETRAP facility.

The ions are charge state analysed in a 90 deg magnet so that only ions of a
certain isotope in a certain well defined charge state can reach the pre-trap (see Fig-
ure 6.1). Figure 6.2b shows a charge state spectrum measured with “°Ca ions [14].
Only about 1000 ions from the pulse are then caught in the pre-trap. When released
from the pre-trap the ions are accelerated by —1 kV. Before entering the precision
trap the ions are again retarded and forced to pass an aperture with a diameter of
1 mm. About 30 ions are cold enough to enter the precision trap and are trapped
by a voltage of about 5 V. The ions used are located in a cylinder with a diameter
of less than 1 mm. This volume thus occupies a small part of the trap center where
the field is homogeneous to at least 10~°. The trap voltage is then lowered to about
0.1 V, whereby the hottest ions are boiled away. Usually, in average, 1-2 ions are
then left in the precision trap and are exposed to a quadrupole radio frequency
field for 1 s [15]. The frequency of the excitation signal is scanned and the flight
time to a micro-channel plate detector located at a distance of about 50 cm from
the trap centre is recorded. The cyclotron resonance is detectable as a pronounced
minimum (see Figure 6.3) in the ion time-of-flight spectrum [16,17]. The cyclotron
frequency of a reference ion with well known mass is measured in a similar way.
The ions are used in a destructive way since they are lost every detection cycle.
After each measuring cycle new ions are loaded.

This procedure has some advantages. We can quickly alternate between the
measured ion and the reference ion or between different charge states. Each exper-
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FIGURE 6.2 (a) The mass spectrum of singly charged Hg ions [9], (b) the charge spectrum of
Ca-ions [14]. As illustrated the mass and charge selection in SMILETRAP is very good.

iment is then based on several thousand injection, excitation, and measurement
cycles. Figure 6.4 shows an example of a TOF spectrum measured with 76Ge?>*
ions.

From the resonance curve of flight time versus frequency (see Figure 6.3 for
the example of Se*>"), the cyclotron frequency . for a particle with mass m; and
charge g7 in the magnetic field B is determined. However, there is not any method
to measure B with high precision. Therefore a mass reference m, is needed, prefer-
ably carbon ions in a proper charge state g,. The mass is then

mp =my——. (1)
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FIGURE 6.4 Time-of-flight spectrum of 76Ge?>t ions in resonance (shifted to short times) and
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We have frequently used the H} ion as 11, because it can conveniently be produced
in the pre-trap by bombarding the rest gas with 3.4 keV electrons. The mass of H}
is 2.015 101 497 03 (27) u with an uncertainty of 1.8 x 10710 a detailed evaluation
of the HEL ion mass is found in [13].

The relation (1) only holds if the magnetic field does not change between the cy-
clotron frequency measurements of the two ion species. Searching for the cyclotron
frequency we therefore scan the frequency interval near the resonance using 21
different frequencies. We do that for m; and m; one after the other. A full mea-
suring cycle thus takes about three minutes during which the natural decay of the
superconducting coil, as well as faster changes in B depending on temperature de-
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pendent changes due to the susceptibility of the trap material, can be neglected.
Still, in order to keep the uncertainties due to possible field variations below 10719,
a temperature stability of 0.01°C is required.

In case one wants to have the atomic mass i, it is then necessary to add
the mass gm. of the missing electrons and to subtract their binding energy Eg:
Mat = m1 + qme — Ep. Most Penning-trap mass spectrometers [2] are using singly
charged ions, in which case the electron binding energy is close to 10 eV and ex-
perimentally known. Here the uncertainties due to binding energy are so small
that they can be neglected even in the most accurate measurements. Using multi-
ply charged ions the involved binding energies can introduce uncertainties which
can not be neglected. For higher charge and Z-values (typically above Z = 18) one
has to rely upon calculations [18]. One can turn this around and, by measuring
the mass of the same isotope using different ion charges, the binding energy of a
number of electrons in the atom can be obtained as a mass difference. This is es-
pecially the case when the precision reaches 2-10 eV or better so that the influence
from correlation, relativistic, Breit and QED corrections can be directly measured
in heavy ions [5]. This will be discussed further in Section 3.

Until recently we have excited the ion using a single continuous radio fre-
quency pulse. This excitation mode is a Fourier limited process that is manifested
in a resonance shape similar to a Gaussian (see Figure 6.3). One can, however,
drive the excitation in a different way, by applying the so called Ramsey method,
where the excitation pulse is applied in time separated intervals. The first group to
apply this method was the Mainz collaboration using singly charged Cs* ions [19].
However, at that time there was no algorithm available for evaluating the fringe
pattern that results from the quadrupolar Ramsey excitation mode. Recently,
M. Kretzschmar has given a mathematical tool for the fringe pattern evalua-
tion [20]. New experiments in Mainz [21] with singly charged 3K+ jons and in
Stockholm [12] using HJ ions have convincingly shown that the two-pulse mode
is the best choice, resulting in a precision gain of up to a factor 3. This is very
important since it means a ten times shorter data collection time for equal statis-
tics. Earlier we applied a three-pulse excitation mode to Se?®* ions. This has now
been evaluated, confirming our previous single-pulse results and our previously
obtained 7°Ge Q-value (see Section 3).

The main systematic uncertainties in our mass measurements are due to the
following [13]:

. The mass of the reference ion

. The number of trapped ions

. The relativistic mass increase

. /A asymmetry

. Impurity ions having a similar /A as the ion of interest
. Magnetic field fluctuations

NUI s WIN =

These uncertainties, in each frequency measurement, lie in the region 0.1-1 ppb
or less. The uncertainty coming from g/A asymmetry between the main ion and
reference ion of course vanishes when using q/A doublets since our observable is
the ratio of the frequencies.
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3. RESULTS AND DISCUSSIONS

3.1 Mass measurements for QED tests

The ionic mass is an essential ingredient when evaluating the g-factor experiments
of the bound electron in hydrogen-like and lithium-like ions [10] which aim to test
and benchmark theoretical QED calculations. Investigations of high Z hydrogen-
like systems are strongly restricted by an uncertainty due to nuclear size effects.
In the case of the bound electron g-factor the role of the nuclear effects is not as
crucial as in the case of the hyperfine structure splitting. Furthermore, in a cer-
tain combination involving differences of the g-factor of the hydrogen-like and
lithium-like ions this can be significantly reduced [5]. The value of g can be ob-
tained from

wL g
we M’

where the Larmor precession frequency, wr, and the cyclotron frequency, w., can
be accurately measured at the g-factor experiment, . is the mass of the electron
and M is the mass of the ion under investigation. So far the hydrogen-like 12C>+
and 07" are the heaviest ions used in the g-factor experiment. In both cases the
ionic mass was accurately known and the dominant part of the uncertainty in g
was due to the uncertainty in the electron mass. Since that time a new value was
accepted for the electron mass with 4 times smaller uncertainty. The present rela-
tive standard uncertainty in the electron mass is 0.44 ppb [22]. The proposed new
g-factor experiments involving medium heavy ions like °Ca [23] therefore require
ion masses with uncertainties similar to that of the electron mass.

Considering the ratio of g-factors of hydrogen-like ions of different isotopes
of the same element the dependence on the electron mass can be eliminated. An
isotope effect in the g-factor Ag = g1/g2 — 1 can thus be introduced to charac-
terize this effect. It was shown in [24] that an isotope effect in the g-factor would
be measurable already between 2*Mg!!* and 2Mg!!* thanks to the high precision
mass values measured with SMILETRAP for both isotopes [24]. The size of the iso-
tope effect in the g-factor is more pronounced if the difference in the mass is larger
e.g. between #°Cal* and *8Cal’* or in 3 Ar'7+ and “°Ar!”*. The masses of the
hydrogen-like and lithium-like °Ca ions were measured recently at SMILETRAP,
see Figure 6.5 and Ref. [14].

The atomic structure calculations are experimentally tested with transition en-
ergies and ionization potentials for low degrees of ionization. In [25] calculations
for highly-charged ions with different methods were tested in their consistency.
From there the error limit is derived. These calculations were for closed shell sys-
tems on a level of accuracy of 10 eV for medium Z ions. The uncertainty comes
mostly from correlation effects (which are typically around 50-60 eV for Ar-like
ions) and from QED effects (in particular the many-body QED contributions). In
Figure 6.6 the difference of calculated binding energies by Scofield and Rodrigues
et al. in units relative to the total mass are plotted for different ions (Cl7+, Sef™,
Cst, Wit, and UT) versus the number of electrons left in the ion. One sees that
for certain ionic systems the difference (which is so far the uncertainty) is relatively

g=2 ()
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large, reaching a few times 10717, It should be noticed that QED contributions get
large when coming to alkali-like ions as s-shell electrons are added. To first or-
der the QED contributions get negligible when one comes to p-shell electrons. The
typical contributions to the atomic masses from the total binding energies, Eg, are
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(in some examples):

Hj: Ep = —15.4 eV = 8.3 ppb,
208pp20t:  Ep = —50.372 keV = 260 ppb,
208pp72F:  Ep = —172.177 keV = 889 ppb.

Some simple Z-scaling rules help to pick the ions of interest. Correlation is rather
independent of Z. To first order the binding energy scales with Z?> and QED with
Z* and n=3. The absolute precision decreases linear with the ion mass. Correlation
effects are most dominant in lighter ions (A ~ 50) and medium charges, where a
precision of 1070 already gives 5 eV. To measure QED effects a precision better
then 1071 for A = 200 and highest charge states, which has not been demon-
strated yet, is needed. In particular when measuring charge state sequences such
a precision should be achievable in a relative comparison between the ion masses
in different charge states.

For example one has in the mass difference from Cu-like to Ni-like Pb a QED
effect in the order of 2 eV [28], corresponding to around 10~!! of the ion mass
difference. For the Li-like to He-like Pb mass difference it is around 30 eV [29] and
already 1.5 x 10~19. For H-like Pb one calculates around 245 eV [30] QED effect
in the 1s state, which makes a mass contribution of 1 ppb. In U%'* the 1s Lamb
shift is ~#500 eV which corresponds to a relative mass shift of E/M ~ 2 ppb. So,
measuring the relative mass difference between U%>* and U?!* and between U”'+
and U2 to 10—, which should not be too difficult, one would have the one- and
two-electron Lamb-shift to ~2 eV, i.e. a higher accuracy then present day X-ray
spectroscopic measurements.

3.2 The Q-value of the tritium beta decay

In 2005 we reported about experiments in which CRYSIS has been used to disasso-
ciate tritium molecules to ions and to produce singly as well as doubly charge ions
of 3He. The masses of these ions have been measured by SMILETRAP and from
the mass values the Q-value of the tritium beta decay has been deduced [31]. The
scientific motivation for these measurements is the possibility to use this Q-value
in the search of the electron neutrino rest mass [32]. This method of determining
m(ve) benefits from a very accurate Q-value. The use of a Penning trap for accu-
rate determinations of the relevant atomic masses is obvious. A difficulty, but also
a challenge for us, was that a relatively strong tritium source had to be used and
we had no experience of running our Penning trap spectrometer or the connected
electron beam ion source CRYSIS with a long-lived radioactive gas like tritium.

The first Penning trap measurement of this Q-value was reported already in
1993 [33]. However, in 2001 we found a discrepancy in the *He mass in an attempt
to measure the proton mass. As is evident from Figure 6.7, all mass reference ions
except the *He ions gave the same proton mass. It took a long time of chasing
systematic errors before we realized that the accepted value of the *He mass was
wrong by a large amount. We later found similar errors in the accepted masses of
3He and H reported by the Seattle group.
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FIGURE 6.7 The proton masses obtained in 1997 [34] using the ions indicated as mass
references (with the ion “He?* we used excitation times 1and 2 s).

Since the Seattle group used the wrong masses in their measurement of the
tritium beta decay Q-value we decided to measure this Q-value. In the first mea-
surement, reported at a conference in Oulu in Finland in 2002, we reported a value
of 18.587 9(3) keV. The uncertainty was hampered by the use of doubly charged
3He ions. However, in 2005 we learned how to run CRYSIS in a mode that es-
sentially singly charged 3He ions were produced and the new Q-value, thus not
being associated with q/A asymmetry errors, became 18.5898(12) keV [31]. Our
value happens to agree with the Seattle value based on wrong mass values (see
Figure 6.8). Evidently these errors canceled in the mass difference, since they had
the same origin. The Seattle group now has a new, very stable, superconducting
magnet with drift <0.010 ppb/h [35].

They have already a very accurate mass value of >He and are soon likely to
have an as accurate mass value of >H. These mass measurements will improve the
Tritium beta-decay Q-value by at least a factor 5. The Tallahassee group with their
two ion method is likely to provide an even more accurate Q-value.

3.3 The Q-value of the neutrinoless double beta-decay of 7°Ge

In the year 2000 we measured the 76Ge double beta-decay value [11]. The mea-
surement was motivated by the fact that there were two, seemingly conflicting,
Q-values, both measured with a classical mass spectrometer by the Manitoba
group, see reference [36,37] and Figure 6.9.

It took us 10 years to develop the technology for such a measurement. Singly
charged ions of germanium were produced by xenon sputtering of metallic ger-
manium in the CHORDIS ion source, whereas for selenium the ion-source oven
was loaded with metallic selenium. An isotopically pure beam was achieved us-
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ing a magnet before injection into CRYSIS where the charge state was increased
up to 25+ by intense electron bombardment. In the experiment we used HJ ions
as mass reference for both ion species. The excitation of the ions in the precision
trap was done using of a single continuous pulse with the time length of 1 s. The
resulting Q-value was 2039.006(50) keV. A comparison between our value and the
Manitoba experiment is given in Figure 6.9.

During these experiments we also made a three-pulse Ramsey excitation ex-
periment using 25+ selenium ions, i.e. the excitation pulse is split into three short
excitation pulses separated by a waiting times. During the waiting time no excita-
tion is applied. In this experiment the excitation pulses were 100 ms long and the
total excitation cycle time was 1 s. The evaluation of this measurement has been
pending since we were lacking the theoretical understanding of how the energy
absorption profile looks like after a quadrupole Ramsey excitation. Today we have
the mathematical formulation needed thanks to M. Kretzschmar [20].
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Figure 6.10 shows the time-of-flight resonance spectrum with the typical Ram-
sey fringe pattern fitted with the Kretzschmar algorithm for a three-pulse excita-
tion.
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This evaluation gave a mass value of selenium with a smaller statistical uncer-
tainty than the single-pulse mode.

Mass of 76Se, single-pulse  75.919 213 789(41) (74) u,
Mass of 7°Se, three-pulse ~ 75.919 213 816(31) (74) u,
Mass of 7°Se, average 75.919 213 804(21) (76) u.

The masses, using single-pulse and three-pulse excitation, are calculated from
measurements done on 25+ ions. The average 7°Se mass is then the weighted aver-
age from measurements using 24+ and 25+ ions, the SMILETRAP value from 2001
is 75.919 213 795(28)(76) [11]. The impressive fact is that the statistical uncertainty
in the 7°Se mass using the three-pulse Ramsey mode is reduced by 25% compared
to the single-pulse mode, although having approximately half the amount of sta-
tistics.

The new Q-value is 2038.997(46) keV, an improvement by almost 10% in the
error. More importantly the calculation agrees with the old value.

4. CONCLUSION AND OUTLOOK

For high precision mass measurements Penning trap mass spectrometers using
highly charged ions, e.g. SMILETRRAP, play an important role, especially when
one aims at measuring the g-factor of bound electrons in heavy, highly charged
ions like 238U+, SMILETAP is in fact so far the only facility in the world where
ions with g > 8+ have been used for mass measurements in a Penning trap.
Since, in our experiment, the mass of the hydrogen-like ion is directly obtained
this is an obvious advantage compared to mass measurements involving singly
charged ions. We report the mass measurements for tritium ions as well as singly
and doubly charged *He ions which gave the presently best Q-value of the tritium
beta-decay. This Q-value is of interest for experiments aiming at finding a finite
rest mass for electron antineutrino.

Another highlight from SMILETRAP is the determination of the 7°Ge dou-
ble B-decay Q-value. This is important for the energy where one could identify
possible events of neutrinoless double S-decay that can occur if the neutrino is a
Majorana particle.

Our Penning trap mass spectrometer will soon be relocated to an electron beam
ion trap (EBIT) ion source to have access to low energy, heavy, highly-charged ions.
At present this source can produce up to Neon-like ions of any element. Already
now an upgrade of the source is planned after which fully stripped ions up to
U%2* can be produced. To further improve our mass measurements we will apply
longer excitation times and the Ramsey method together with ion cooling in a new
preparation Penning trap of our experimental setup.
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Abstract An overview and status report of the new trapping facility for highly
charged ions at the Gesellschaft fur Schwerionenforschung is presented.
The construction of this facility started in 2005 and is expected to be com-
pleted in 2008. Once operational, highly charged ions will be loaded from
the experimental storage ring ESR into the HITRAP facility, where they are
decelerated and cooled. The kinetic energy of the initially fast ions is re-
duced by more than fourteen orders of magnitude and their thermal energy
is cooled to cryogenic temperatures. The cold ions are then delivered to a
broad range of atomic physics experiments.

1. THE PRESENT GSI FACILITY

The UNILAC at the Gesellschaft fiir Schwerionenforschung (GSI) produced its
first heavy-ion beam in 1975. Today, the current GSI facility can provide quasi-
continuous or pulsed beams of ions with practically any charge state, ranging up
to U%*, with kinetic energies of several MeV or GeV per nucleon. Figure 7.1 shows
schematically the present GSI accelerator facility. The ions are produced by Pen-
ning, electron cyclotron resonance (ECR) and metal vapour vacuum arc (MEVVA)
ion sources, and are then accelerated by a linear accelerator (UNILAC), which is
roughly 120 m long;, to the first range of kinetic energies, i.e., up to several MeV /u.
After the first acceleration stage, the ions can be delivered to a series of low-energy
experiments. One example is SHIPTRAP, its name originating from the SHIP ve-
locity filter that was used to discover six new elements: %géBh (Bohrium, 1981),
29Hs (Hassium, 1984), 28Mt (Meitnerium, 1982), #71Ds (Darmstadtium, 1994),
22Rg (Rontgenium, 1994), and 377Uub (Ununbium, 1996). SHIPTRAP is used to
perform high-precision mass measurements of trapped (unstable) radionuclides
with a relative mass uncertainty of §m/m ~ 10-8.

In the heavy-ion synchrotron SIS the ions are accelerated to kinetic energies
of up to 2 GeV per nucleon for atomic and nuclear physics experiments as well
as heavy-ion tumor therapy. When using highly charged ions, ultra-high vacuum
(UHV) conditions are crucial in order to avoid charge changing collisions. In the
UNILAC, where the ions’ charge states are not yet very high, pressures of around
10~° mbar are sufficient. However, in the heavy-ion synchrotron SIS (216 m cir-
cumference) and in the experimental storage ring ESR (108 m circumference),
for which the charge states are increased by shooting the highly-energetic ions
through a stripper foil, the pressure is in the 10~!! mbar regime.

2. THE HITRAP PROJECT

As can be seen from Figure 7.1, the new trapping facility, HITRAP, will be inserted
into the re-injection channel between the ESR and the SIS. The new facility will
broaden the current research field and open up several new ones, as indicated by
the list in Figure 7.2. The combination of high charge states and very low kinetic
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FIGURE71 The present GSl facility: highly charged ions are produced by a variety of different
ion sources and accelerated by the linear accelerator (UNILAC) to several MeV/u. These fast
ions can be used for low-energy experiments or can be injected into the heavy-ion synchrotron
(S1S) where they are further accelerated. The SIS feeds the fragment separator (FRS), the
experimental storage ring (ESR), or the fixed-target experiments in the different caves including
that for heavy-ion tumor therapy. The HITRAP facility will be inserted into the re-injection
channel, which can be used to feed the SIS with cooled highly charged ions from the ESR.

energies makes it possible to (re)trap the ions in Penning traps, where the ions
themselves can be studied with high precision, or to collide them with gases and
surfaces, in order to study their interaction with neutral matter [1].

In order to prepare the HITRAP facility itself as well as the different experimen-
tal set-ups to be used at the HITRAP facility with low-energy highly charged ions,
the HITRAP RTD Network was created, which was funded from 2001 through
2005 by the European Union. Within this project, there were different teams (nine
in total) from different countries, each team preparing an experiment (see Ta-
ble 7.1), or providing theory. The goal of the HITRAP network was the development
of novel instrumentation for a broad spectrum of physics experiments with heavy highly
charged ions (up to U°**) at low energies (<1 eV /u). Within this project, instru-
mentation was developed for high-precision measurements of atomic and nuclear
properties, mass and g-factor measurements, and ion—gas and ion-surface interac-
tion studies.

The construction of the HITRAP facility, which is being carried out in close col-
laboration between the GSI Divisions for Infrastructure, Accelerators and Atomic
Physics and the Institute for Applied Physics at the University of Frankfurt, started
in the beginning of 2005 when appropriate funds were available. Commissioning
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FIGURE7.2 Schematic of the HITRAP project: deceleration, trapping, and cooling of highly
charged ions for a large variety of atomic physics experiments.

TABLE 7.1

Participating teams in the HITRAP EU RTD Network (RIMS: Recoil lon Momentum
Spectroscopy, HFS: HyperFine Structure)

Team Leader Task
Darmstadt, DE H.-J. Kluge, HITRAP facility
O. Kester, W. Quint
Orsay, FR J.-P. Grandin RIMS (H1)
Groningen, NL R. Morgenstern, R. Hoekstra Ion-surface exp. (H2)
Mainz, DE G. Werth, K. Blaum g-Factor, mass (H4, H5)
Krakow, PL A. Warczak X-ray spectroscopy (H3)
Stockholm, SE R. Schuch Mass (H5)
Heidelberg, DE J. Ullrich RIMS (H1)
Vienna, AU J. Burgdorfer Theory (H2)
London, UK R.C. Thompson HEFS (Hé6)

of the HITRAP facility is planned for the first half of 2008 so that the experimental
teams can start to perform their experiments in the second half of 2008.

3. THE HITRAP FACILITY

The new trapping facility is shown schematically in Figure 7.3. The highly charged
ions are accelerated in the SIS to typically 400 MeV /u, almost completely stripped
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FIGURE7.3 Side view of the HITRAP facility. The highly charged ions come from the left and
are decelerated by LINAC and RF quadrupole structures. They are injected at an energy of

6 keV/u into the Cooler Penning trap where they are trapped and cooled. After cooling to
liquid-helium temperature they are ejected and transported with very low energies to the
experiments on top of the platform.

and injected into the ESR. Here they are electron cooled as well as decelerated and
a single bunch is created by bunch-merging. At an energy of 4 MeV /u, the ions
are ejected out of the ESR as a bunch of about 10° ions, with a pulse length of
1 ps (roughly 1 m long) and enter the linear decelerator of HITRAP. The facility
is designed to operate in a pulsed mode, which means that this cycle (filling the
ESR, cooling, deceleration and ejection) will be repeated every 10 s. Before the ion
bunch enters the LINAC and the radiofrequency quadrupole (RFQ) structure, the
ion pulse is reshaped by the buncher (Figure 7.3). After deceleration in the RFQ,
the ions enter the Cooler (Penning) trap with only few a keV /u.

The Cooler trap operates in two steps for cooling the highly charged ions to
liquid-helium temperature: electron cooling and resistive cooling. For the first
step, there are sections with cold electrons that interact with the highly charged
ions, thus dissipating the ions’ kinetic energy. The electrons themselves cool by
synchrotron radiation inside the cold bore of the superconducting magnet within
a few seconds [2]. In the case of resistive cooling, the ions induce image charges
in the trap electrodes. Connecting a frequency-resonant RLC-circuit to the trap
electrodes allows for energy dissipation to this external cryogenic circuit. Resis-
tive cooling is expected to take several seconds [3]. Finally, the trapped highly
charged ions will have a thermal energy corresponding to slightly more than 4 K,
due to noise in the electronic circuits. The cold ions are then transported, with ki-
netic energies of only a few keV/q, to the different setups installed on top of the
re-injection channel as a high-quality ion beam.

A new platform was built inside the ESR experimental hall at GSI to house
huts for electronics for the local control of the HITRAP facility and for the different
HITRAP experiments and to provide space for the required infrastructure of the
HITRAP facility such as supplies for radiofrequency, electricity and water. A hole
was drilled through the concrete above the re-injection channel, which will be used
for the beamline to transport the ions from the Cooler trap towards the setups. The
construction of this platform is illustrated by the photo series in Figure 7.4.
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FIGURE7.4 Photographs taken from the same position in the ESR Experimental Hall and
showing the construction of the HITRAP platform. Left: situation in 2004 before construction.
Middle: situation in 2005 when the platform was erected for the huts housing the electronics of
the HITRAP facility and of the HITRAP experiments, for RF power supplies and other devices.
Right panel: situation in 2006 when the platform is ready, the huts are in place, and the
installations are almost completed.

EBIS

£ electrostatic kicker/bender
Il QP doublet

D position of beam waist, possible position for diagnostics

FIGURE75 Schematic overview of the beamline on the experimental platform. The
experiments are indicated by the numbers HI-H6 (see Table 7.1). Beam transport calculations
have been performed leading to the arrangement of ion optical elements as shown in the figure.
The ion beam enters this section from below and travels from the extreme left-hand side to the
right. The EBIS is an off-line ion source for tests of the systems, the MPS (multi-passage
spectrometer) will feed the EBIS ion beam into the system when needed.

For the HITRAP experiments, a complete network of beamlines and ion optical
elements needs to be developed and constructed. Calculations of these elements
and the beam transport have been carried out showing that nearly 100% trans-
mission is possible. A scheme of the current layout of the experiments is shown in
Figure 7.5. Most of the ion optical elements are designed. The elements for bending
the ion beam, the so-called kicker-benders, are under construction. The beamline
towards the experiments needs to have a vacuum of the order of 10~!! mbar or bet-
ter to avoid charge exchange with residual gas. This puts severe demands on the
materials used for the construction of the ion optical elements almost approaching
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TABLE7.2 The time schedule for the HITRAP project

Action Date
Preparation of infrastructure Ongoing
(safety, media supply, controls, RF)

Delivery of the Cooler trap magnet Spring 2007
Test of HITRAP low-energy beam Mid 2007
transport and Cooler trap with EBIS

Installation of buncher cavities in the Spring 2007
re-injection channel

First test of buncher cavities with beam May 2007
from ESR

Installation of LINAC cavities Fall 2007
Commissioning of the LINAC Spring 2008
Commissioning of HITRAP Spring 2008

first experiments

those encountered when constructing an electrostatic UHV storage ring such as,
e.g., ELISA in Aarhus, Denmark [4].

Because the HITRAP facility will not be able to continuously obtain the ESR
beam for testing the Cooler trap and the experimental setups, it was decided to
install an electron beam ion source (EBIS), which was available from the University
of Frankfurt, on the platform for off-line tests. This source (MAXEBIS) is currently
being tested and will be used to tune the low-energy beam line (LEBT) towards the
Cooler trap, and for tests of the Cooler trap itself. Afterwards, the components will
be moved to the HITRAP facility. A more complete overview of the time planning
for the construction of the HITRAP facility is presented in Table 7.2.

4. EXPERIMENTS AT HITRAP

Since this publication is dedicated to Ingvar Lindgren on the occasion of his 75th
birthday, out of the many experiments becoming possible (see inset of Figure 7.2),
we discuss here only those which are very close to the heart of Ingvar Lindgren.
These are the g-factor of the bound electron, the hyperfine structure, and the pre-
cision mass measurements. X-ray spectroscopy is discussed in a publication by
Th. Stohlker et al. in the same volume [5]. In all these experiments, quantum elec-
trodynamics plays a dominant role, and the progress in atomic theory is essential.

4. The g-factor of the bound electron

The precise measurement of the g-factor of the electron bound in a hydrogen-like
ion is a sensitive test of bound-state Quantum Electrodynamics (QED) at high
fields. Highly charged ions are ideal for such studies, because the electromagnetic
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FIGURE7.6 Contributions to the g-factor versus nuclear charge Z. For heavy ions, the situation
is more difficult, but also more interesting, since the QED and nuclear size contributions
become comparable.

fields existing close to the nucleus are much higher than those which can be cre-
ated artificially in a laboratory. For example, the electric field strength close to the
nucleus of U°!t is of the order of 10!® V/cm, which is higher than those created
by the strongest lasers available. At such high electromagnetic fields, perturba-
tive QED calculations are no longer accurate, and higher-order terms need to be
evaluated carefully. Unfortunately, in this regime there is little or no experimen-
tal data to compare the non-perturbative codes to. This is precisely why g-factor
experiments are important.

In relativistic Dirac theory, the g-factor of an electron bound to a H-like ion is

given by [6,7]
2
g=§(1+2,/1—(za)2), 1)

where Z is the nuclear charge and « the fine structure constant. The ratio of the
bound-electron (gpound) to the free-electron g-factor (gfee) can be expressed, to
leading order in Z«, as

Soound 1Lz )
8free 3 4

The first two terms in Eq. (2) are dominant and stem from Dirac theory, the third

term comes from bound-state QED. Both contributions are indicated in Figure 7.6,

and it can be seen that at high Z the QED term is of the same order of magnitude

as the nuclear size effects. From Eq. (1) it is clear that for Z larger or equal to a1,

g is undefined. Already when Z <« a~! is no longer valid, non-perturbative calcu-
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FIGURE7.7 Schematic of the double Penning trap setup used for g-factor measurements of
the bound electron.

lations have to be performed [8,9]. Corresponding first calculations were initiated
by L. Lindgren and G. Soff.

The g-factor of the bound electron in 2C>* [10] and '°O’* [11] has been ob-
tained via spin-flip measurements of a single cold (4 K) ion. The setup was con-
structed in a GSI-Mainz collaboration, and consists of two Penning traps [12], i.e.,
a ‘precision trap’ and an ‘analysis trap,” placed in one superconducting magnet.
A schematic of the trap is shown in Figure 7.7. The g-factor can be obtained from
measurements of the cyclotron frequency w. = gB/M; and the Larmor frequency
wr, = geB/(2m,), since it can be expressed as

_o(T) (M) (L
=202 G () ®

where m,, e and M;, g, are the mass and charge of the electron and the ion, respec-
tively. Using high-quality resonant circuits, the oscillation frequencies of an ion
inside a Penning trap can be measured independently and with high accuracy. For
these measurements, the polarisation of the electron spin is 100%, because only one
ion is used. The cyclotron frequency w, is determined inside the precision trap, and
a spin—flip may be induced by microwave irradiation at a frequency close to the
Larmor frequency wr. Detection of a spin—flip takes place after transporting the
ion to the analysis trap. Here, a significant inhomogeneity of the magnetic field,
produced by a nickel ring, makes the z-motion of the ion sensitive to the spin di-
rection. The frequency of the z-motion is detected via electronic detection (based
on image charges). After analysing the spin direction, the ion is transported back
to the precision trap for the next measurement cycle.
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FIGURE7.8 Larmor resonance of the g-factor measurement of the bound electron
in 12¢>* [10].

The experimental result obtained for a g-factor measurement of a single 12C>*
ion is presented in Figure 7.8. The horizontal axis shows the ratio of the microwave
frequency wmw to the cyclotron frequency w, from which the g-factor of the bound
electron can be obtained. The experimental g-factors of the hydrogen-like ions
125+ 110] and 207+ [11] agree within the uncertainties, which are dominated
by the accuracy of the electron mass, with the calculated values [7,13]. The g-factor
of the 1s electron thus enabled a test of bound-state QED at a level of 0.25%.

Accurate g-factor measurements also provide means to obtain better values
for fundamental constants, such as the fine structure constant « (Figure 7.9). For
example, because of the good agreement with theory, the g-factor data led to a
determination of the electron mass with a four times higher accuracy [14]. The
relative experimental accuracy ém/m of this measurement was as good as 6 x
10710,

From Eq. (1) it can be seen that the g-factor is linked to «, and it can easily be
shown that the relative uncertainty in « is correlated to that in g via

a1t
o (Za)? g

(4)

It is therefore most interesting to measure g at the highest possible Z. Succeeding
the measurements in 2C5* [10] and O7* [11], a measurement of the electronic
g-factor in °Cal?* [15] is currently being prepared. When HITRAP is operational,
similar experiments on heavy systems like 28U%!* will be performed. It is ex-
pected that, from such a measurement, o (Figure 7.9) can be obtained with an
accuracy of 108 [16]. A combination of such measurements in H-like and B-like
heavy ions can increase this accuracy significantly [17].



HITRAP: A Facility at GSI for Highly Charged lons 93

Clade (g-2), Gabrielse
2006 2 67ppy e O7P
000A1:;/; (pKipbnoshita) photon recoil (Wicht)
2004 - - 74ppb
2002 m\"-.:/:sn“ﬁﬂ
] I-I&:j:etal.,_._.'_._. 0PRE  iyetal
2000- 23ppb _— % Ryerg+n
HFS, .. W—'_. /Km;geretal.
1998 K Kot | a5 G Pee
1996 ] ~—. AP B
1994 = Kruoger st .
1992 137.03599911(45) | 39pPd
ac ¥ n
19m_ V\ﬁllm al. Q‘C:';}';TI
1988 - ] 24ppb
597 503 599 600 601 602
o '—137.03. ..

FIGURE79 Landscape of the fine structure constant o: the evolution of the different
measurements and their accuracies during the last 20 years is indicated.

4.2 Precision mass measurements

Masses of stable or radioactive nuclides can be measured with very high accu-
racy and single-ion sensitivity, using Penning traps [18,19]. Since the cyclotron
frequency of a trapped ion increases with the charge state, highly charged ions
provide better resolution and potentially also higher accuracy than singly charged
ions. The SMILETRAP group in Stockholm has pioneered the use of highly
charged ions in ion traps for mass spectrometry [20-22]. They measured the
masses of several ions, which are important for tests of QED or double-beta decay,
with an uncertainty close to 1071%. Using the mass of 12C%*, Van Dyck et al. [23]
in Seattle measured the masses of stable singly charged ions with an accuracy of
about 10710, A similar accuracy was obtained for the proton-antiproton compari-
son at CERN, measured by the group of Gabrielse [24]. Pritchard et al. [25] at MIT
even had a mass spectrometer, which is now at Florida State University [26], with
an accuracy of about 10~!!. The masses of singly charged radionuclides have been
measured with an accuracy of 10~7 to 108 and better, by Penning trap mass spec-
trometers installed at ISOLDE/CERN [27,28], Argonne [29], Jyvéaskyld [30], Michi-
gan State University (MSU) [31], and GSI [32]. Highly charged ions for mass spec-
trometry will be used at TITAN at ISAC/TRIUMEF, Vancouver [33], LEBIT/MSU
[34], HITRAP/GSI [35], ISOLTRAP/ISOLDE [36], MAFFTRAP /Munich [37], and
at MATS/GSI [19].

Table 7.3 shows a comparison between a mass measurement in a Penning trap
with a singly charged ion, and one with a highly charged ion. The numbers show
that, for the same isotope, an ion with a charge of 4 = 50 already leads to an im-
proved mass resolution of nearly two orders of magnitude. Longer observation
times (for example, Tops > 10 s) and higher charge states (i.e., ¢ = 92 for uranium)
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TABLE7.3 Comparison of the accuracy of mass measurements for a singly and a highly charged
ion with mass A = 100 in a magnetic field of B = 6 T. v is the cyclotron frequency, Ty, the
observation time of a measurement, R is the resolving power given by the ratio ve/Svc, and Sm/m
is the relative mass uncertainty

Singly charged ion

q = 1 Ve = 1 MHZ
Tobs=1s dve =1Hz

R =10° sm/m~ 1078
Highly charged ion

g=>50 ve = 50 MHz
Tobs=1s dve =1Hz

R =5 x 10’ sm/m a2 x 10710

can further improve the mass resolution. In principle, a mass measurement accu-
racy of 107! or better can be reached. This would, for example, make it possible to
‘weigh’ the 1s Lamb shift in U+ with an accuracy better than presently possible
by X-ray spectroscopy [38].

4.3 Laser spectroscopy of hyperfine structure

An experiment is being prepared to perform laser spectroscopy of ground state
hyperfine structure in highly charged ions [39]. Normally, the hyperfine splitting
wavelength in atoms and ions is in the microwave region. However, since the hy-
perfine splitting of hydrogen-like ions scales with the nuclear charge as Z3, the
hyperfine structure becomes measurable by laser spectroscopy above Z ~ 60. This
allows for accurate laser spectroscopy measurements of these hyperfine splittings
and, in turn, for sensitive tests of corresponding calculations of transition energies
and lifetimes. Previous measurements were carried out for 20Bi%2+ [40], 105Ho%6+
[41], 185187Re74+ [42], 207Pp81+ [43], 209Bi80+ [44] and 203205T]80+ [45]. These mea-
surements suffered from the Doppler width and shift of the transition, which were
due to the relativistic velocities and velocity spreads of the ions in the ESR. In the
case of the measurements conducted in the EBIT (electron beam ion trap) at Liver-
more, resonance transitions were broadened due to the high temperatures of the
ions in the EBIT. The new experiments will be performed in a Penning trap with
confined and cold highly charged ions at cryogenic temperatures. This strongly
reduces the Doppler effects and will lead to a measurement resolution of the order
of 1077. Hence, these results will allow the determination of hyperfine anomalies
which requires high precision. The trapped ions will be laser-excited along the
trap axis, and fluorescence detection will take place perpendicular to the trap axis,
through the transparent ring electrode (see Figure 7.10). Furthermore, by use of
a rotating wall technique [46], which radially compresses the ion cloud via a ro-
tating dipole field applied to the segmented ring electrode, a high ion number
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FIGURE7.10 Photograph of the spectroscopy trap, which will be used for laser spectroscopy
measurements of hyperfine splittings in highly charged ions. The ring electrode is split into four
segments, which are covered by highly transparent mesh.

density can be obtained. Together with the localisation, this enhances the inten-
sity of the measured fluorescence. For an ion cloud of 10° highly charged ions
at the space charge limit of the trap, we calculated fluorescence rates of several
thousand counts per second on a background of a few hundred counts per second
(S/N = 50) [47]. Laser intensities of several tens of W/m? are required to saturate
the 10 mm? ion cloud, which implies moderate laser powers of just a few mW [39].

Furthermore, measurements of hyperfine structure in H- and Li-like ions can
test quantum electrodynamics (QED) at high electromagnetic fields [48]. Such ac-
curate measurements can be compared to corresponding calculations that include
nuclear effects, such as the Bohr—Weisskopf and Breit-Schawlow effects, as well
as (higher-order) QED effects. From a comparison of the hyperfine splitting in H-
and Li-like ions of the same isotope, the nuclear effects cancel to a large extent,
thus enabling a stringent test of the QED effects [48]. The necessary experimental
resolution for such a comparison is of the order of 10~%, which can relatively easily
be met by laser spectroscopy [49].

5. THE NEW GSI FACILITY

In the more distant future, HITRAP will be a component of the new international
Facility for Antiproton and Ion Research (FAIR) [50]. HITRAP will thus, in addi-
tion to highly charged and radioactive ions, also produce low-energy antiprotons.
Furthermore, the FAIR facility will provide the highest intensities of both stable
and radioactive ion beams with energies up to 34 GeV per nucleon. At such ener-
gies, the highly charged ions generate electric and magnetic fields of exceptional
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strength and ultra-short duration. The general layout of FAIR is shown in Fig-
ure 7.11.

5.1 Stored Particle Atomic Research Collaboration (SPARC)

The new FAIR facility has key features that offer a range of new opportunities in
atomic physics research and related fields, which will be exploited by the Stored
Particle Atomic Research Collaboration (SPARC) [51]. In particular, the Supercon-
ducting Fragment Separator (SFRS) will provide a rich spectrum of radionuclides.
The high intensity of secondary beams produced at the SFRS will make it possible
to extract decelerated radioactive ion beams from the New Experimental Storage
Ring (NESR) and to decelerate them for trap experiments with sufficient intensity
at HITRAP. Therefore, the physics program of HITRAP can be extended to novel
experiments with trapped radioactive ions and, of course, with trapped antipro-
tons. Trapped radioactive ions in high charge states may reveal a completely new
domain for fundamental interaction studies and for experiments on the borderline
between atomic and nuclear physics.

Moreover, the manipulation of trapped radioactive ions with laser light opens
up possibilities to study questions of the Standard Model. By optical pumping
within the hyperfine levels of the ground state, the nuclear spins of radioactive nu-
clides can be polarised with high efficiency. The detection of the asymmetry of beta
decay, for example, will allow one to explore deviations from the vector/axial-
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vector (VA)-structure of the weak interaction and to set limits for the masses of
heavy bosons, which are not included in the Standard Model.

Direct mass measurements on unstable nuclides with ultra-high accuracy (up
to ém/m ~ 10~1) will also be possible. Such an accuracy would allow one to
determine the binding energy of U%'* with an accuracy of §mc> ~ 2eV. If the
QED calculations are found to be correct, nuclear charge radii of unstable nuclides
can be determined.

For a general exploration of masses in the chart of nuclei, a mass resolution of
8m/m ~ 107° to 10~ is sufficient. This is also planned by isochronous or Schottky
mass spectrometry experiments at the New Experimental Storage Ring (NESR).
However, in some cases, like double-beta decay or tests of the unitarity of the
Cabibbo-Kobayashi-Maskawa matrix, a much higher accuracy is required, which
is possible by using trapped highly charged ions at HITRAP [35] and at MATS,
dedicated to precision mass measurements on very short lived nuclei [19].

5.2 Facility for Low-Energy Antiproton and lon Research (FLAIR)

The planned FLAIR facility will be the most intense source of low-energy antipro-
tons world-wide [52]. The beam intensity of extracted low-energy antiprotons will
be two orders of magnitude higher than that of the Antiproton Decelerator (AD) at
CERN. We therefore anticipate that experiments with trapped antiprotons, which
are currently impossible anywhere else (due to insufficient intensities), will be
performed at the FLAIR facility. A possible highlight in the field of low-energy
antimatter research would be the first direct experimental investigation of the
gravitational interaction of antimatter, which has never been attempted up to now.
Such investigations could be performed on ultra-cold antihydrogen atoms [53]
which are produced by recombining trapped antiprotons with positrons in a so-
called nested Penning trap. The effect of gravity on antimatter is an important
issue for the development of quantum theories of gravity.
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Abstract The extension of the periodic system into various new areas is investigated.
Experiments for the synthesis of superheavy elements and the predictions
of magic numbers are reviewed. Different ways of nuclear decay are dis-
cussed like cluster radioactivity, cold fission and cold multifragmentation,
including the recent discovery of the triple fission of 252Cf. Furtheron,
investigations on hypernuclei and the possible production of antimatter-
clusters in heavy-ion collisions are reported. Various versions of the meson
field theory serve as effective field theories at the basis of modern nuclear
structure and suggest structure in the vacuum which might be important
for the production of hyper- and antimatter. | also discuss the possibility
of producing a new kind of nuclear systems by putting a few antibaryons
inside ordinary nuclei. This leads to surprising results: in particular to cold
compression of nuclear matter—in contrast to hot compression via nuclear
shock waves (Rankine—Hugoniot). Also the basics of the decay of the vac-
uum in supercritical Coulomb fields is reminded. Connected with that is the
time delay in giant nuclear systems like U + Cm, etc. The last chapters are
devoted to these questions. A perspective for future research is given.

1. INTRODUCTION

There are fundamental questions in science, like, e.g., “how did life emerge” or
“how does our brain work” and others. However, the most fundamental of those
questions is “how did the world originate?” The material world has to exist be-
fore life and thinking can develop. Of particular importance are the substances
themselves, i.e., the particles the elements are made of (baryons, mesons, quarks,
gluons), i.e., elementary matter. The vacuum and its structure is closely related
to that. On this I want to report today. I begin with the discussion of modern is-
sues in nuclear physics. The elements existing in nature are ordered according
to their atomic (chemical) properties in the periodic system which was developed
by Mendeleev and Lothar Meyer. The heaviest element of natural origin is ura-
nium. Its nucleus is composed of Z = 92 protons and a certain number of neutrons
(N = 128-150). They are called the different uranium isotopes. The transuranium
elements reach from neptunium (Z = 93) via californium (Z = 98) and fermium
(Z = 100) up to lawrencium (Z = 103). The heavier the elements are, the larger
are their radii and their number of protons. Thus, the Coulomb repulsion in their
interior increases, and they undergo fission. In other words: the transuranium ele-
ments become more instable as they get bigger.

In the late sixties the dream of the superheavy elements arose. Theoretical nu-
clear physicists around S.G. Nilsson (Lund) [1] and from the Frankfurt school [2—4]
predicted that so-called closed proton and neutron shells should counteract the
repelling Coulomb forces. Atomic nuclei with these special “magic” proton and neu-
tron numbers and their neighbors could again be rather stable. These magic proton
(Z) and neutron (N) numbers were thought to be Z = 114 and N = 184 or 196.
Typical predictions of their life times varied between seconds and many thousand
years. Figure 8.1 summarizes the expectations at the time. One can see the islands
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FIGURE 8.1 The periodic system of elements as conceived by the Frankfurt school in the late
sixties. The islands of superheavy elements (Z =114, N = 184,196 and Z = 164, N = 318) are
shown as dark hatched areas.

of superheavy elements around Z = 114, N = 184 and 196, respectively, and the
one around Z = 164, N = 318.

2. COLD VALLEYS IN THE POTENTIAL

The important question was how to produce these superheavy nuclei. There were
many attempts, but only little progress was made. It was not until the middle of
the seventies that the Frankfurt school of theoretical physics together with foreign
guests (R K. Gupta (India), A. Sandulescu (Romania)) [5] theoretically understood
and substantiated the concept of bombarding of double magic lead nuclei with
suitable projectiles, which had been proposed intuitively by the Russian nuclear
physicist Y. Oganessian [6]. The two-center shell model, which is essential for the
description of fission, fusion and nuclear molecules, was developed in 1969-1972
together with my then students U. Mosel and J. Maruhn [7]. It showed that the
shell structure of the two final fragments was visible far beyond the barrier into
the fusioning nucleus. The collective potential energy surfaces of heavy nuclei,
as they were calculated in the framework of the two-center shell model, exhibit
pronounced valleys, such that these valleys provide promising doorways to the
fusion of superheavy nuclei for certain projectile-target combinations (Figure 8.3).
If projectile and target approach each other through those “cold” valleys, they get
only minimally excited and the barrier which has to be overcome (fusion barrier)
is lowest (as compared to neighboring projectile-target combinations). In this way
the correct projectile- and target-combinations for fusion were predicted. Indeed,
Gottfried Miinzenberg and Sigurd Hofmann and their group at GSI [8] have fol-
lowed this approach. With the help of the SHIP mass-separator and the position
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FIGURE 8.2 The Z =106-112 isotopes were fused by the Hofmann—-Miinzenberg (GSI) group.
The Z = 114 isotopes were produced by the Dubna-Livermore group under the leadership of

Y. Oganessian. It is claimed that three neutrons are evaporated. This indicates more energy loss
in the fusion process. Therefore one speaks of “hot” fusion, even though less pronounced
valleys for deformed spherical nuclear encounter are possible [9]. Some key elements in these
FLNR-discoveries have recently been confirmed by the GSI-group [72]. Obviously the lifetimes
of the various decay products are rather long (because they are closer to the stable valley), in
crude agreement with early predictions [3,4] and in excellent agreement with the recent
calculations of the Sobicevsky group [11]. For a colour reproduction of this figure see the colour
plate section, near the end of this book.

sensitive detectors, which were especially developed by them, they produced the
pre-superheavy elements Z = 106,107, ...,112, each of them with the theoreti-
cally predicted projectile-target combinations, and only with these. Everything
else failed. This is an impressing success, which crowned the laborious construc-
tion work of many years. The before last example of this success, the discovery of
element 112 and its long a-decay chain, is shown in Figure 8.5. Very recently the
Dubna-Livermore group produced two isotopes of Z = 114 element by bombard-
ing 2#Pu with #8Ca (Figure 8.2). Also this is a cold-valley reaction (in this case
due to the combination of a spherical and a deformed nucleus), as predicted by
Gupta, Sandulescu and Greiner [9] in 1977. There exist also cold valleys for which
both fragments are deformed [10], but these have yet not been verified experimen-

tally.
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FIGURE 8.3 The collective potential energy surface of 264108 and 298114, calculated within the
two-center shell model by J. Maruhn et al., shows clearly the cold valleys which reach up to the
barrier and beyond. Here R is the distance between the fragments and = ﬁ:;ﬁ; denotes the
mass asymmetry: 17 = 0 corresponds to a symmetric, n = £1to an extremely asymmetric
division of the nucleus into projectile and target. If projectile and target approach through a
cold valley, they do not “constantly slide off” as it would be the case if they approach along the
slopes at the sides of the valley. Constant sliding causes heating, so that the compound nucleus
heats up and gets unstable. In the cold valley, on the other hand, the created heat is minimized.
The colleagues from Freiburg should be familiar with that: they approach Titisee (in the Black
Forest) most elegantly through the Héllental and not by climbing its slopes along the sides.

3. SHELL STRUCTURE IN THE SUPERHEAVY REGION

Studies of the shell structure of superheavy elements in the framework of the me-
son field theory and the Skyrme-Hartree-Fock approach have recently shown that
the magic shells in the superheavy region are very isotope dependent [12] (see
Figure 8.6). According to these investigations Z = 120 being a magic proton number
seems to be as probable as Z = 114. Additionally, recent investigations in a chi-
rally symmetric mean-field theory (see also below) result also in the prediction
of these two magic numbers [13,14]. The corresponding magic neutron numbers
are predicted to be N = 172 and—as it seems to a lesser extend—N = 184.
Thus, this region provides an open field of research. R.A. Gherghescu et al. have
calculated the potential energy surface of the Z = 120 nucleus. It utilizes in-
teresting isomeric and valley structures (Figure 8.7). The charge distribution of
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FIGURE 8.4 Typical structure of the fullerene 4°C. The double bindings are illustrated by
double lines. In the nuclear case the Carbon atoms are replaced by « particles and the double
bindings by the additional neutrons. Such a structure would immediately explain the
semi-hollowness of that superheavy nucleus, which is revealed in the mean-field calculations
within meson-field theories. For a colour reproduction of this figure see the colour plate
section, near the end of this book.
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FIGURE 8.5 The fusion of element 112 with 79Zn as projectile and 298Pb as target nucleus has
been accomplished for the first time in 1995/96 by S. Hofmann, G. Munzenberg and their
collaborators.

the Z = 120, N = 184 nucleus indicates a hollow inside. This leads us to sug-
gest that it might be essentially a fullerene consisting of 60 «-particles and one
additional binding neutron per alpha. This is illustrated in Figure 8.4. The pro-
tons and neutrons of such a superheavy nucleus are distributed over 60 « par-
ticles and 60 neutrons (forgetting the last 4 neutrons). The determination of the
chemistry of superheavy elements, i.e., the calculation of the atomic structure—
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FIGURE 8.6 Grey scale plots of proton gaps (left column) and neutron gaps (right column) in
the N-Z plane for spherical calculations with the forces as indicated. The assignment of scales
differs for protons and neutrons, see the uppermost boxes where the scales are indicated in
units of MeV. Nuclei that are stable with respect to 8 decay and the two-proton dripline are
emphasized. The forces with parameter sets Skl4 and NL-Z reproduce the binding energy of
1256:108 (Hassium) best, i.e. |8E/E| < 0.0024. Thus one might assume that these parameter sets
could give the best predictions for the superheavies. Nevertheless, it is noticed that NL-Z
predicts only Z = 120 as a magic number while Skl4 predicts both Z = 114 and Z = 120 as magic
numbers. The magicity depends—sometimes quite strongly—on the neutron number. These
studies are due to Bender, Rutz, Birvenich, Maruhn, P.G. Reinhard et al. [12].

which is in the case of element 112 the shell structure of 112 electrons due to the
Coulomb interaction of the electrons and in particular the calculation of the or-
bitals of the outer (valence) electrons—has been carried out as early as 1970 by
B. Fricke and W. Greiner [15]. Hartree-Fock-Dirac calculations yield rather pre-
cise results.
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FIGURE 8.8 The collective potential as a function of the mass asymmetry n = 2:_7_2;

A; denotes the nucleon number in fragment i. This qualitative potential V(Rgyed, 11)
corresponds to a cut through the potential landscape at R = Rgyeq close to the scission
configuration. The wave function is drawn schematically. It has maxima where the potential

is minimal and vice versa.

4. ASYMMETRIC AND SUPERASYMMETRIC FISSION—CLUSTER
RADIOACTIVITY

The potential energy surfaces, which are shown prototypically for Z = 114 in
Figure 8.3, contain even more remarkable information that I want to mention
cursorily: if a given nucleus, e.g., uranium, undergoes fission, it moves in its poten-
tial mountains from the interior to the outside. Of course, this happens quantum
mechanically. The wave function of such a nucleus, which decays by tunneling
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FIGURE 89 Asymmetric (a) and symmetric (b) fission. For the latter, also superasymmetric
fission is recognizable, as it has been observed only a few years ago by the Russian physicist
Itkis—just as expected theoretically.

through the barrier, has maxima where the potential is minimal and minima where
it has maxima. This is depicted in Figure 8.8.
A=A

The probability for finding a certain mass asymmetry 5 = 7= of the fission
is proportional to ¥ *()y () dn. Generally, this is complemented by a coordinate
dependent scale factor for the volume element in this (curved) space, which I omit
for the sake of clarity. Now it becomes clear how the so-called asymmetric and su-
perasymmetric fission processes come into being. They result from the enhancement
of the collective wave function in the cold valleys. And that is indeed, what one
observes. Figure 8.9 gives an impression of it.

For a large mass asymmetry (n = 0.8, 0.9) there exist very narrow valleys. They
are not as clearly visible in Figure 8.3, but they have interesting consequences.
Through these narrow valleys nuclei can emit spontaneously not only a-particles
(Helium nuclei) but also #C, 2°0, %4Ne, 28Mg, and other nuclei. Thus, we are lead
to the cluster radioactivity (Poenaru, Sandulescu, Greiner [16]).

By now this process has been verified experimentally by research groups in
Oxford, Moscow, Berkeley, Milan and other places. Accordingly, one has to re-
vise what is learned in school: there are not only 3 types of radioactivity («-, 8-,
y-radioactivity), but many more. Atomic nuclei can also decay through sponta-
neous cluster emission (that is the “spitting out” of smaller nuclei like carbon, oxy-
gen, ...). Figure 8.10 depicts some nice examples of these processes.

The knowledge of the collective potential energy surface and the collective
masses Bjj(R,n), all calculated within the Two-Center Shell Model (TCSM), al-
lowed H. Klein, D. Schnabel and J.A. Maruhn to calculate lifetimes against fission
in an “ab initio” way [17]. Utilizing a WKB-minimization for the penetrability in-
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FIGURE 810 Cluster radioactivity of actinide nuclei. By emission of ¥C, 200, . .. “big leaps” in
the periodic system can occur, just contrary to the known -, B-, y-radioactivities, which are
also partly shown in the figure.

where ds? = gij dx; dx; and g;j—the metric tensor—is in the well-known fashion re-
lated to the collective masses Bj; = 2mg;j, one explores the minimal paths from the
nuclear ground state configuration through the multidimensional fission barrier
(see Figure 8.11).

The thus obtained fission half lives are depicted in the lower part of Figure 8.11.
Their distribution as a function of the fragment mass A; resembles quite well
the asymmetric mass distribution. Cluster radioactive decays correspond to the
broad peaks around A; = 20, 30 (200, 210). The confrontation of the calculated
fission half lives with experiments is depicted in Figure 8.12. One notices “nearly
quantitative” agreement over 20 orders of magnitude, which is—for an ab-initio
calculation—remarkable!

Finally, in Figure 8.13, we compare the lifetime calculation discussed above
with one based on the Preformation Cluster Model by D. Poenaru et al. [18] and
recognize an amazing degree of similarity and agreement.

The systematics for the average total kinetic energy release for spontaneously
fissioning isotopes of Cm and No is following the Viola trend, but 28Fm and ?*’Fm
are clearly outside. The situation is similar also for 2°Md, where two components
of fission products (one with lower and one with higher kinetic energy) were ob-
served by Hulet et al. [19]. The explanation of these interesting observations lies in
two different paths through the collective potential.

One reaches the scission point in a stretched neck position (i.e., at a lower point
of the Coulomb barrier—thus lower kinetic energy for the fragments) while the
other one reaches the scission point practically in a touching-spheres-position (i.e.,
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FIGURE 8.11 The upper part of the figure shows the collective potential energy surface for
ZS%U with the ground-state position and various fission paths through the barrier. The middle
part shows various collective masses, all calculated in the TCSM. In the lower part the

calculated fission half lives are depicted.

higher up on the Coulomb barrier and therefore highly energetic fragments) [20].
The latter process is cold fission; i.e., the fission fragments are in or close to their
ground state (cold fragments)and all the available energy is released as kinetic
energy. Cold fission is, in fact, typically a cluster decay. The side-by-side occur-
rence of cold and normal (hot) fission has been named bi-modal fission [20].
There has now been put forward a fantastic idea [21] in order to study cold fis-
sion (Cluster decays) and other exotic fission processes (ternary-, multiple fission
in general) very elegantly: By measuring with, e.g., the Gamma-sphere charac-
teristic y-transitions of individual fragments in coincidence, one can identify all
these processes in a direct and simple way (Figure 8.14). First confirmation of this
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FIGURE 812 Fission half lives for various isotopes of Z = 92 (0J), Z = 94 (A), Z = 96 (),

Z =98 (V) and Z =100 (O). The black curves represent the experimental values. The
calculations drawn with full and dashed lines correspond to a different choice of the barrier
parameter in the Two-Center Shell Model (c3 =~ 0.2 and 0.1, respectively).

method by J. Hamilton, V. Ramaya et al. worked out excellently [22]. This method

has high potential for revolutionizing fission physics! With some physical intuition

one can imagine that triple and quadruple fission processes and even the process of

cold multifragmentation will be discovered—absolutely fascinating! We have thus

seen that fission physics (cold fission, cluster radioactivity, . ..) and fusion physics

(especially the production of superheavy elements) are intimately connected.
Indeed, it seems possible that triple fission of the kind

22Cf _» 146B4 4 %Gy 4 10Be,

252Cf — 112Ry 4 130Gn 4 10Be,

B2Cf — ...

could occur. In principle this can be identified by measuring the various y-

transitions of these nuclei in coincidence (see Figure 8.15). Even though the statisti-

cal evidence for the 1°Be line might be small (~50 events) the various coincidences

would proof that spontaneous triple fission out of the ground state of >2Cf with

the heavy cluster 1“Be as a third fragment might exist. The question is whether a

triple-nuclear-molecule is formed within the break-up of the initial nucleus, i.e.,
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FIGURE 8.13 Comparison of the fission half lives calculated in the fission model (upper
figure—see also Figure 8.11) and in the Preformation Cluster Model [18]. In both models the
deformation of the fission fragments is not included completely.

whether a triple-cluster pocket in the potential is formed. Also other triple frag-
mentations can be expected. One of those is also denoted above. In fact, there
were early experimental indications, that such break-ups appear. The most amaz-
ing question is, however, the following: The cross coincidences should indicate
that one deals with a simultaneous three-body breakup and not with a cascade
process. For such case one ex&oects, for example, a configuration as shown in Fig-
ure 8.16. Consequently the 1“Be will obtain kinetic energy while running down
the combined Coulomb barrier of 1#6Ba and %°Sr and, therefore, the 3368 keV line
of 1°Be should be Doppler-broadened. The molecule has to live longer than about
10712 5. The nuclear forces from the ¥°Ba and #Sn cluster to the left and right from
10Be lead to a softening of its potential and therefore to a somewhat smaller tran-
sition energy. This would give evidence for rather long-living nuclear molecules
consisting of three fragments. It is by no means clear whether such structures oc-
cur. Present day theory is too unprecise to allow for clear predictions.

Of course, I do immediately speculate whether such configurations do even-
tually also exist in, e.g., U + Cm soft encounters directly at the Coulomb barrier.
This would have tremendous importance for the observation of the spontaneous
vacuum decay [25], for which “sticking giant molecules” with a lifetime of the
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FIGURE 8.14 Illustration of cold and hot (normal) fission identification through multiple
y-coincidences of photons from the fragments. The photons serve to identify the fragments.
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FIGURE 815 The y-transitions of the three fission products of 2°2Cf measured in coincidence.
Various combinations of the coincidences were studied. The free 3368 keV line in '°Be has
recently been remeasured by Burggraf et al. [23], confirming the value of the transition energy
within 100 eV.

order of 107!? s are needed. The nuclear physics of such heavy ion collisions at
the Coulomb barrier (giant nuclear molecules) is intriguing. It should indeed be
investigated!
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FIGURE 816 Typical linear cluster configurations which might lead to triple fission of 2°2Cf.
The influence of both clusters leads to a softening of the 1°Be potential and thus to a
somewhat smaller transition energy. Some theoretical investigations indicate that the axial
symmetry of this configuration might be broken (lower left-hand figure).
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FIGURE 8.17 Cluster molecules: Potential energy curve of a heavy nucleus showing
schematically the location of ground state, shape- and fission-isomeric states and of
tri-molecular states.

As mentioned before there are other tri-molecular structures possible; some
with 1°Be in the middle and both spherical or deformed clusters on both sides
of 19Be. The energy shift of the °Be-line should be smaller, if the outside clus-
ters are deformed (smaller attraction < smaller softening of the potential) and
bigger, if they are spherical. Also other than '°Be-clusters are expected to be in
the middle. One is lead to the molecular doorway picture. Figure 8.17 gives a
schematic impression where within the potential landscape cluster-molecules are
expected to appear, i.e., close to the scission configuration. Clearly, I expect not
a single tri-molecular configuration, but a variety of three-body fragmentations
leading to a spreading width of the tri-molecular state. This is schematically shown
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FIGURE 8.18 Vision of the microstructure of tri-molecular states: Various tri-cluster
configurations are spread out and mix with background states. Thus the tri-molecular state
obtains a spreading width.

in Figure 8.18. Finally, these tri-body nuclear molecules are expected to perform
themselves rotational and vibrational (butterfly, wiggler, 8-, y-type) modes. The
energies were estimated by P. Hess et al. [24]; for example rotational energies typ-
ically of the order of a few keV (4 keV, 9 keV, ...). A new molecular spectroscopy,
if possible, would be fantastic!

The “cold valleys” in the collective potential energy surface are basic for un-
derstanding this exciting area of nuclear physics! It is a master example for under-
standing the structure of elementary matter, which is so important for other fields,
especially astrophysics, but even more so for enriching our “Weltbild,” i.e., the
status of our understanding of the world around us.

5. EXTENSION OF THE PERIODIC SYSTEM INTO THE SECTIONS OF
HYPER- AND ANTIMATTER

Nuclei that are found in nature consist of nucleons (protons and neutrons) which
themselves are made of u (up) and d (down) quarks. However, there also exist s
(strange) quarks and even heavier flavors, called charm, bottom, top. The latter
has just recently been discovered. Let us stick to the s quarks. They are found in
the ‘strange’ relatives of the nucleons, the so-called hyperons (4, ¥, Z, 2). The
A-particle, e.g., consists of one u, d and s quark, the &-particle even of an u and
two s quarks, while the £2 (sss) contains strange quarks only. Figure 8.19 gives an
overview of the baryons, which are of interest here, and their quark content.
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FIGURE 8.19 Important baryons are ordered in this octet. The quark content is depicted.
Protons (p) and neutrons (n), most important for our known world, contain only u and d quarks.
Hyperons contain also an s quark. The number of s quarks is a measure for the strangeness.

If such a hyperon is taken up by a nucleus, a hyper-nucleus is created. Hyper-
nuclei with one hyperon have been known for 20 years now, and were extensively
studied by B. Povh (Heidelberg) [26]. Several years ago, Carsten Greiner, Jiirgen
Schaffner and Horst Stocker [27] theoretically investigated nuclei with many hy-
perons, hypermatter, and found that the binding energy per baryon of strange
matter is in many cases even higher than that of ordinary matter (composed only
of u and d quarks). This leads to the idea of extending the periodic system of ele-
ments in the direction of strangeness.

One can also ask for the possibility of building atomic nuclei out of antimatter,
that means searching e.g. for anti-helium, anti-carbon, anti-oxygen. Figure 8.20
depicts this idea. Due to the charge conjugation symmetry antinuclei should have
the same magic numbers and the same spectra as ordinary nuclei. However, as
soon as they get in touch with ordinary matter, they annihilate with it and the
system explodes. Now the important question arises how these strange matter and
antimatter clusters can be produced. First, one thinks of collisions of heavy nuclei,
e.g. lead on lead, at high energies (energy per nucleon >200 GeV). Calculations
with the URQMD-model of the Frankfurt school show that through nuclear shock
waves [28-30] nuclear matter gets compressed to 5-10 times of its usual value, pg ~
0.17 fm =2, and heated up to temperatures of kT ~ 200 MeV. As a consequence
about 10,000 pions, 100 A’s, 40 X’s and Z’s and about as many antiprotons and
many other particles are created in a single collision. It seems conceivable that it is
possible in such a scenario for some A’s to get captured by a nuclear cluster. This
happens indeed rather frequently for one or two A-particles; however, more of
them get built into nuclei with rapidly decreasing probability only. This is due to
the low probability for finding the right conditions for such a capture in the phase
space of the particles: the numerous particles travel with every possible momenta
(velocities) in all directions. The chances for hyperons and antibaryons to meet
gets rapidly worse with increasing number. In order to produce multi-A-nuclei
and antimatter nuclei, one has to look for a different source.

In the framework of meson field theory the energy spectrum of baryons has a
peculiar structure, depicted in Figure 8.21. It consists of an upper and a lower con-
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FIGURE 8.20 The extension of the periodic system into the sectors of strangeness (S, S) and
antimatter (Z, N). The stable valley winds out of the known proton (Z) and neutron (N) plane
into the S and S sector, respectively. The same can be observed for the antimatter sector. In the
upper part of the figure only the stable valley in the usual proton (Z) and neutron (N) plane is
plotted, however, extended into the sector of antiprotons and antineutrons. In the second part
of the figure it has been indicated, how the stable valley winds out of the Z-N plane into the
strangeness sector.

tinuum, as it is known from the electrons (see, e.g. [25]). Of special interest in the
case of the baryon spectrum is the potential well, built of the scalar and the vector
potential, which rises from the lower continuum. It is known since P.A.M. Dirac
(1930) that the negative energy states of the lower continuum have to be occu-
pied by particles (electrons or, in our case, baryons). Otherwise our world would
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FIGURE 8.21 Baryon spectrum in a nucleus. Below the positive energy continuum exists the
potential well of real nucleons. It has a depth of 50-60 MeV and shows the correct shell
structure. The shell model of nuclei is realized here. However, from the negative continuum
another potential well arises, in which about 40,000 bound particles are found, belonging to
the vacuum. A part of the shell structure of the upper well and the lower (vacuum) well is
depicted in the lower figures.

be unstable, because the “ordinary” particles are found in the upper states which
can decay through the emission of photons into lower lying states. However, if the
“underworld” is occupied, the Pauli-principle will prevent this decay. Holes in the
occupied “underworld” (Dirac sea) are antiparticles.
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FIGURE 822 The lower well rises strongly with increasing primary nucleon density, and even
gets supercritical (spontaneous nucleon emission and creation of bound antinucleons).
Supercriticality denotes the situation, when the lower well enters the upper continuum.

The occupied states of this underworld including up to 40,000 occupied bound
states of the lower potential well represent the vacuum. The peculiarity of this
strongly correlated vacuum structure in the region of atomic nuclei is that—
depending on the size of the nucleus—more than 20,000 up to 40,000 (occupied)
bound nucleon states contribute to this polarization effect. Obviously, we are deal-
ing here with a highly correlated vacuum. A pronounced shell structure can be recog-
nized [31-33]. Holes in these states have to be interpreted as bound antinucleons
(antiprotons, antineutrons). If the primary nuclear density rises due to compres-
sion, the lower well increases while the upper decreases and soon is converted into
a repulsive barrier (Figure 8.22). This compression of nuclear matter can only be
carried out in relativistic nucleus-nucleus collision with the help of shock waves,
which have been proposed by the Frankfurt school [28,29] and which have since
then been confirmed extensively (for references see, e.g. [34]). These nuclear shock
waves are accompanied by heating of the nuclear matter. Indeed, density and tem-
perature are intimately coupled in terms of the hydrodynamic Rankine-Hugoniot
equations. Heating as well as the violent dynamics cause the creation of many
holes in the very deep (measured from —Mgc?) vacuum well. These numerous
bound holes resemble antimatter clusters which are bound in the medium; their

n9



120 W. Greiner

wave functions have large overlap with antimatter clusters. When the primary
matter density decreases during the expansion stage of the heavy ion collision, the
potential wells, in particular the lower one, disappear.

The bound antinucleons are then pulled down into the (lower) continuum. In
this way antimatter clusters may be set free. Of course, a large part of the anti-
matter will annihilate on ordinary matter present in the course of the expansion.
However, it is important that this mechanism for the production of antimatter clus-
ters out of the highly correlated vacuum does not proceed via the phase space. The
required coalescence of many particles in phase space suppresses the production
of clusters, while it is favored by the direct production out of the highly correlated
vacuum. In a certain sense, the highly correlated vacuum is a kind of cluster vac-
uum (vacuum with cluster structure). The shell structure of the vacuum levels (see
Figure 8.21) supports this latter suggestion. Figure 8.23 illustrates this idea.

The mechanism is similar for the production of multi-hyper nuclei (4, ¥, &,
£2). Meson field theory predicts also for the A energy spectrum at finite primary
nucleon density the existence of upper and lower wells. The lower well belongs to
the vacuum and is fully occupied by A’s.

Dynamics and temperature then induce transitions (A A creation) and deposit
many A’s in the upper well. These numerous bound A’s are sitting close to the
primary baryons: in a certain sense a giant multi-A hypernucleus has been cre-
ated. When the system disintegrates (expansion stage) the A’s distribute over the
nucleon clusters (which are most abundant in peripheral collisions). In this way
multi- A hypernuclei can be formed.

Of course this vision has to be worked out and probably refined in many
respects. This means much more and thorough investigation in the future. It is
particularly important to gain more experimental information on the properties
of the lower well by (e, €'p) or (e, €'pp’) and also (Pcpb, pcPb) reactions at high
energy (pc denotes an incident antiproton from the continuum, py, is a proton in a
bound state; for the reaction products the situation is just the opposite) [35]. Also
the reaction (p, p'd), (p, p”*He), (p, p"*He) and others of similar type need to be
investigated in this context. The systematic scattering of antiprotons on nuclei can
contribute to clarify these questions. Problems of the meson field theory (e.g., Lan-
dau poles) can then be reconsidered. An effective meson field theory has to be
constructed. Various effective theories, e.g., of Walecka-type on the one side and
theories with chiral invariance on the other side, seem to give different strengths
of the potential wells and also different dependence on the baryon density [36].
The Lagrangians of the Diirr-Teller-Walecka-type and of the chirally symmet-
ric mean field theories look quite differently. We exhibit them—without further
discussion—in the following equations:

L = Lyin + LM + Lvec + Lo + Lsp;
Non-chiral Lagrangian:

1 1 1 1 1
£kin = ESMSBMS + EBMZBMZ - ZB;LUBMU — ZGMUGHV — ZF,LLVFMU/
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FIGURE 8.23 Due to the high temperature and the violent dynamics, many bound holes
(antinucleon clusters) are created in the highly correlated vacuum, which can be set free during
the expansion stage into the lower continuum. In this way, antimatter clusters can be produced
directly from the vacuum. The horizontal arrow in the lower part of the figure denotes the
spontaneous creation of baryon—antibaryon pairs, while the antibaryons occupy bound states
in the lower potential well. Such a situation, where the lower potential well reaches into the
upper continuum, is called supercritical.

Lem = Z B |:in8“ — 8wBYu®" — $sBYu®" — &pBYuTBO"
B

1
e, 50+ A"~ |,

1 1 1
Lyec = Emiwﬂa)“ + Em%pﬂp“ + Eméqﬁﬂq&”,



122 W. Greiner

Chiral Lagrangian:

1 1 1 1 1 1
Lyin = Eaﬂm‘)“a + Ea,ga“g + Eﬁﬂxa"x — ZBWBW — ZGMUGW - ZPWFM'

Lpm = ZI#B[ZVM — 8BYu®" — 8eBYu®" — pBYuTBP"

1
- e, 50+ A"~ m |y,

2 1 2

1 2
oot + = p ,oﬂp" + m 2¢M¢“ +gi(w4 + 602 p* + ,04),
X0

Evec = > >
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1
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The non-chiral model contains the scalar-isoscalar field s and its strange counter-
part z, the vector—isoscalar fields w, and ¢,, and the p-meson p, as well as the
photon A, fields. For more details see [36]. In contrast to the non-chiral model, the
SU@3)L x SU(3)r Lagrangian contains the dilaton field x introduced to mimic the
trace anomaly of QCD in an effective Lagrangian at tree level (for an explanation
of the chiral model see [36,13]).

The connection of the chiral Lagrangian with the Walecka-type can be estab-
lished by the substitution o = oy — s (and similarly for the strange condensate ¢).
Then, e.g., the difference in the definition of the effective nucleon mass in both
models (non-chiral: my; = my — gss, chiral: m}; = gs0) can be removed, yielding:

8
—1In
3

1
+—x4lnx—4+
4 X0

my; = gs00 — 55 = MN — gsS. 2)

Nevertheless, if the parameters in both cases are adjusted such that ordinary
nuclei (binding energies, radii, shell structure, ...) and properties of infinite nu-
clear matter (equilibrium density, compression constant K, binding energy) are
well reproduced, the prediction of both effective Lagrangians for the dependence
of the properties of the correlated vacuum on density and temperature is remark-
ably different. This is illustrated to some extend in Figure 8.24. Accordingly, the
chirally symmetric meson field theory predicts much higher primary densities
(and temperatures) until the effects of the correlated vacuum are strong enough
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The potential structure of the shell model and the vacuum for various primary

densities p = pg, 400, 14p0. At left the predictions of ordinary Durr-Teller—Walecka-type
theories are shown,; at right those for a chirally symmetric meson field theory as developed by
P. Papazoglu, S. Schramm et al. [36,13]. Note however, that this particular chiral mean-field
theory does contain w* terms. If introduced in both effective models, they seem to predict
quantitatively similar results.
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FIGURE 8.25 The strong phase transition inherent in Durr—Teller—Walecka-type meson field
theories, as predicted by J. Theis et al. [37]. Note that there is a first-order transition along the
p-axis (i.e. with density), but a simple transition along the temperature T-axis. Note also that
this is very similar to the phase transition obtained recently from the
Nambu—Jona-Lasinio-approximation of QCD [38].

so that the mechanisms described here become effective. In other words, accord-
ing to chirally symmetric meson field theories the antimatter-cluster production
and multi-hypermatter-cluster production out of the highly correlated vacuum
takes place at considerably higher heavy ion energies as compared to the predic-
tions of the Diirr-Teller-Walecka-type meson field theories. This in itself is a most
interesting, quasi-fundamental question to be clarified. Moreover, the question of
the nucleonic substructure (form factors, quarks, gluons) and its influence on the
highly correlated vacuum structure has to be studied. The nucleons are possibly
strongly polarized in the correlated vacuum: the A resonance correlations in the
vacuum are probably important. Is this highly correlated vacuum state, especially
during the compression, a preliminary stage to the quark-gluon cluster plasma?
To which extent is it similar or perhaps even identical with it? It is well known
for more than 10 years that meson field theories predict a phase transition qual-
itatively and quantitatively similar to that of the quark-gluon plasma [37]—see
Figure 8.25.

6. CLUSTERS OF MATTER AND ANTIMATTER

Presently it is widely accepted that the relativistic mean-field (RMF) model [40]
gives a good description of nuclear matter and finite nuclei [41]. Within this ap-
proach the nucleons are supposed to obey the Dirac equation coupled to mean
meson fields. Large scalar and vector potentials, of the order of 300 MeV, are
necessary to explain the strong spin—orbit splitting in nuclei. The most debated
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aspect of this model is related to the negative-energy states of the Dirac equa-
tion. In most applications these states are simply ignored (no-sea approximation)
or “taken into account” via the non-linear and derivative terms of the scalar po-
tential. On the other hand, explicit consideration of the Dirac sea combined with
the G-parity arguments leads to such interesting conjectures as the existence of
deeply-bound antinucleon states in nuclei [42] or even spontaneous production
of nucleon-antinucleon pairs [43,44]. Unfortunately, the experimental information
on the antinucleon effective potential in nuclei is obscured by the strong absorp-
tion caused by annihilation. The real part of the antiproton effective potential
might be as large as 200-300 MeV, with the uncertainty reaching 100% in the deep
interior of the nucleus.

Keeping in mind all possible limitations of the RMF approach, below we con-
sider yet another interesting application of this model. Namely, we study proper-
ties of light nuclear systems containing a few real antibaryons [39]. At first sight
this may appear ridiculous because of the fast annihilation of antibaryons in the
dense baryonic environment. But as our estimates show, due to a significant reduc-
tion of the available phase space for annihilation, the life time of such states might
be long enough for their observation. In a certain sense, these states are analogous
to the famous baryonium states in the NN system [45], although their existence
has never been unambiguously confirmed. To our knowledge, up till now a self-
consistent calculation of antinucleon states in nuclei has not been performed. Our
calculations can be regarded as the first attempt to fill this gap. We consider first
two nuclear systems, namely 160 and 8Be, and study the changes in their struc-
ture due to the presence of an antiproton. Then we discuss the influence of small
antimatter clusters on heavy systems like 2®Pb.

7. THEORETICAL FRAMEWORK

Below we use the RMF model which previously has been successfully applied for
describing ground states of nuclei at and away from the S-stability line. For nucle-
ons, the scalar and vector potentials contribute with opposite signs in the central
potential, while their sum enters in the spin—orbit potential. Due to G-parity, for
antiprotons the vector potential changes sign and therefore both the scalar and the
vector mesons generate attractive potentials.

To estimate uncertainties of this approach we use three different parameteri-
zations of the model, namely NL3 [46], NL-Z2 [47] and TM1 [48]. In this paper
we assume that the antiproton interactions are fully determined by the G-parity
transformation.

We solve the effective Schrodinger equations for both the nucleons and the an-
tiprotons. Although we neglect the Dirac sea polarization, we take into account
explicitly the contribution of the antibaryon into the scalar and vector densities.
For protons and neutrons we include pairing correlations within the BCS model
with a §-force (volume pairing) [49]. Calculations are done within the blocking ap-
proximation [50] for the antiproton, and assuming the time-reversal invariance of
the nuclear ground state. The coupled set of equations for nucleons, antinucleons
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FIGURE 8.26 The left panel represents the sum of proton and neutron densities as function of
nuclear radius for 60 without (top) and with an antiproton (denoted by AP). The left and right
parts of the upper middle panel show separately the proton and neutron densities, the lower
part of this panel displays the antiproton density (with minus sign). The right panel shows the
scalar (negative) and vector (positive) parts of the nucleon potential. Small contributions shown
in the lower row correspond to the isovector (p-meson) part.

and meson mean fields is solved iteratively and self-consistently. The numerical
code employs axial and reflection symmetry, allowing for axially symmetric de-
formations of the system.

8. STRUCTURE OF LIGHT NUCLEI CONTAINING ANTIPROTONS

As an example, we consider the nucleus 1O with one antiproton in the lowest
bound state. This nucleus is the lightest nucleus for which the mean-field approx-
imation is acceptable, and it is included into the fit of the effective forces NL3 and
NL-Z2. The antiproton state is assumed to be in the s1/2% state. The antiproton
contributes with the same sign as nucleons to the scalar density, but with opposite
sign to the vector density. This leads to an overall increase of attraction and de-
crease of repulsion for all nucleons. The antiproton becomes very deeply bound in
the s1/2% state. To maximize attraction, protons and neutrons move to the center
of the nucleus, where the antiproton has its largest occupation probability. This
leads to a cold compression of the nucleus to a high density. Figure 8.26 shows
the densities and potentials for °O with and without the antiproton. For nor-
mal 'O all RMF parameterizations considered produce very similar results. The
presence of an antiproton dramatically changes the structure of the nucleus. The
sum of proton and neutron densities reaches a maximum value of (2—4)p0g, where
po =~ 0.15 fm~ is the normal nuclear density, depending on the parametrization.
The largest compression is predicted by the TM1 model. This follows from the fact
that this parametrization gives the softest equation of state as compared to other
forces considered here.
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FIGURE 8.27 Contour plot of nucleon densities for 8Be without (left) and with (right)
antiproton calculated with the parametrization NL3. The maximum density of normal 8Be is
0.20 fm—3, while for the nucleus with the antiproton it is 0.61 fm 3.

Since nucleons feel a deeper potential as compared to the nucleus without
the antiproton, their binding energy increases too. The nucleon binding is largest
within the NL3 parametrization. In the TM1 case, the s1/2% state is also deep, but
higher levels are less bound as compared to the NL3 and NL-Z2 calculations. This
is a consequence of the smaller spatial extension of the potential in this case. The
highest s1/27 level is even less bound than for the system without an antipro-
ton. The total binding energy of the system is predicted to be 828 MeV for NL-Z2,
1051 MeV for NL3, and 1159 MeV for TM1. For comparison, the binding energy
of a normal 2O nucleus is 127.8, 128.7 and 130.3 MeV in the case of NL-Z2, NL3,
and TM1, respectively. Due to this anomalous binding we call these systems Super
Bound Nuclei (SBN).

As a second example, we investigate the effect of a single antiproton inserted
into the 8Be nucleus, see Figure 8.27. In this calculation only the NL3 parametriza-
tion was used (the effect is similar for all three forces). The normal 8Be nucleus
is not spherical, exhibiting a clearly visible 2« structure with the deformation
B2 =~ 1.20 in the ground state. Inserting the antiproton gives rise to compression
and change of nuclear shape. Its maximum density increases by a factor of three
from 0.20 to 0.61 fm~3. The cluster structure of the ground state completely van-
ishes. A similar effect has been predicted in Ref. [51] for the case of the K~ bound
state in the ®Be nucleus. In our case the binding energy increases from 52.9 MeV
(the experimental value is 56.5 MeV) to about 700 MeV!

9. DOUBLY-MAGIC LEAD WITH ANTIPROTON AND ANTI-ALPHA

We would like to discuss here the structural effect of an antiproton or an anti-
alpha nucleus in the doubly magic lead nucleus. Contour plots of the sum of
proton and neutron densities are shown in Figure 8.28: lead with an antiproton
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FIGURE 8.28 Surface plots of the sum of proton and neutron densities for the systems: 208pb
with p (top) and 298Pb with & (bottom).

(and lead with an anti-alpha nucleus). In these cases we encounter a quite differ-
ent scenario: again, the complete system is affected, but not in the sense that the
whole nucleus shrinks and becomes very dense. Here, a small and localized region
of high density develops within the heavy system. Additionally, the lead nucleus
deforms itself. This effect is largest for the case of lead with &. The single-particle
levels (Figure 8.29) reflect this behavior and indicate the cause for the deformation
of lead: In a small region with a deep potential, only states with small angular
momenta can be bound deeply. States with higher angular momenta do not have
much overlap with the potential. This is exactly what can be concluded from Fig-
ure 8.29. We see that basically only the lowest s- and p-states can be bound deeper
than for lead without any antiparticles present. Higher lying states do not gain
significantly binding or are even lesser bound.
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FIGURE 8.29 Single particle levels of protons (left), neutrons (middle) and antiproton levels
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FIGURE 8.30 The left panel shows the sum of proton and neutron densities (top) as well as the
corresponding sum for antibaryons for the a—« system. The right panels shows the scalar
potentials and the single particles levels of the nucleons and antinucleons.

The deformation effect probably has two reasons: firstly, a deformation might
be energetically favorable to gain some binding for the higher lying states. Sec-
ondly, the distortion of the system due to the presence of antiparticles destroys the
magicity of the system.

10. SYSTEMS WITH TOTAL BARYON NUMBER ZERO

It is interesting to consider finite systems having total baryon number zero, i.e. sys-
tems with the same amount of baryons and antibaryons. In the following we will
present the cases of an a—anti-a and an °O-anti-'°O system. Figure 8.30 shows the
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results for a system consisting of an «—« system. The total system possesses a quite
small radius and large baryon and antibaryon densities. The total baryon density is
exactly zero. Due to the inverse coupling of antibaryons to the vector field and the
negative charge of the antibaryons, all sources and potentials except for the scalar
one vanish completely! All particles occupy a single particle state with exactly the
same energy, and they all feel the same potential, namely the scalar potential, to
which all particles present in the system couple alike. The binding energy of this
nuclear system is huge: 2649 MeV with the force NL3 and 2235 MeV with NL-Z2.
This is about 100 times larger than the binding energy of one «, and about 20 times
larger than the binding energy of 8 nucleons, namely, doubly magic oxygen.

A similar structural effect occurs for the system of 1°O-anti-!°O. Again, all po-
tentials except the scalar one vanish exactly. The binding energy of this system is
13227 MeV with NL3. All nucleons and antinucleons reside in the lowest s- and
p-levels. They are quite deeply bound (the lowest s1/2% levels is bound by about
750 MeV).

1. LIFE TIME, FORMATION PROBABILITY AND SIGNATURES OF SBNS

The crucial question concerning a possible observation of the SBNs is their life
time. The only decay channel for such states is the annihilation on surrounding
nucleons. The mean life time of an antiproton in nucleonic matter of density pp can
be estimated as T = (040se1pB) L, where angular brackets denote averaging over
the wave function of the antiproton and v, is its relative velocity with respect to
nucleons. In vacuum the NN annihilation cross section at low v, can be parame-
trized as [52] 04 = C 4 D/vye with C = 38 mb and D = 35 mb. For {(pg) >~ 20
this would lead to a very short life time, v >~ 0.7 fm/c (for vy =~ 0.2c). How-
ever, one should bear in mind that the annihilation process is very sensitive to the
phase space available for decay products. For a bound nucleon and antinucleon
the available energy is Q = 2my—By— By, where By and By are the corresponding
binding energies. As follows from our calculations, this energy is strongly reduced
compared to 2my, namely, Q >~ 600-680 MeV (TM1), 810-880 MeV (NL3) and 990-
1050 MeV (NL-Z2) for the lowest antiproton states.

For such low values of Q many important annihilation channels involving two
heavy mesons (p, o, n, 1/, ...) are simply closed. Other two-body channels such
as wp, Tw are considerably suppressed due to the closeness to the threshold. As
is well known, the two-pion final states contribute only about 0.4% of the annihi-
lation cross section. Even in vacuum all above mentioned channels contribute to
o4 not more than 15% [53]. Therefore, we expect that only multi-pion final states
contribute significantly to antiproton annihilation in the SBN. But these channels
are strongly suppressed due to the reduction of the available phase space. Our cal-
culations show that changing Q from 2 to 1 GeV results in suppression factors 5,
40 and 1000 for the annihilation channels with 3, 4 and 5 pions in the final state,
respectively. Applying these suppression factors to the experimental branching ra-
tios [54] we come to the conclusion that in the SBNs the annihilation rates can be
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easily suppressed by factor of 20-30. There could be additional suppression fac-
tors of a structural origin which are difficult to estimate at present. This brings the
SBN life time to the level of 15-20 fm/c which makes their experimental observa-
tion feasible. The corresponding width, I ~ 10 MeV, is comparable to that of the
w-meson.

Let us discuss now how these exotic nuclear states can be produced in the
laboratory. We believe that the most direct way is to use antiproton beams of multi-
GeV energy. This high energy is needed to suppress annihilation on the nuclear
surface which dominates at low energies. To form a deeply bound state, the fast
antiproton must transfer its energy and momentum to one of the surrounding
nucleons. This can be achieved through reactions of the type pN — BB in the
nucleus,

p+(AZ) - B+ 5A-1,7), (3)

where B =n,p, A, X. The fast baryon B can be used as a trigger of events where the
antibaryon B is trapped in the nucleus. Obviously, this is only possible in inelastic
PN collisions accompanied by the production of pions or particle-hole excitations.
One can think even about producing an additional baryon—-antibaryon pair and
forming a nucleus with two antibaryons in the deeply bound states. In this case
two fast nucleons will be knocked out from the nucleus.

Without detailed transport calculations it is difficult to find the formation prob-
ability, W, of final nuclei with trapped antinucleons in these reactions. A rough
estimate can be obtained by assuming that antiproton stopping is achieved in a
single inelastic collision somewhere in the nuclear interior, i.e., taking the penetra-
tion length of the order of the nuclear radius R. From the Poisson distribution in
the number of collisions the probability of such an event is

R R
w1 = —expl——], 4
! Ain p( )‘) ( )
where Ai;ll = oinpo and A1 = (oin + 04)po (here oin and o4 are the inelastic

and annihilation parts of the pN cross section). The exponential factor in Eq. (4)
includes the probability to avoid annihilation. For initial antiproton momenta
Plab = 10 GeV we use oin >~ 25 mb, o4 ~ 15 mb [54] and get A ~ 1.6 fm which
is comparable with the radii of light nuclei. For an oxygen target, using R >~ 3 fm
leads to wy ~ 0.17.

In fact we need relatively small final antiproton momenta to overlap signifi-
cantly with the momentum distribution of a bound state, namely, Ap ~ 7/Rg,
where R =~ 1.5 fm is the characteristic size of the antiproton spatial distribution
(see Figure 8.26). The probability of such a momentum loss can be estimated by the
method of Refs. [55,56] which was previously used for calculating proton spectra
in high-energy pA collisions. At relativistic bombarding energies the differential
cross sections of the pp — pX and pp — pX reactions are similar. The inelastic
parts of these cross sections drop rapidly with transverse momentum, but they
are practically flat as a function of longitudinal momentum of secondary parti-
cles. Thus, the probability of the final antiproton momentum to fall in the interval
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Ap is simply Ap/piap. For plap = 10 GeV and Ap = 0.4 GeV this gives 0.04. As-
suming the geometrical fraction of central events ~20% we get the final estimate
W 2~ 0.17x0.04x0.2 = 1.4-1073. One should bear in mind that additional reduction
factors may come from the matrix element between the bare massive antibaryon
and the dressed almost massless antibaryon in a deeply bound state. But even
with extra factors ~10~1-10~2 which may come from the detailed calculations the
detection of SBNs is well within the modern experimental possibilities.

Finally, we mention a few possible signatures of SBNs which can be used for
their experimental detection. First of all, we remind the reader that according to
the Dirac picture, any real antibaryon should be interpreted as a hole in the oth-
erwise filled Dirac sea. Therefore, the nucleons from the positive-energy states of
the Fermi sea can make direct transitions to the vacant negative-energy states of
the Dirac sea. These super-transitions will be accompanied by the emission of a
single pion or kaon depending on the nature of the trapped antibaryon. The en-
ergy of such a super-transition is fixed by the discrete levels of the initial and final
baryons and according to our calculations should be of about 1 GeV. Obviously,
this emission should be isotropic in the rest frame of the nucleus. The 1-pion or
1-kaon annihilation is a unique feature of finite nuclear systems. In vacuum such
transitions are forbidden by the energy-momentum conservation. Therefore, the
observation of a line in the pion or kaon spectrum at energies between 1 and 2 GeV
would be a clear signal of the deep antibaryon states in nuclei. One can also look
for narrow photon lines with energies in the range from 40 to 200 MeV correspond-
ing to the transitions of nucleons and antibaryons between their respective levels.
It is interesting to note that these signals will survive even if due to the lack of time
the nucleus does not fully rearrange to a new structure.

Another strong signal may come from the collective response of the target nu-
cleus to the presence of an antibaryon. Initially the nucleons will acquire radial
acceleration due to the attractive interaction with the trapped antibaryon. This
will lead to a collective motion similar to monopole oscillations around the com-
pressed SBN state. Moreover, annihilation of the antibaryon will leave the nuclear
remnant in a nonequilibrium state of high density. The nuclear system will expand
and eventually break up into fragments. Therefore, the decay of the SBN state will
result in nuclear multifragmentation with large collective flow of fragments. Both
proposed signatures require rather ordinary measurements, which should be easy
to perform with standard detectors.

12. COLD COMPRESSION: NUCLEAR AND QUARK MATTER

It is interesting to look at the antibaryon-nucleus system from somewhat differ-
ent point of view. An antibaryon implanted into a nucleus acts as an attractor for
surrounding nucleons. Due to the uncompensated attractive force these nucleons
acquire acceleration towards the center. As the result of this inward collective mo-
tion the nucleons pile up producing local compression. If this process would be
completely elastic it would generate monopole-like oscillations around the com-
pressed SBN state. The maximum compression is reached when the attractive
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FIGURE 8.31 The phase diagram of strongly interacting matter. The antiproton-induced cold
compression (c.c.) takes place at low temperatures and high densities, a regime that cannot be
accessed in heavy-ion collisions. The curves with arrows denote dynamic trajectories of matter
in heavy-ion collisions as expected at the future GSI facility and the relativistic heavy-ion
collider (RHIC) at Brookhaven National Laboratory.

potential energy becomes equal to the compression energy. Simple estimates show
that local baryon densities up to 5 times the normal nuclear density may be ob-
tained in this way. It is most likely that the deconfinement transition will occur at
this stage and a high-density cloud containing an antibaryon and a few nucleons
will appear in the form of a multi-quark—antiquark cluster. One may speculate that
the whole *He or even O nucleus can be transformed into the quark phase by this
mechanism. As shown in Ref. [57], an admixture of antiquarks to cold quark mat-
ter is energetically favorable. The problem of annihilation is now transferred to the
quark level. But the argument concerning the reduction of available phase space
due to the entrance-channel nuclear effects should work in this case too. Thus one
may hope to produce relatively cold droplets of the quark phase by the inertial
compression of nuclear matter initiated by an antibaryon.

The admixture of antibaryons to finite nuclei provides an almost unique door-
way to the study of cold compressed nuclear and/or quark matter in the labo-
ratory. This region of the phase diagram of strongly interacting matter, see Fig-
ure 8.31, is not accessible by collisions of heavy ions, which produce matter which
is simultaneously hot and dense.

13. THE VACUUM IN QUANTUM ELECTRODYNAMICS

It is generally accepted that the physical vacuum has a nontrivial structure. This
conclusion was first made by Dirac on the basis of his famous equation for
a fermion field which describes simultaneously particles and antiparticles. The
Dirac equation in the vacuum has a simple form

(iy"8, —m)w(x) =0, (5)

where y* = (y9,y) are Dirac matrices, m is the fermion mass and ¥(x) is a 4-
component spinor field. For a plane wave solution ¥ (x) = e~P*u,, this equation is
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written as

(p —mup =0, (6)

where p = y'E — yp. Multiplying by (p + m) and requiring that 1, # 0 one obtains
the equation E? — p? — m? = 0 which has two solutions

E*(p) = +,/p? + m2. (7)

Here the + sign corresponds to particles with positive energy Ex(p) = ET(p),
while the — sign corresponds to solutions with negative energy. To ensure stabil-
ity of the physical vacuum Dirac has assumed that these negative-energy states
are occupied forming what is called now the Dirac sea. Then the second solu-
tion of Eq. (7) receives natural interpretation: it describes holes in the Dirac sea.
These holes are identified with antiparticles. Their energies are obviously given by
Ez(p) = —E~(—p) = v/p? + m?. Unfortunately, the Dirac sea brings divergent con-
tributions to physical quantities such as energy density, and one should introduce
a proper regularization scheme to get rid off these divergences. This picture has
received numerous confirmations in quantum electrodynamics and other fields.

One of the most fascinating aspects is the structure of the vacuum in QED and
its change into charged vacuum states under the influence of strong (supercritical)
electric fields [58]. We shortly remind of this phenomenon.

Figure 8.32 shows the diving of the deeply bound states into the lower energy
continuum of the Dirac equation.

In the supercritical case the dived state is degenerate with the (occupied) nega-
tive electron states. Hence spontaneous e*e™ puir creation becomes possible, where
an electron from the Dirac sea occupies the additional state, leaving a hole in
the sea which escapes as a positron while the electron’s charge remains near the
source. This is a fundamentally new process, whereby the neutral vacuum of QED
becomes unstable in supercritical electrical fields. It decays within about 1071 s
into a charged vacuum. The charged vacuum is now stable due to the Pauli prin-
ciple, that is the number of emitted particles remains finite. The vacuum is first
charged twice because two electrons with opposite spins can occupy the 1s shell.
After the 2pq, shell has dived beyond Z. = 185, the vacuum is charged four
times, etc. This change of the vacuum structure is not a perturbative effect, as are
the radiative QED effects (vacuum polarization, self-energy, etc.).

The time-dependence of the energy levels in a supercritical heavy-ion collision
is depicted in Figure 8.33. An electron (or hole) which was in a certain molecular
eigenstate at the beginning of the collision can be transfered with a certain proba-
bility into different states by the dynamics of the collision. This can lead to the hole
production in an inner shell by excitation of an electron to a higher state and/or
hole production by ionization of an electron to the continuum. Further possibili-
ties are induced positron production by excitation of an electron from the lower
continuum to an empty bound level and direct pair production [59].

A comparison of the theoretical predictions and expectations and experimental
data is shown in Figure 8.34. Sharp positron peeks can be expected if there were a
mechanism in the heavy ion collision leading to a time delay. This may be caused
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FIGURE 8.33

Time dependence of the quasi-molecular energy levels in a supercritical

heavy-ion collision. The arrows denote various excitation processes which lead to the
production of holes and positrons.
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FIGURE 8.34 Positron energy spectra measured in collisions of Th + Ta, Th 4+ Th, and U + Cm at
energies of about 6 MeV per nucleon. The QED predictions (dashed lines) and the
experimentally determined background from nuclear pair conversion (dotted lines) add up to
the full lines which are in close agreement with experiment.

by a pocket in the potential between the two ions. Spontaneous pair production
should then be enhanced in supercritical systems. Until now, however, the situa-
tion remains inconclusive [59].

14. ON SUPERHEAVY ELEMENT FORMATION AND BEYOND

Superheavy (SH) nuclei obtained in “cold” fusion reactions with Pb or Bi target
[60] are along the proton drip line and very neutron-deficient with a short half-
life. In fusion of actinides with 8Ca more neutron-rich SH nuclei are produced [61]
with much longer half-life. But they are still far from the center of the predicted
“island of stability” formed by the neutron shell around N = 184 (see the nuclear
map in Figure 8.35). In the “cold” fusion, the cross sections of SH nuclei formation
decrease very fast with increasing charge of the projectile and become less than
1 pb for Z > 112. Heaviest transactinide, Cf, which can be used as a target in the
second method, leads to the SH nucleus with Z = 118 being fused with *8Ca. Using
the next nearest elements instead of 8Ca (e.g. 50T}, 54Cr, etc.) in fusion reactions
with actinides is expected less encouraging, though experiments of such kind are
planned to be performed. In this connection other ways to the production of SH
elements in the region of the “island of stability” should be searched for.

About twenty years ago transfer reactions of heavy ions with 248Cm target have
been evaluated for their usefulness in producing unknown neutron-rich actinide
nuclides [62,63]. The cross sections were found to decrease very rapidly with in-
creasing atomic number of surviving target-like fragments. However, Fm and Md
neutron-rich isotopes have been produced at the level of 0.1 pb. Theoretical esti-
mations for production of primary superheavy fragments in the damped U + U
collision have been also performed at this time within the semiphenomenologi-
cal diffusion model [64]. In spite of obtained high probabilities for the yields of
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FIGURE 8.35 Nuclear map. Predicted islands of stability are shown around Z = 114, N = 184 and
Z =164, N = 318.

superheavy primary fragments (more than 1072 mb for Z = 120), the cross sec-
tions for production of heavy nuclei with low excitation energies were estimated
to be rather small: ocn(Z = 114, E* = 30 MeV) ~ 10~° mb for U 4+ Cm collision
at 7.5 MeV/nucleon beam energy. The authors concluded, however, that “fluc-
tuations and shell effects not taken into account may considerably increase the
formation probabilities.”

Here we study the processes of low energy collisions of very heavy nuclei (such
as U 4+ Cm) within the recently proposed model of fusion—fission dynamics [65].
The purpose is to find an influence of the nearest closed shells Z = 82 and N = 126
(formation of %Pb as one of the primary fragments) on nucleon rearrangement
between primary fragments. We try to estimate how large the charge and mass
transfer can be in these reactions and what the cross sections for production of
surviving neutron-rich SH nuclei are. Direct time analysis of the collision process
allows us to estimate also the lifetime of the composite system consisting of two
touching heavy nuclei with total charge Z > 180. Such “long-lived” configurations
may lead to spontaneous positron emission from super-strong electric fields of
quasi-atoms by a fundamental QED process (transition from neutral to charged
QED vacuum) [66,67], see schematic Figure 8.36.

141 Adiabatic dynamics of heavy nuclear system

Besides the distance between the nuclear centers, R, the mass transfer, « = (A] —
A2)/(A1 + Ap) and dynamic deformations of nuclear surfaces, 8, play a most im-
portant role in fusion—fission and deep inelastic processes of low energy heavy-ion
collisions. The corresponding multi-dimensional adiabatic potential energy sur-
face was calculated here within the semi-empirical two-core approach [68] based
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FIGURE 8.36 Schematic figure of spontaneous decay of the vacuum and spectrum of the
positrons formed in supercritical electric field (Z; + Z; > 173).

on the two-center shell model idea [69]. Projections onto the R—« and R—f planes
of the three-dimensional potential energy are shown in Figure 8.37 for the nuclear
system formed in collision of 2*2Th + 2>°Cf. There is no potential pocket typical
for lighter systems, the potential is repulsive everywhere. However, the potential
energy is not so much steep in the region of contact point and two nuclei may keep
in contact for a long time increasing their deformations and transferring nucleons
to each other (see below).

We studied the whole dynamics of such a nuclear system by numerical solu-
tion of the coupled Langevin-type equations of motion, inertialess motion along
the mass-asymmetry coordinate was derived just from the corresponding master
equation for nucleon transfer [65]. The inertia parameters ;g and ug were calcu-
lated within the Werner—-Wheeler approach [70]. Parameters of the friction forces
and nucleon transfer rate were taken from Ref. [65], where they have been esti-
mated from successful description of experimental regularities of heavy ion deep
inelastic scattering and fusion-fission reactions. Damping of the shell effects due
to the excitation energy has been taken into account in the level density parameter
both on the dynamic stage of the reaction and in statistical treatment of decay of
the primary fragments.

The cross sections are calculated in a natural way. A large number of events
(trajectories) are tested for a given impact parameter. Each event in studied re-
actions ends in the exit channel with two excited primary fragments. The corre-
sponding double differential cross-section is calculated as follows

d%o, AN (b, E,0) 1
ds2 dE Niot(b)  sin(@)AOAE’

Here AN, (b, E, ) is the number of events at a given impact parameter b in which
the system enters into the channel « with kinetic energy in the region (E,E + AE)
and center-of-mass outgoing angle in the region (6,60 + A6), Ni(b) is the total
number of simulated events for a given value of impact parameter.

The expression (8) describes the energy, angular, charge and mass distributions
of the primary fragments formed in the reaction. Subsequent de-excitation of these
fragments via fission or emission of light particles and gamma-rays was taken into

(E,0) = /Ooobdb 8)
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FIGURE 8.37 Potential energy surface for the nuclear system formed by 232Th + 230Cf as a
function of Rand « (8 = 0.22) (a), and Rand 8 (¢ = 0.037) (b). Typical trajectory is shown by the
thick curves with arrows.

account within the statistical model leading to the final fragment distributions. The
sharing of the excitation energy between the primary fragments was assumed to
be proportional to their masses. These fragments possess also some definite de-
formations at scission configuration. We assumed that the dynamic deformation
relaxes rather fast to the ground state deformation (faster than neutron evapora-
tion) and simply added the deformation energy to the total excitation energy of a
given nucleus. Neutron emission during an evolution of the system was also taken
into account. However, it was found that the pre-separation neutron evaporation
does not influence significantly the final distributions.

14.2 Damped collisions of transuranium nuclei

Found in such a way mass and charge distributions of the primary and survived
fragments formed in the 2*Th + 2VCf collision at 800 MeV center-of mass en-
ergy are shown in Figure 8.38. The pronounced shoulder can be seen in the mass
distribution of the primary fragments near the mass number A = 208. It could
be explained by existence of noticeable valley on the potential energy surface
(see Figure 8.37a), which corresponds to formation of doubly magic nucleus 2%Pb
(e = 0.137). The emerging of the nuclear system into this valley resembles the well-
known quasi-fission process and may be called “inverse (or anti-symmetrizing)
quasi-fission” (the final mass asymmetry is larger than initial one). For o > 0.137
(one fragment becomes lighter than lead) the potential energy sharply increases
and the mass distribution of the primary fragments falls down rapidly at A < 208
(A > 274). The same is for the charge distribution at Z < 82 (Z > 106). As a result,
in the charge distribution of survived heavy fragments, Figure 8.38b, there is also a
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shoulder at Z = 106 and the yield of nuclei with Z > 107 was found in this reaction
at the level of less than 1 pb. This result differs sharply from those obtained within
the diffusion model [64], where the yield of heavy primary fragments decreases

(b)

slowly and monotonically with increasing charge number.
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In Figure 8.39 the available experimental data on the yield of SH nuclei in
collisions of 38U + 238U [71] and 233U + 248Cm [62] are compared with our calcu-
lations. In these experiments thick targets have been used, which means that the
experimental data were, in fact, integrated over the energy in the region of about
750-850 MeV [71,62]. The estimated excitation functions for the yield of heavy
surviving nuclei, shown in Figure 8.40, demonstrate not so sharp as in fusion re-
actions but still rather strong dependence on beam energy. In spite of that, the
agreement of our calculations with experimental data is quite acceptable (worse
for few-nucleon transfer and better for massive transfer processes).
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The estimated isotopic yields of SH nuclei in the 232Th 4 250Cf, 233U 4 238U
and 238U 4 2%8Cm collisions at 800 MeV center-of-mass energy are shown in Fig-
ure 8.41. Thus there is a real chance for production and chemical study of the long-
lived neutron-rich SH nuclei up to #7Bh produced in the reaction 22Th + 20Cf.
As can be seen from Figures 8.40 and 8.41 the yield of SH elements in damped
reactions depends strongly on beam energy and on nuclear combination which
should be chosen carefully. In particular, in Figure 8.38 the estimated yield of the
primary fragments obtained in the hypothetical reaction 2#Cm + 2°Cf (both con-
stituents are radioactive) is shown, demonstrating a possibility for production of
SH neutron-rich nuclei up to the element 112 (complementary to lead fragments
in this reaction).

14.3 Giant quasi-atoms and spontaneous positron formation

The time analysis of the reactions studied shows that in spite of non-existing at-
tractive potential pocket the system consisting of two very heavy nuclei may hold
in contact rather long in some cases. During this time it moves over multidimen-
sional potential energy surface with almost zero kinetic energy (result of large
nuclear viscosity), a typical trajectory is shown in Figure 8.37. The total reaction
time distribution, #g(r) (t denotes the time after the contact of two nuclei), is
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shown in Figures 8.42 and 8.43 for the 238U + 248Cm collision. We found that
the dynamic deformations are mainly responsible here for the time delay of the
nucleus—nucleus collision. Ignoring the dynamic deformations in the equations of
motion significantly decreases the reaction time, whereas the nucleon transfer in-
fluences the time distribution not so strong, see Figure 8.42a.

As mentioned above, the lifetime of a giant composite system more than 102" s
is quite enough to expect for spontaneous e*e™ production from the strong electric
field as a fundamental QED process (“decay of the vacuum”) [66,67]. The absolute
cross section for long events (t > 1072 s) was found to be maximal just at the
beam energy ensuring two nuclei to be in contact, see Figure 8.42c. Note that
the same energy is also optimal for production of the most neutron-rich SH nu-
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clei (Figure 8.40). Of course, there are some uncertainties in the used parameters,
mostly in the value of nuclear viscosity. However we found only a linear depen-
dence of the reaction time on the strength of nuclear viscosity, which means that
the obtained reaction time distribution is rather reliable, see logarithmic scale on
both axes in Figure 8.42a.

Formation of the background positrons in these reactions forces one to find
some additional trigger for the longest events. Such long events correspond to
the most damped collisions with formation of mostly excited primary fragments
decaying by fission. However there is also a chance for production of the pri-
mary fragments in the region of doubly magic nucleus 2%Pb, which could survive
against fission due to nucleon evaporation, see Figures 8.44a and 8.38. The num-
ber of the longest events depends weakly on impact parameter up to some critical
value. On the other hand, in the angular distribution of all the excited primary
fragments (strongly peaked at the center-of-mass angle slightly larger than 90°)
there is the rapidly decreasing tail at small angles, see Figure 8.44b. Thus the de-
tection of the surviving nuclei in the lead region at the center-of-mass angles less
than 60° could be a definite witness for a long reaction time.

The production of long-lived neutron-rich SH nuclei in collisions of transura-
nium jons seems to be quite possible due to a large mass and charge rearrangement
in the “inverse quasi-fission” process caused by the Z = 82 and N = 126 nuclear
shells. Radiochemical identification of 2¢-28Db isotopes, produced in the U + Cm
or Th + Cf reactions, could be performed, for example, to test this conclusion. If
the found cross section will be higher than 10 pb, then the subsequent experiments
with such reactions could be planned aimed to the production of SH nuclei just
in the region of the “island of stability.” Parallel search for spontaneous positron
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emission from a supercritical electric field of long-lived quasi-atoms formed in
these reactions is also quite promising.

15. SHORT REFLECTION ON THE CHEMISTRY OF SUPERHEAVY
ELEMENTS

The chemistry of superheavy elements has been theoretically investigated already
during the years 1970-1971 by B. Fricke and W. Greiner [15]. Utilizing Dirac-
Hartree—Fock calculations the Periodic System obtained is shown in Figure 8.45.
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Many of these early predictions have been confirmed. Most recently the chemistry
of elements 112 and 114 as eka-mercury and eka-lead have been established by
Robert Eichler and his colleagues at Dubna [73,74], confirming exactly early theo-
retical predictions.

16. CONCLUDING REMARKS—OUTLOOK

The extension of the periodic system into the sectors hypermatter (strangeness)
and antimatter is of general and astrophysical importance. Indeed, microseconds
after the big bang the new dimensions of the periodic system, we have touched
upon, certainly have been populated in the course of the baryo- and nucleo-
genesis. Of course, for the creation of the universe, even higher dimensional ex-
tensions (charm, bottom, top) come into play, which we did not pursue here. It
is an open question, how the depopulation (the decay) of these sectors influences
the distribution of elements of our world today. Our conception of the world will
certainly gain a lot through the clarification of these questions.

The experimental verification of the decay of the vacuum is most important.
A fundamental process like this must be experimentally clarified and soundly
based. I hope that the proposed triggers for long time delay in the formation of
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giant nuclear systems may help to bring this important fundamental physics for-
ward.

One of our goals has also been to demonstrate that energetic antiproton beams
can be used to study new interesting phenomena in nuclear physics. We discuss
the possible existence of a completely new kind of strongly interacting systems
where both the nucleons and the antinucleons coexist within the same volume and
where annihilation is suppressed due to the reduction of the available phase space.
Such systems are characterized by large binding energy and high nucleon density.
Certainly, antinucleons can be replaced by antihyperons or even by antiquarks.
We have presented the first self-consistent calculation of a finite nuclear system
containing one antiproton in a deeply bound state. For this study we have used
several versions of the RMF model which give excellent description of ordinary
nuclei. The presence of an antiproton in a light nucleus like ®Be or O changes
drastically the whole structure of the nucleus leading to a much more dense and
bound state. In heavy systems the presence of a few antinucleons distorts and de-
forms the nuclear system leading to a localized central region of highly increased
density. This is a mechanism for cold compression. We also found that nuclear sys-
tems with total baryon number zero show extremely deep and symmetric states.

It is clear however that these structural changes can occur only if the life time
of the antibaryons in the nuclear interior is long enough.

One should bear in mind that originally the RMF model was formulated within
the Hartree and no-sea approximations. Implementing the Dirac sea may require
serious revision of the model and inclusion of additional terms. Hartree calcula-
tions including the Dirac sea and Hartree—Fock calculations including exchange
terms lead to smaller nucleon potentials in normal nuclei. Shallower potentials
will produce smaller attraction for antinucleons, but the qualitative effect that the
presence of antiprotons reduces repulsion and enhances attraction for nucleons
will remain valid. We expect that the additional binding and compression of the
nucleus will appear even for an antinucleon potential as low as 200 MeV.

In summary, on the basis of the RMF model we have studied the structure of
nuclear systems containing a few real antibaryons. We have demonstrated that the
antibaryons act as strong attractors for the nucleons leading to enhanced binding
and compression of the recipient nucleus. As our estimates show the life times of
antibaryons in the nuclear environment could be significantly enhanced due to
the reduction of the phase space available for annihilation. Narrow peaks in the
pion or kaon spectra at the energy around 1 GeV are proposed as the most clear
signature of deeply-bound antibaryon states in nuclei.

For the Gesellschaft fiir Schwerionenforschung (GSI), which I helped initiat-
ing in the sixties, the questions raised here could point to the way ahead. The
FAIR project, meanwhile approved by the funding agencies, can—at least to some
extent—follow this path.

Indeed, what is needed is a vision on a long term basis. The ideas proposed here,
the verification of which will need the commitment for 2—4 decades of research, could
be such a vision with considerable attraction for the best young physicists. The
new dimensions of the periodic system made of hyper- and antimatter cannot be
examined in the “stand-by” mode at CERN (Geneva); a dedicated facility is nec-
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essary also for this field of research, which can in future serve as a home for the
universities. The GSI—which has unfortunately become much too self-sufficient—
could be such a home for new generations of physicists, who are interested in the
structure of elementary matter. GSI would then not develop just into a detector lab-
oratory for CERN, and as such become obsolete. I can already see the enthusiasm
in the eyes of young scientists, when I unfold these ideas to them—similarly as
it was more than 35 years ago, when the nuclear physicists in the state of Hessen
initiated the construction of GSI.
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of (I+1/2)~1. These formulae providing a direct relationship between the
Hartree—Fock orbitals defining the zero-order problem and the asymptotic
structure of various constituents of the second-order energy are of interest
for complete-basis-set limit studies of the correlation energies in general
many-electron systems. Two ways of employing the easily available the-
oretical AECs in studies of correlation energies are indicated. The results
obtained for the Zn? ion are encouraging.

1. INTRODUCTION

The slow convergence of the many-electron wave functions in the basis of configu-
ration state functions defined as Slater determinants constructed from one electron
wave functions (we shall refer to such methods as configuration interaction (CI)
ones) causes essential methodological problems that greatly restrict the reliable
description of electron correlation effects by ab initio methods even in medium
size many-electron systems. In the last decade we witness an intensive develop-
ment of various strategies to overcome these problems. Two of them seem to be
especially attractive: (1) The strategie consisting in designing methods based on
the use of explicitly correlated, i.e., dependent on interelectronic variables, basis
functions (for reviews and references, see, e.g. [1-6]); (2) The approaches aiming at
reaching extremely accurate energies by various methods of using results obtained
in calculations based on hierarchies of correlation consistent (cc) basis sets [7] in
extrapolations to the complete-basis-set (CBS) limit (for reviews and references
see, e.g. [8-12]. It seems, however, that even in the future CI type approaches will
keep to be preferred in various applications. Moreover, CI type wave functions
and energies provide convenient references in methodological discussion of the
multitude of methods being developed within the many-electron theory. There-
fore, the understanding of the convergence characteristics of the energies in CI
type approaches with respect to extensions of the orbital basis sets is really impor-
tant.

A distinguished role in electron correlation studies is played by the second-
order Moller—Plesset [13] perturbation theory (MP2), which provides the simplest
way of proceeding beyond the Hartree-Fock (HF) picture. Numerous versions of
this theory give rise to most of the computational post-HF results obtained so far.
Moreover, since despite of its simplicity, MP2 accounts for most of the difficulties
faced in the description of electron correlation effects, this method is broadly used
as the first testing ground of the efficiency of new quantum-chemical approaches
and in the research aiming at collecting information on the nature of electron cor-
relation helpful for designing more efficient approaches. In line with the latter
application, we would like to study the asymptotic behavior of MP2 correlation
energies for closed-shell atoms. The choice of these systems is caused by the fact
that in their case the MP2 method, if especially adapted to take advantage of the
closed-shell structure [14], has proven its capacity of providing highly accurate
correlation energies for larger systems. The attractiveness of this approach is to a
large extent due to the formulation in terms of symmetry-adapted pair (SAP) func-
tions and partial waves (PW) expansions, which cause that the corresponding pair
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energies and partial-wave energy increment disclose regularities unavailable for
other many electron systems. To underline the closed-shell-specific simplifications
available in this MP2 approach we refer to it by the acronym MP2/CA. Informa-
tion provided by the MP2/CA results are a valuable, but rather underestimated,
source of inspiration in studies of electron correlation effects both in atomic and
molecular systems.

For atomic systems let us just mention that, in the case of Ne-like systems,
with 10 < Z < 28, the MP2 energies represent between 99.18% and 99.91% of
the values obtained by Chakravorty and Davidson [15]; in turn, for the Ar-like
systems the former energies represent between 98.24% and 100.56% of the latter
ones. This high accuracy is mainly due to the fact that for closed-shell atoms one
has to deal with predominantly dynamical correlation effects [16] which are expected
to be well represented by the lowest order of MP perturbation theory. At present
MP2/CA energies are available for closed-shell atoms up to 86 electrons, which is
due to the application of the very efficient p-version finite element method (FEM)
by Flores [17]. An extensive critical review of the MP2/CA energies and their con-
stituents obtained so far by means of the MP2/CA approach can be found in our
review article [18]. The availability of MP2/CA energy information is especially
important for larger than 18 electron atoms for which we do not have access either
to more accurate ab initio results or to dependable estimates from experimental
data. Therefore, the second-order picture of correlation effects in larger closed-
shell atoms is gaining increasing interest as a realistic model of a many electron
system for which in the innermost and outermost regions the electrons move in
different, close-to-extremal conditions.

The inspiring role of MP2/CA results in studies of molecular systems may be
illustrated by the following example, relevant to the topic of this paper: When in
1984 one of us (K]J), jointly with Prof. Ahlrichs and his Group [19], have demon-
strated that the structure of orbital basis sets effective in the description of elec-
tron correlation has to be essentially different from those commonly used at that
time, we were strongly employing the guidance provided by the results on the
l-dependence of the MP2 correlation energy for closed-shell atoms previously ob-
tained in the Toruni Group. In turn, our Karlsruhe findings led Dunning [7] to the
idea of developing his famous hierarchies of correlation consistent (cc) basis sets—
cc-pVxZ, which are ubiquitous in quantum chemistry these days. Since Dunnings
bases have the important attribute of providing results well suited for extrapola-
tions to the complete basis set (CBS) limit, during the last decade there have been
developed several extrapolation techniques which are either purely semiempiri-
cal or based on theoretical results for He-like atoms obtained at the second-order
level of the 1/Z perturbation theory by Schwartz [20] and Kutzelnigg and Mor-
gan III [21].

Returning to the role of the MP2/CA approach, it seems to us that results of
this method can provide additional information useful for better formulating ex-
trapolation procedures for molecules. Our viewpoint might be supported by the
following arguments: (1) MP2/CA results are obtained for larger atoms whose
diverse electronic-shell structure gives also rise to correlation effects resembling
those present in molecules; (2) Unlike the second-order energies in 1/Z perturba-
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tion theory which is rather specific to small atomic systems, the MP2/CA energies
directly represent correlation energies defined in a way similar to that for mole-
cules. Very recently [22] we have obtained benchmark MP2 results for the Zn?*,
which plays for 3d-electron systems a similar role as Ne for smaller atoms and
molecules. The accuracy of these results made it possible [23] to determine the
first (leading) asymptotic expansion coefficients (AECs) for each SAP energy to
a very high accuracy. Since these AECs did not agree with the results obtained
when using a “brute force” generalization of the formulas obtained by Kutzelnigg
and Morgan [21], we have derived formulae for the first AECs in the asymptotic
expansion of SAP pair energies [24]. Comparison of the theoretical AECs, based
on our formulae, with their counterparts determined from computational results
reveals a very close agreement.

In this chapter we would like to present a somewhat modified derivation of our
AEC formulae for the PW expansions of SAP energies in the MP2/CA approach.
This derivation is complemented with a discussion of the relationship of the en-
ergy increments in CI related PW expansions, which are indexed with a dyad of
indices, with the energy contributions of extrapolation procedures based on pow-
ers of (I + 1/2)! identified by the single index I. Next we would like to present
two applications of the theoretical AECs. The first one consists in using them to
construct theoretical estimates for the PW increments of the SAP energies as well
of larger portions of the MP2/CA energy. The second application involves setting
up a reliable method of calculating SAP energies in which energies obtained for
angularly restricted basis sets are corrected by values of the basis set truncation
errors evaluated when using theoretical AECs.

2. THEORY

2.1 Main partial wave (PW/m) structure of the MP2/CA theory

In this chapter we employ a special version of the second-order Meller-Plesset [13]
perturbation theory (MP2/CA) which is especially useful in applications to closed-
shell atoms. In this approach the first-order wave function consists of spinor-
bitals and symmetry-adapted pair functions (SAPF). A detailed presentation of
the MP2/CA method can be found in Ref. [14]. For sake of describing the nomen-
clature used, we repeat here the basic equations.

The Moller-Plesset (MP) perturbation theory [13] is based on the zero-order
Hamiltonian of the form:

N
Ho = Hur = »_f(0). D

i=1

The Fock operator, f(i), can be written in spin-orbital form as (see, e.g., Ref. [25]):

N
£G) = hG) + D _[Jul) - Ka(D)], ()

n=1
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where k(i) denotes the bare nuclear one-electron Hamiltonian and J, (i) K, (i) stand
for the standard Coulomb and exchange potentials, respectively.

The zero-order wave function, i.e., the single determinant HF function, consists
of canonical HF spinorbitals satisfying the equations:

fDer(1) = expr(1), (k=1,...,N). 3)
The MP perturbation operator, V, takes the form

N N
V=2 rt =30 2 ) — Ka@)], )

i<j n=1i=1
and the first-order wave function at the N-electron level satisfies the equation
(Hur — E2)w® + (V — EO)digp = 0. 6)

Owing to the Brillouin theorem, the first-order wave function in the MP pertur-
bation theory consists entirely of double excitations on the zero-order HF function.
Hence, ¥ can be represented as (see, e.g., Refs. [25,26])

w002, =223 Ay [T 0| ©)
i<j ki j

where A denotes the N-electron antisymmetrizer and the pair functions uj; are
strongly orthogonal to the spinorbitals ¢;(1), defining the HF function, i.e.,

21, 2)1/{1‘]'(1, 2) = Ml']‘(l,Z), (7)
with the strong-orthogonality projection operator £2(1,2) defined as
N
2(1,2) = 2R with 21)=1->|g@))e(1)]- 8)
k=1

It is convenient to transform the set of pair functions u;; corresponding to spinor-
bitals defined by the same pair of shell quantum numbers (n;l;, ;l;), and differ-
ent magnetic quantum numbers, into a set of symmetry-adapted pair functions
(SAPF), u(T"|1,2), which satisfy the equations [14]

[F) +£(2) — €1, — €1, [T 11,2) + 2(1,2)r35 uo(T[1,2) = 0. ©)

Here, the label T" denotes the set of quantum numbers required for the specifica-
tion of the pair function:

T < (T,M,Ms) with T < (nili,nil;,L,S), (10)
where the zero-order SAPF is defined as
* A L1 ~
uo(T(1,2) = B[RE (r1,12)Z, (81, 82)S(SMso1, 02) ], (11)
with  R{(r1,72) = Ry, (r1)Ry 1. (r2)- (12)
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§(SM5|01,02) stands for the spin part of the SAPF, and R,,;.() and anlj(r) denote
the radial parts of the HF orbitals of the pair. The angular part of the pair function
is defined as an eigenfunctions of the angular momentum operator of the pair
corresponding to the quantum numbers (L, M)

201,52 = [¥;, 607, 02"

= Yy (1R L Y vnegnen, )

mi mp
i
where § stands for the pair of spherical polar angles 6§ and ¢ and (- - -) is the Wigner
3j symbol. The symbol [I1, I, .. ., I] denotes the product (211 +1)(22+1) - - - (2 +1).

The first-order SAPFs are defined in the following partial wave (PW) expansion
form

w(T'1,2) = u;j,(T'1,2) (14)
j1j2
with w7, (T'[1,2) = B[R], (r1,72)Z]3;(51,82)S(SMs|o1,02)], (15)

where R]‘T1 jz(r1,r2) denote the radial pair functions corresponding to each term of
the PW expansion (for closed-shell states these functions do not depend on My
and Ms). These functions, belonging to the subspace spanned by pairs of virtual
radial HF functions, can be efficiently approximated by various methods, e.g., by
means of the variational-perturbation approach.

We observe that, if the radial basis sets used in the calculations consist of pairs
of one-electron functions, we have to deal just with a CI representation of the
individual pair functions, and, as a consequence, at the N-electron level, with a CI-
doubles representation of the total first-order wave function. Having established
the relationship of the PW expansion defined by Eq. (14) with the standard CI
method, in what follows, we shall refer to this expansion as the main PW expansion
and use the acronym PW/m.

Within the MP2/CA approach the correlation energy of an N-electron atom can
be decomposed in a way which is very advantageous from the points of view of
physical intuitions as well as computational methodology. At the first important
step, the total second-order energy is decomposed into symmetry-adapted pair (SAP)
energies E?(T") defined by the individual SAPFs u(T"|1,2)

E® =3 "EO(T"), with ED(T") = (u(T")|s2r7) [uo(T")). (16)
=

Each SAP energy can be further decomposed into PW/m increments, E;lz]?z(T*),
defined in terms of the PW/m components uj ]-Z(T* |1,2) of the SAPE,

* 2 *
EA(T) =Y EX (T, (17)
2
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where

EP) (1) = (1), (T 2753 |uo(T). (18)

We shall refer to the energy increment E](.lzj?Z (T"), which is the most elementary por-
tion of the MP2/CA energies, as the (j1j2) PW/m energy increment. One can easily
check that the values of E®(T") and E](.lzj)z(T*) are independent on M;, and Ms (see

Ref. [14]). Hence, the pair energy is identified by the set T given in Eq. (10). Note
from Eq. (18) that, for PWs defined by j; and j, greater than the maximum angular
momentum quantum number of the occupied orbitals, /o, the strong orthogonal-
ity conditions are automatically satisfied, and we have

E](f]?z(T*) = (1), (T |ri2 [uo(T")),  for min(j1, j2) > loce- (19)
We refer to these PWs as free PWs (FPW/m) and to the remaining PWs as or-
thogonalized PWs (OPW /m) (see Ref. [27]). The FPW /m functions are effective in
representing the pair functions in the neighborhood of the electron coalescence
point, whereas the OPW/m ones are efficient in the region of the whole corre-
lation hole. The SAP energies and the PW/m energy increments disclose many
interesting regularities, which is especially true for the FPW/m energies. These
regularities turned out to be helpful in the discussions of dynamical correlation
effects not only in closed-shell but also in open-shell atoms. For a detailed presen-
tation and discussion of these regularities see Ref. [18].

So far we have specified the structure of the SAPF and SAP pair energies by
means of the sets of standard quantum numbers T" and T, respectively. However,
in studies of the asymptotic behavior of the SAP energies it turns out to be useful
to supplement this specification in an identical way as Kutzelnigg and Morgan
have done in the case of two-electron states of He-like systems [21]. To characterize
the behavior of the first-order wave function at the singular point, these authors
have ingeniously employed the idea of natural and unnatural parity of two-electron
states, which has been used in atomic spectroscopy studies for the first time by
Banerjee [28]. The parity of a two-electron state corresponding to the quantum
number L is defined as

o natural if its parity is equal to (1), e.g., for 1s2s 3S, 2p3p D states,
o unnatural if its parity equal to (—1)!*1, e.g., for (2p)? 3P, 3p3d !D states.

The usefulness of this complementary characteristics will be shown later in this
chapter.

2.2 Alternative partial wave (PW/a) expansion of MP2/CA pair energies

It has been shown by Schwartz [29] and Kutzelnigg and Morgan [21] that for two-
electron atoms the PW structure of the second-order energy defined within the
perturbation theory based on the bare nuclei zero-order Hamiltonian, also known
as the 1/Z perturbation theory (with the acronym 1/Z-PT), is determined by the
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singularities present in the equation determining the first-order wave function

[h(1) + h(2) — Ey; — Ey J# D(LSMLMs1,2) + (ry — EV)wO(LSMLMs)1,2) =0,
(20)
where Ey; and Ey; are eigenvalues corresponding to the hydrogen wave functions

employed for the construction of the zero-order function ¥ ©(LSM; Ms|1,2).

It has been shown [29,21] that, as a consequence of the correlation cusp con-
dition [30] in the coalescence region (71 = 72), ¥(1) is approximately known and
takes the form

o0
w(1,2) ~ arp@(1,2) = a Y " (r12)iPi(cos 912)¥ (1, 2), (21)
1=0

where (r12); stands for the radial part in the partial-wave expansion of 71,

1 72 1
(M= s——5—=5 — 75— 75~ (22)
2043441 21 —141
and 917 is the angle between the two radius vectors. The coefficient o takes the
following values:

e o = 1/2 for natural-parity singlet states [30],
e o = 1/4 for natural and unnatural triplet states [31],
e « = 1/6 for unnatural-parity singlet states [21].

In their seminal paper Kutzelnigg and Morgan (KM) [21,32] have made a signifi-
cant progress towards the understanding of the structure of the PW expansion of
the second-order energies within 1/Z-PT for two-electron states. When using their
original approach supplemented by an efficient technique for the evaluation of ra-
dial integrals inspired by the work of Hill [33], these authors derived formulas for
the leading asymptotic expansion coefficients (AEC) for all four possible types of
two-electron atomic states in terms of just two integrals involving the radial parts
of hydrogen-like wave functions.

To learn about the nature of the singularities present in Eq. (9) for the first-
order SAPs, u(T"|1,2), we compare this equation with its counterpart, Eq. (20), for
the first-order wave function ¥M(LSM;Ms|1,2) of the 1/Z-PT for states of two-
electron atoms. One can see that former equation can be obtained from the latter
one in the following way:

1. The one-electron Hamiltonians, k(i) are replaced by the Fock operators (2) in-
troducing the Coulomb and exchange potentials.
2. The hydrogen energies E;; are replaced by the HF orbital energies €, ..

3. The rﬁl operator is replaced by the §2(1, 2)1’1721 one.

Let us note that the Coulomb and exchange potentials do not introduce any new
singular terms and that the strong-orthogonality projection operator, §2(1,2) does
not modify the high-I terms. Hence, we arrive at the conclusion that in the electron
coalescence region Egs. (9) and (20) disclose the same singular structure.
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An important consequences of our finding is that the first-order SAPs,
u(T*|1,2), of the MP2/CA method take at 71 = 7 the form [29]

o0
w(T[1,2) =~ arpup(T'11,2) = Y w(T[1,2), (23)
1=0
where
i(T"11,2) = a(r12)Pi(cos 912)uo(T |1, 2), (24)

and that the Kutzelnigg-Morgan [21] formulae for the AECs derived for the
second-order 1/Z-PT energies of two-electron atoms should apply for the SAP
energies in MP2/CA with just one minor modification consisting in replacing the
hydrogen-like orbitals by HF ones in radial integrals.

It should be emphasized that Egs. (20) and (9) define the first-order wave func-
tions not only for different perturbation approaches but, first of all, for different
physical situations. The former wave functions correspond to real ground- or
excited states of two-electron atoms, whereas all of the latter pair functions cor-
respond to the ground state of an N-electron atom, providing corrections to the
Hartree—Fock description of its electron pairs. However, from the mathematical
point of view, in both cases we have to deal with equations defining pair functions
of identical symmetry characteristic.

Let us make the observation that Eqgs. (23) and (24) represent an alternative
partial wave expansion of the SAPF in which the individual terms are defined by
the degrees I of the Legendre polynomials. To distinguish this expansion from the
PW/m expansion (15), where the individual terms are defined by pairs of orbital
momentum quantum numbers of one-electron wave functions employed in the CI
representation of the pair function, we shall refer to it as auxiliary PW expansion
and denote it by the acronym PW/a. This expansion turned out to be well suited
for representing the first-order pair functions at the interelectronic cusp. Unlike
the PW/m expansion is it not directly related to the CI approach. Let us stress
the important fact that for pairs defined by other than s-electrons the PW/m and
PW /a expansions of the second-order energies need not be the same.

To obtain the PW/a expansion of the MP2/CA correlation energy for a pair
corresponding to the quantum numbers T" we insert

w(T'11,2) = arpug(T'11,2) + x(T'11,2), where x(T'11,2) = O(r3,),  (25)

into Eq. (16) and obtain for / > 3
EO(T") = (w(T")|2r |uo(T")) = (u(T) |1, [uo(T")) (26)
= (ari2uo(T'(1,2)|riy |uo(T)) + (x (T")|ri3 [uo(T), 27)

where the term involving x(T") is in the large-I regime proportional to (I +1/2)8
(see Ref. [21]).
Hence, for [ 3> 3 we can write

o
2) oty Q) =(2)
EAT) =~ EP(T) = Y EP(T) (28)
1=0
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with the PW/a SAP energy increments

ED(T) = (i (T") |5 [uo(T))- (29)

2.3 Correspondence of the PW/a and PW/m SAP pair-energy
increments

To find the relationship between the increments E;z)(T*) (29) and E](.lz].)z(T*) (18)

defined within the PW/a and PW/m expansions, respectively, let us start with
establishing the relation between the different angular parts of the i1;(T"|1,2) and
u(T"|1,2) PW components. To this aim we shall use the following expression

Pi(cos 912)Z133(51,82) = 3 €171 p ZLNE (51, 82), (30)
0102
where
Lk k+L 12)v1 va L t1 v k th vy k
Crityore, = (CD Tt 01,021 {tz h k}<o 0 o)(o 0 0
(31)

and {- - -} denotes the Wigner 6-j symbol, which can be easily obtained when us-
ing standard techniques of the quantum theory of angular momentum (see, e.g.,
Varshalovich et al. [34]).

Now taking into account Egs. (29), (23) and (30) as well as the invariance of
(r12)1 P1(cos ¥12) under coordinate exchange, we can write for the energy increment
in the PW/a expansion:

EP(T) = afuo(T")(ri2)iPi(cos o)y uo(T")) = ™, ()

l l],]1]2 ]1]2
J1j2

where

]1]2(T )= < 2

12 [uo(T) =

(01,3, (T3 [uo(T")) ~ for (jr,j2) > 3 (33)

with

ol (T'11,2) = @B[(r12)i Ry, (1) Rt (12) 215551, 82)8(SMslon, 02)]. - (34)

Note that the function v! (" (T"[1,2) has the structure compatible with partial waves

in the PW/m expansion (15). Therefore, it may be considered as a constituent

of the (jljz) component of the first-order SAPF u(T"|1,2). By this token the term
Ll
iljijif2 ]1]2
the MP2 energy of the same pair.
Hence, from (32) one can see that the /th PW/a increment to the pair energy

can be represented as a sum consisting of PW/m increments defined by various

(T") in Eq. (32) constitutes a contribution to the (j1j2)-PW increment to

(j1j2)-indices. One can also notice that the number of nonzero C?'ll_, iiia coefficients is
157
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rather small due to the following conditions imposed on the (j1, j2) indices:

Li-N<p<bL+Il [-I<p<l+]
li +1+j1 = even, li+1+j2 = even. (35)

For example (see Ref. [24]), for the (np)? 3P pairs there are only two non-zero co-
efficients. Now, since in the large-/ regime, the residual energies defined as sums
involving PW/a or PW/m increments starting with some I, > 1 are almost
identical, i.e.,

> 2 > =2
3 E](.u?z(:r): > B, (36)
(jl g]Z) >lmin lzlmin

then inserting into the right-hand side of this Eq. (32), and reordering the terms,
we find that for (j1,/2) > 1

min(jy+1;,j2+1;)
@) 7y ~ L1 I *
EjljZ (T ) - Z Clilj;jljzgjljz(T ) (37)
I=max(lj1-1illj2=1;1)

In this way, we have obtained an expression for the dominating contribution to the
high-(j1j2) PW/m increments to the MP2 energy for the SAP defined by T" in terms
of integrals involving known functions only. Hence, we are now in a position to
find for the PW/m expansion the leading AECs, i.e., the coefficient of the (I +
1/ 2)_k term with minimum k.

2.4 Single index labels (I-labels) for PW/m increments

Taking into account that, unlike the PW/a increments, the PW/m ones, E](.lzj)z(T*),

are labeled by a dyads of indices, the question arises how to associate these incre-
ments with the single-index-labeling (I-labeling) of the energy contributions that
are required for defining the [-dependence of the SAP energy in asymptotic ex-
pansion studies based on powers of (I + 1/2)~!. This problem arises for electron
pairs not consisting of two s-electrons. The I-labeling is simple if the pair energy
consists just of one sequence of “diagonal” PW/m increments, i.e., defined by the
dyad j1 = j» = j, because then we just take | = j. However, the situation is not
unique for pairs defined by one sequence of “nondiagonal” PW /m increments for
which j; # j» and in the case when we have to deal with a “complex” pair energy
that consists of several sequences of PW/m increments defined by different in-
dex dyads like, e.g., the (nd)? !D pair energy consists of three series of increments
defined by the dyads: (j, /), (j,j + 2), and (j,j + 4).

There are three straightforward ways of establishing the index-dyad corre-
spondence: (a) | = max(ji, j2), (b) I = min(j1, j2), and (c) I = (j1 +j2)/2. For diagonal
PW/m increments all these links are identical. However, in the remaining cases
each link results in different [ values, e.g., in case (c), | may even take half-integer
values. Each of the three links leads, of course, to another value of the /th energy
increment. In the case of a complex pair energy, the Ith energy increment is defined
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as a sum of all PW/m increments whose dyads are linked with the same ! by one
of the three ways indicated. Let us define the I/th contributions to the SAP energy
corresponding to cases (a)—(c) as

top oty @
AE(T") = > Ei (T, (38)
(j142)emax(j1,j2)=I
: *N ?2) *
AE;mn(T ) = Z Ejljz(T ), (39)
(j1,j2)emin(jy,j2)=I
* 2 *
AEN(T") = 3 E](.lj)z(T ). (40)

(142)€(1+j2)/2=1

These definitions are applicable to all possible PW/m structures of SAP energies.
The singly-indexed SAP pair-energy increments satisfy the inequalities

|AERN| < |AER| < |AE). (41)
These contributions are equal for SAP energies consisting of a single sequence of
diagonal PW/m increments.
Let us illustrate the results of applying the definitions (38)—(40) in the case of
the (nd)? 'D pair for I = 10:

top (2) ) (2
AE )y =Ejjq10+2Ejgs +2E15 ¢,

n _ 0 ) @
AER" = Ejy 19 +2Ejg 1p +2Ejg 140
2 2 2
AE}y = E(lO)lO + 2]5(11)9 + 2E(12)8‘ (42)

Since configurational-pair- and shell-energies as well as the total MP2/CA en-
ergy are defined as sums over SAP energies, we define for these larger energy
portions the [-contributions of any type considered as appropriate sums of pair
energies of the relevant type

The nonuniqueness of the definition of the /-label of various portions of the
MP2 energy, which may arise for electron pairs of non-s electrons, might cause
some doubts concerning the structure of the asymptotic series of MP2 energies. For
example, Gribakin and Ludlow [35] have suggested that as a result of the existence
of complex pairs, in the asymptotic expansion of the MP2 energy, the term next
the (ltop +1/ 2)~* one may be of the order (ltop +1/ 2)75, rather than (ltop +1/ 2)76.
We have studied this problem, and found that, the AECs are the same for all the
I-contributions ((38)—(40)). This finding is a result of the fact that the differences of
the labels involved in these definitions are negligible for | — co. Consequently, no
terms of the order (lyop + 1/2)™° are required in the asymptotic expansion.

Note should be made of the fact that the choice of the definition of the
l-contributions may be relevant in computations of accurate MP2/CA energies.
This is especially true if one would like to take advantage of the knowledge of the
theoretical AECs in extrapolations to the complete-basis-set (CBS) limit. We have
found that, in this case, using the AE?"(T*) definition leads to the most accurate
results. Therefore, we have used this definition in all computations below.
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Summarizing this subsection, we would like to emphasize that getting insight
in the structure of the PW/m expansion of the SAP energies would be impossible
without the information about the shape of the first-order wave function in the
electron coalescence region attainable for the PW/a expansion.

2.5 Formulae for the PW/m asymptotic expansion coefficients of
MP2/CA pair energies

To obtain the formulae for the leading AECs for the PW /a and PW/m expansions,
we have to extract from the expressions Egz)(T*), Eq. (29) and s]l.l i (T"), Eq. (37),
respectively, which represent the portions of the PW increments that dominate in
the large-I regime, the coefficient of the lowest-k terms in the (I4-1/2)~ expansion.

The formulae for the two leading AECs in the case of the PW/a expansion
for He-like atoms in the 1/Z-PT have been derived by in a very original way by
Kutzelnigg and Morgan (KM) [21]. However, unlike the present rather straight-
forward approach which is based on the analysis of singularities in Eq. (9) and on
the expression for the second-order pair energy (18), these authors have started
from the Hylleraas functional which requires dealing with kinetic energy terms
(the D; terms in Ref. [21]). These terms are rather cumbersome when proceeding
to the MP2 approach and might have masked the simple structure of the lead-
ing AE coefficients. In the light of our conclusions concerning the similarity of the

singularity structure of Egs. (9) and (20) the expressions for E;z)(T*) differ only in
the radial integrals, where the hydrogen-like orbitals have to be replaced by the

HF ones. Hence, since E;Z)(T*) is proportional to the B; term studied in Ref. [21],
we can use, in the PW/a case the results of the extrapolation procedure evaluated
in an elegant way by Kutzelnigg and Morgan just for the B; term. In this way we
avoid going through a rather lengthy, tiresome and errorprone procedure. The for-
mulae of the leading AECs for the PW/a expansion of the MP2/CA SAP energies
are for all but the natural singlet pairs identical to those presented by KM in Ta-
ble I of Ref. [21], provided that the radial integrals are modified. In the natural
singlet case, we have not been able to obtain the same formula for the second in
importance AEC associated with the (I + 1/2)7° term, i.e., the formulae obtained
by multiplying the coefficient of (I + 1/2)~* by the “universal” factor —5/4.
Unfortunately, it is not possible to use the results of Ref. [21] when extrapolat-
ing the increments E](.f]?2(T*) in the case of the PW/m expansion. Our extrapolation
procedure is based on Eq. (37). The first step consists the evaluation of all in-
tegrals involving functions of angular variables and extracting from the radial
integrals the explicit dependence on the indices defining the partial waves. The
expressions obtained are considerably more complex than in the PW/a case. As
one can see from Eq. (37) the 8]1-1 jz(T*), representing components of the PW/a in-

crements, have not only to be multiplied by the coefficient C]li jZ(T*) (Eq. (31)) but

also be summed over the index . As a result the extrapolation procedure is much
more complex than in the PW/a case considered by Kutzelnigg and Morgan. We
have not managed yet to set up a concise general extrapolation procedure for the
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PW/m SAP energies. Instead we follow a less elegant, pedestrian way to perform
the extrapolation. Therefore, below we report just the final results. More details
and discussion are given in Ref. [24].

Let us present, in the notation of KM [21], our formulae for the leading AECs
in the PW/m expansion of the SAP energies:

1. Natural-parity singlet pairs:

3
a{lF = —gNR(f)FO (identical with the PW /a coefficient). (43)

2. Natural-parity triplet pairs:

5 =35
HF @) ©)
= —N| —FoR —(F1 =GR}’ |. 44
A = | G FoR? + 22 - Gor? | @
3. Unnatural-parity triplet pairs:
35
alF — ESNPlR(f). (45)
4. Unnatural-parity singlet pairs:
21 231
4HF @ ®)
=-N RY + ——(Fp — G2)RY 46
M [128 IRZH pag 2= &2 ] (46)
The following notation is used:
1

B 1 + 811,‘71]‘811'1]' ’

L L L\’
F0=G0=(211+1)(212+2)(5 5 0),

Fp = (-1)@2h +1)(2 + 1)

2min(l,lp)

< 3 enenpesP {1 T (50 0)(5 6 b)

n=0

Gp=Q2h+1)Q2L+1)

L+

2
l] lz n ll 12 n
" |12:1 |(2n+1)[n(n+1)]P(_1)L+n{ll I L}(O 0 0) '
n=jlj—iz
o o

RY = / py(r,r)dr, R = / pl(r,r)rdr,
0 0
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where

1 2
p:t(rr 7’/) = E |Rn111 (r)anlz (1’/) + Rnlll (7’/)an]2 (7’)’ ’
?p—(r,7")

37,./2

For a discussion of the differences between formulae (43)—(46)) and their KM coun-
terparts see Refs. [23,24].

pl(r,7) =

3. APPLICATIONS

In this section we would like to discuss some problems related to the energy ex-
trapolation methodology and to present some pilot of applications of the formulae
for the AECs. All numerical results are related to the Zn?* ion. This choice is due to
the fact that for this ion we have recently [22,23] performed very extensive numer-
ical studies resulting in MP2/CA energy increments of unprecedented accuracy.
For the ion considered we have obtained results for 56 SAPs including 28 natural
parity singlet pairs (NS pairs), 18 natural parity triplet pairs (NT pairs), 7 unnat-
ural parity triplet pairs (UT pairs), and 3 unnatural parity singlet pairs (US pairs).
By a method especially designed to eliminate the impact of numerical inaccura-
cies present in the computed PW/m energy increments in the PW/m expansion
including up to I = 45, we have determined the two most important AECs for each
pair [23]. Hence, we have been in a position to make comparison of the computed
and theoretical AECs reported by KM. We found no agreement for all but the NS
pairs, which, from the present point of view, was caused by the fact that these
authors derived their formulae for a different (PW/a) partial wave expansion.

As we have mentioned in the Introduction, the PW/m structure of the SAP en-
ergies and their sums disclose several useful general properties. In Figure 9.1 we
visualize one of them relevant to designing extrapolation procedures. We present

the PW/m increments, E](.lzj)2 (T"), for three (ns)? pairs (n = 1,2,3), and three config-

urational pairs: 2p?, 2p3p, and 3p?. Notice that in all cases, for I < 2, i.e., for the
orthogonalized PWs, the values of the PW increments vary for the individual pairs
in a rather random way. A threshold for regular decrease of their values can be ob-
served for each pair for | > 3, i.e,, when we have to deal with free PWs (FPWs).
It is obvious from Figure 9.1 that any PW extrapolation procedure is meaningful
only for the FPWs. The OPW contributions can only be obtained in the compu-
tational way. Let us remind that the classification into OPWs and FPWs depends
on the maximum orbital momentum quantum number of the electrons defining
the HF determinant. Therefore, the threshold /-value for extrapolation procedures
depends on the atom considered. Taking into account the fact of existence of two
categories of PW increments, one can easily explain the nonmonotonic approach
to the [-limit value observed for low-I contributions to the MP2 energy mentioned
by Gribakin and Ludlow [35].
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Energy (in En)

(npn'p) pairs

Energy (in En)

FIGURE 91 PW/m contributions to the SAP energies for the (ns)? 'S (n = 1,2, 3) pairs and to
npn’p configuration pair energies (signs reversed). For numerical values see Ref. [22].
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3.1 Theoretical estimates of PW/m energy contributions

The knowledge of the theoretical values of the leading AECs, a]fIF(T*), can be used
for construction of the following estimates to the SAP pair energies:
est allc_l F(T*)
Er) = (I+1/2)% 47
where k = 4 for NS, k = 6 for NT, UT, and k = 8 for US pairs.

To get an idea about the efficiency of the simple theoretical estimates E§*(T")
in reproducing the values of the PW/m energy increments, we compare in Ta-
ble 9.1 their values for selected pairs of Zn?* (one from each of the four symmetry
types) with the corresponding accurate values. We can see from the table that the
estimated PW/m increments differ most significantly from their accurate counter-
parts for [ = 3, i.e., for the first FPW, which may be an indication that this partial
wave should be omitted in extrapolation procedures. For larger values of ! the dif-
ference drops reasonably fast to the value of less than 5% percent. These example
indicate that in many cases one can replace extensive computations of higher-PW
increments by employing the simple theoretical formula (47). The remaining error
is certainly caused by reducing the PW/m expansion to just one term. To see what
would be the improvement if the next important term is taken into account, we
include in the last two columns of Table 9.1 the modified estimates based on the
following two-term formula

IZEIF(T*) bgompt(T*)
(I+1/2*  (1+1/2)°¢
in which the unknown theoretical coefficient in the second term is replaced by the
coefficient bgompt(T*) determined in Ref. [23] from very accurate extrapolations of
computed PW/m energy increments. We note from the results that the inclusion
of the (I + 1/2)7% term in (48) leads for every [ to a significant reduction of the
differences with the accurate PW/m increments. The inclusion of the second term
in the estimation expression for NS is also desirable from the methodological point
of view, because it is of the same order in the asymptotic expansion as the leading
term for the NT and UT pairs. Hence, the knowledge of the second AECs for NS
pairs would together with the already known leading AECs for NS and NT secure
the knowledge of the total MP2/CA energy up to the (I +1/2)7% terms.

The present results also imply that one can obtain moderately accurate values
of, at least, the first AEC by means of very accurate values of EflSt(T*) even for low [;
this conclusion could be important because for methods other than MP2 or in the
case of molecules it may not be possible to obtain AECs theoretically

The simple method of obtaining estimates of the SAP PW/m energy incre-
ments can easily be extended to the case of larger portions of the MP2/CA energy
such as, for example, configurational pair energies. To obtain an estimate of these
energies corresponding to the /th term of the PW/m expansion, one has to take a
sum over the /th estimates in all SAPs setting up the configurational pair. In Fig-
ure 9.2 we compare the estimates of the PW/m contributions to configurational

Elelst(T*) —

(48)
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TABLE 9.1

Comparison of accurate calculated PW/m energy increments

, E;lz)(T*) for Zn?* with

theoretical estimates based on the first term of the asymptotic expansion EZ“(T*). Efft(T*) is

based on the first two terms of the asymptotic expansion (in tEp, all signs reversed)

Pair I EP(T)e ESH(T") 5 (%)° Esst(T") 5 (%)
252 15¢ 3 1596.845 1748.74 9.51 1488.16 6.81
4 598.639 639.95 6.90 582.26 2.73
5 273.009 286.77 5.04 269.47 1.29
6 141.631 147.00 3.80 140.65 0.69
7 80.566 82.93 2.94 80.24 0.40
2p3p P4 3 44.739 45.87 2.53
4 5.889 6.14 431
5 1.186 1.23 4.02
6 0.314 0.32 3.41
7 0.100 0.10 2.83
2p3p 3s¢ 3 172.096 133.80 22.25
4 34.153 29.62 13.28
5 9.736 8.89 8.74
6 3.475 3.26 6.16
7 1.448 1.38 4.57
3p2 3pf 3 695.972 637.08 8.46
4 142.562 141.03 1.07
5 41.994 42.30 0.75
6 15.347 15.52 1.18
7 6.502 6.58 1.20
a Natural parity singlet.
b Unnatural parity singlet.
¢ Natural parity triplet.
d  Unnatural parity triplet.

e Values are taken from Ref. [22].

f §=100x

2

tot (
ElelS (T )7EH

(2)
Ep(T)

(1)

pair energies for three pairs with accurate computed values. We present the es-
timates obtained when using only the AECs defining the (I + 1/2)~* terms, i.e.,
providing estimates of the contribution from the NS pairs. We also display the
estimates that are obtained when triplet pairs are taken into account, i.e., our es-
timates take also into account contributions from the (I + 1/2)~® terms. One can
easily notice that for small [-values the former set of estimates is far off of the ac-
curate values, which is especially true for the 342 pair. Let us note that taking into
account the estimates from the triplet pairs improves the agreement in all cases.
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FIGURE 9.2 Comparison of theoretical estimates of the PW/m contributions to configurational
pair energies including only NS pairs [NS(a4)] and including all pairs [NS(a4) + T(ag)] with
accurate [computed] results from Ref. [22].
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Taking into account our findings at the individual SAP level we might expect that
the remaining discrepancies would be significantly reduced if we had access to the
theoretical values of AECs defining the (I + 1/2)~° terms for the NS pairs. How-
ever, one can see in Figure 9.2 that even taking into account the (/ + 1/ 2)~% terms
in a limited scale accounting for the triplet pairs is necessary to get a more realistic
estimate of the individual PW/m contributions to the configurational pair ener-
gies. The same is, of course, true also for larger portions of the MP2/CA energies
including the total one. Therefore, any attempts of approximating the latter en-
ergy just in terms of a global theoretical AEC multiplied by (I +1/2)* like, e.g., in
Ref. [35], are of rather limited accuracy due to the complete neglect of the triplet
pairs. Moreover, this accuracy will deteriorate when proceeding to larger atoms
where the ratio of the triplet to singlet contributions to the MP2/CA energy in-
creases. Let us just mention that for the Ne atom this ratio is 0.50 whereas for Zn’*
it increases to 0.83.

3.2 Extrapolation procedure for MP2/CA energies

Let us now have a look at the usefulness of our theoretical AEC-formulae in calcu-
lations of accurate SAP energies in radially saturated basis sets including orbitals
defined by quantum numbers ! < Imax, which are followed by extrapolations to the
CBS limit. This extrapolation is accomplished by taking into account the basis set
truncation error, §E;__ , due to omission of functions of I > Iiax. For I-contributions

to the pair energy, AE;z), having asymptotic expansions of the form

@ 1\* 1\ ¢ 1\

this truncation error is defined as [8,12]

o0
8 = Y. AEP

I=Imax+1
a6 as

a
~ f(lmax F17 4 Fllma+ D7+ D llmax + D)7 o (50)

Now we define the extrapolated SAP energies as
2 lmaX 2
e2 (1) =Y EP(T) + 8Ey,,,.. (51)
=0

The approximate SAP energies, El(jlix(T*) for Zn?* calculated for all four types
of pair functions when using Eq. (51) are compared in Table 9.2 with the accurate

values Eg}gM(T*). For each type the correction (50) consists of just one term defined
by the relevant leading AEC obtained from our theoretical formulas (43)—(46).

It is apparent from the table that the approximate pair energies are close to their
accurate counterpart. Only for Imax = 2, which is the lowest value for which any
extrapolation is meaningful, the errors are relatively large. The accuracy increases
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(2)

increments up to Imax and the theoretical value of the ba5|s set truncated error . (in nEp,
all sign reversed)

TABLE9.2 Comparison of approximate pair energies 8 for Zn?* consisting of calculated PW

Pair max  ED(T) 86" ED (T s%)°  Egu(T)[22]
252 15¢ 2 11077 3.57 10687 —0.11 10699
3 10800 0.99 10711 0.11
4 10731 0.35 10706 0.06
5 10709 0.15 10702 0.03
6 10700 0.07 10701 0.02
2p3plPd 2 1089 4.38 1043
3 1047 0.43
4 1044 0.08
5 1043 0.02
6 1043 0.01
2p3p 3s¢ 2 990 15.12 1164
3 1130 3.00
4 1154 0.94
5 1161 0.34
6 1163 0.17
3p2 3pf 2 22531 0.62 22393
3 22430 0.17
4 22405 0.05
5 22397 0.02
6 22394 0.01
a Natural parity singlet.
b Unnatural parity singlet.
¢ Natural parity triplet.
d  Unnatural parity triplet.
e §=100x ’(i‘)aX(T(;;_E%M(T).
=

f Includes the dp- contrlbutlon N 8o -

very rapidly with increasing Imax proving the usefulness of the theoretical AECs.
To get an idea about the effect of including the second term in the asymptotic
expansion (49) for NS pairs, we have again replaced the unknown theoretical value
of ag by the coefficient bgompt determined in Ref. [23]. The approximate energies

Eﬁlx (T") are also displayed in Table 9.2. In this case we obtain a substantially better
agreement for all Iyax values. The high accuracy attained already for the lowest
Imax values, is a strong argument for searching the formula for the ag.
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TABLE9.3 Comparison of the approximate M-shell, 81(2) (M)?, and total, 81(2) (zn?1)? , second-
max max
order energies with accurate results (in mEjy, all signs reversed)

Imax M-shell Total
2 o 2 2 o 2

g2 (M) 8 (%) ED (M) g2 (total) 8 (%) EQ [22]
2 1085.49 ~3.73 1046.499 1615.15 —0.96 1600.186
3 1022.17 2.32 1571.91 1.77
4 1039.88 0.63 1592.46 0.48
5 1044.73 0.17 1597.82 0.15
6 1046.04 0.04 1599.26 0.06
a See text.

The high accuracy of the results achieved at the SAP level is reflected in calcu-
lations for larger portions of the MP2/CA energies. In Table 9.3 we compare the
approximate intrashell second-order energies for the M-shell electrons, El(jix M),
and the approximate total second energies, El(jix (Zn**) with the accurate com-
puted FEM values [22]. For both energies, the approximate results are very close
to their FEM counterparts resulting from very extensive numerical computations.
It is interesting to note that already for Imax = 4 the relative error of the approxi-
mated values is less than 1%.

4. CONCLUSIONS

In this chapter we have been concerned with the derivation and applications
and of formulae for the leading asymptotic expansion coefficients (AECs) of the
partial-wave (PW) expansion in powers of (I + 1/2)~! for the symmetry-adapted
pair (SAP) energies which are building blocks of the second-order Moller—Plesset
correlation energies for closed-shell N-electron atoms (MP2/CA). An essential
step in our derivation consists in removing some nonuniqueness in the broadly
used PW-expansion terminology. We have distinguished two PW expansions.
First, the main PW expansion (PW/m), which is of importance in all orbital based
(CI) approaches because the PW/m components of SAPF are directly defined by
the angular momenta of the orbitals used in their computation. Second, the auxil-
iary PW expansion (PW/a), for which the PW increments (PW/a) are defined by
the order, /, of the Legendre polynomial Pj(cos #12) in the expansion of the pair
function. These two expansions are identical only if pairs of s-electrons are consid-
ered. This fact has caused that the formulae for the AECs for pair energies based
on the PW/a expansion, which were derived by Kutzelnigg and Morgan [21] for
states of He-like ions within the framework of the 1/Z expansion perturbation
theory, could not be adapted to yield agreement with our computed AECs for the
SAP energies defined for the PW/a expansion. To obtain the AEC-formulae for
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the SAP energies of the MP2/CA approach, we have derived an equation relating
the PW/m and PW/a energy increments. The theoretical formulae obtained are in
close agreement with the computationally determined ones for Ne and Zn?* (see
Refs. [23,24]).

We have also been concerned with discussion of the relationship of the PW/m
energy increments, which are indexed with a dyad if quantum numbers, with
the energy contributions used in the extrapolation defined in terms of powers of
(I +1/2)7! that are labeled by the single quantum number /. One may consider
several ways of linking these energy contributions. Although they correspond to
identical asymptotic expansions, the way of establishing the link may be signifi-
cant in various applications of the theoretical AECs. Some attention has been paid
to the existence of an “extrapolation threshold” defined in a way that excludes
from the extrapolation procedure the orthogonalized PW /m increments.

Establishing an explicit relationship between the HF orbitals defining the zero-
order problem and the asymptotic behavior of the MP2/CA SAP energies is cer-
tainly of interest from the methodological point of view. However, the easy access
to theoretical AECs opens the way to their application in studies related to bases-
set-extrapolation problems in systems other than closed-shell atoms. We have
demonstrated two encouraging ways of application of the theoretical AECs. The
first one consists in using them to construct theoretical estimates for the PW/m en-
ergy increments of the SAP energies as well as for larger portions of the MP2/CA
energy. It has been found that these estimates are close to the accurate values even
in the neighborhood of the extrapolation threshold. The second application con-
sists in setting up a reliable method of calculating approximate SAP energies in
which energies calculated for angularly restricted basis sets are corrected by val-
ues of the basis set truncation errors evaluated when using theoretical AECs. The
energies obtained disclosed a very good agreement with the accurate results even
for truncations starting close to the extrapolation threshold. Mention should be
made that in both examples the close agreement is found for energy contributions
defined by the [,y indices defined above. Our results indicate that to reach reliable
estimates of the MP2/CA energy or its shell- or intershell contributions, one has
to take into account the AECs corresponding both to the fourth and sixth power in
the (I 4+ 1/2)~! expansion, which is not always the case in CBS limit extrapolation
methods.

The present results provide an exact relationship between the Hartree—Fock
wave function and the leading AECs in the PW /m expansion of the MP2/CA SAP
energies and, consequently, of larger portions of the correlation energy including
the total second-order energy. As we have demonstrated in this chapter, they are
very useful in reducing the computational effort in MP2/CA computations. There
is still one problem to be solved in order to further increase the accuracy attainable
when using the theoretical AECs. This problem consists in deriving the formula
for the coefficient of the (I + 1/2)7° term in the PW/m expansion of the natural
parity singlet states. Knowing this formula and taking into account that we already
know the formulae for the leading AECs for both types of triplet pairs which are
also associated with the (I+1/2)~° term, we would have complete information on
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the asymptotic convergence of the MP2/CA energies including all terms of sixth
order. We continue working on this problem.

Given that the behavior of PW/m increments can be described by short as-
ymptotic formulae for relatively low /, it is also possible to obtain with a degree of
accuracy sufficient for the purposes of efficient extrapolation, the AECs through
those PW/m increments if they are computed very accurately, for instance by nu-
merical methods. This conclusion is also of importance because it may be very
difficult to obtain theoretically the AECs for methods other than MP2 or mole-
cules.

We believe that our findings will open the way to new applications of theoreti-
cal MP2/CA results, in investigations aiming at providing theoretical foundations
for reliable methods of attaining complete-basis-set limits in molecular calcula-
tions.
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Abstract Many-body perturbation theory has a long tradition in studying the elec-

tronic structure of atoms and molecules. Over the years, this theory helped
provide accurate predictions on a large number of properties, such as cor-
relation energies, hyperfine structures, isotope shifts, polarizabilities, decay
rates, and several others. For many open-shell atoms and molecules, how-
ever, its application has been hampered by the size and complexity of
all perturbation expansions if two or more electrons and/or holes appear
in open shells. To overcome these difficulties in dealing with open-shell
systems, a computer-algebraic approach is suggested which facilitates the
treatment of second-quantized operators and extended model spaces and,
hence, the derivation of perturbation expansions. This approach is based
on Wick’s theorem and an algebraic representation of the model space
functions in order to ‘formalize’ the derivation. Below, we explain the ba-
sic steps and how computer algebra can be utilized interactively in deriving
perturbation expansions of various kinds. Apart from predicting the elec-
tronic structure and properties of atoms and molecules with complex shell
structures, such a formal approach might be useful and applicable also for
studying the dynamics of quantum systems.

DEDICATION

Over the last decades, Ingvar Lindgren has contributed extensively to the advance-
ment of atomic many-body perturbation theory (MBPT). His well-known textbook
on this topic [1], together with John Morrison, has helped a whole generation of
young physicists to understand the electronic structure and interactions of atoms
and ions. In particular, the use and foundation of multidimensional model spaces
in MBPT [2], as appropriate and necessary for open-shell atoms and molecules, fa-
cilitated the investigation of a large number of properties. Beside establishing new
insights into the demands of extended model spaces, Ingvar’s recent contributions
to the relativistic many-body theory and its merge with quantum electro-dynamics
(QED) [3,4] deserves, among many others, to be accentuated. On the occasion of
Ingvar Lindgren’s 75th birthday, therefore, we wish to dedicate to his work our
recent search for computer-algebraic routes in deriving perturbation expansions
for open-shell atoms and molecules.



A Computer-Algebraic Approach 179

1. INTRODUCTION

Many-body perturbation theory (MBPT) was developed originally in the 1950s by
Brueckner [5,6], Bethe [7], Goldstone [8], and several others for investigating nu-
clear structures and the many-body problem of strongly interacting particles (see
the textbook of DeShalit and Talmi [9] for a brief historical account). In the early
1960s, Kelly [10,11] pioneered the application of MBPT for studying correlation ef-
fects on the structure and properties of atoms. Since then, the methods of MBPT
have been used very successfully to predict a large number of atomic and molec-
ular properties, often in excellent agreement with experimental data.

Usually, an accurate description of the inter-electronic interaction in (many-
electron) atoms and molecules poses serious challenges. An appropriate scheme is
to separate out a mean-field part from the atomic or molecular Hamiltonian, which
approximates the electron—electron interaction in terms of a central field potential.
This part is referred to as the zeroth-order Hamiltonian. It has a complete set of
one-electron functions (spectrum) and the many-electron states constructed from
this set is often taken as the basis of MBPT. The choice of a ‘reference state’, which
is a good approximation to the atomic or molecular states of interest, is the starting
point of the MBPT computations [1]. The aim of almost all many-body perturba-
tion techniques is then to incorporate the effects of the remaining inter-electronic
(Coulomb) interaction perturbatively. This allows for—order-by-order—to deter-
mine corrections to the reference state or for some desired property. In practice, of
course, the particular choice of the mean-field Hamiltonian depends on the size
and shell-structure of the system and may raise questions by its own. The use of
a Hartree—Fock potential, for instance, is typically appropriate for those systems,
for which relativistic effects are not important, while, otherwise, a Dirac—Fock po-
tential (based on Dirac’s relativistic wave equation of the electron) might be more
advisable [12,13]. The use of the traditional MBPT is suitable when it converges
within a few orders. Broadly speaking, the convergence of the perturbation expan-
sions is expected to be reasonable fast, when the mean-field potential incorporates
already a “major part’ of the inter-electronic interactions.

A systematic application of MBPT often leads to a proliferation of terms and
contributions due to higher-order excitations which may complicate the compu-
tations considerably. To facilitate the handling of these terms, the ‘diagrammatic
evaluation” of the expression from perturbation theory has been found helpful
to elevate the complexity of perturbation expansions arising from the number
or increasing order of the perturbations [14]. Still, the difficulty with the in-
creasing number of terms remain. As shown recently for single-valence atoms
[15], for example, there are 1648 diagrams at fourth-order MBPT to calculate the
properties of one-electron operators. In the past, therefore, most applications of
MBPT techniques were restricted to (i) rather low orders of perturbation theory
and (ii) to atomic and molecular states with simple shell structures. Up to the
present, there are (almost) no systematic studies available for atoms with more
than two electrons and/or holes outside of closed shells otherwise, or if—apart
from the dominant Coulomb correlations—one or several additional perturbations
V = V14 Va2 + .- need to be taken into account. The latter restriction hereby oc-
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curs frequently if the relativistic corrections to the Coulomb repulsion among the
electrons should be treated independently (usually, in first- or second-order only)
in the perturbation expansions. A possible solution to avoid this rapid prolifera-
tion of terms is the Coupled-Cluster Approach (CCA). This approach is equivalent
for taking into account the one-, two-, ... n-particle interactions in all orders [16].
Currently, the Coupled-Cluster Singe-Double (CCSD) approximation is applied
most frequently, including sometime important triple and quadruple excitations.
This approximation is based on the fact, that single and double excitations often
describe more than 99% of all correlation effects.

A further restriction on the use of many-body perturbation techniques arises
from the (quasi-) degenerate energy structure, which occurs for most open-shell
atoms and molecules. In these systems, a single reference state fails to provide a
good approximation for the physical states of interest. A better choice, instead, is
the use of a multi-configurational reference state or model space, respectively. Such
a choice, when combined with configuration interactions calculations, enables one
to incorporate important correlation effects (within the model space) to all orders.
The extension and application of perturbation expansions towards open-shell sys-
tems is of interest for both, the traditional order-by-order MBPT [1] as well as in
the case of the CCA [17].

The rapid increase in computing power, nowadays available, has made large-
scale MBPT computations a reality. However, the size and complexity of the per-
turbation expansions involved make such computations rather cumbersome—if
real open-shell systems or second- and higher-order effects need to be considered.
An new alternative for rendering these calculations tractable is using the algo-
rithms and techniques of ‘computer algebra’ [18]. In particular, the development of
general-purpose computer algebra systems (CAS) provides a very promising route
to overcome the challenges above and to carry further the calculations through a
maze of MBPT diagrams or algebraic terms. When compared with the (purely)
algebraic or graphical approaches, the use of computer algebra is much more effi-
cient and reliable. In this contribution, therefore, we shall describe how computer
algebra can be utilized to attack the problem. To this end, we also developed the
GOLDSTONE program which we shall introduce and briefly describe below.

2. RAYLEIGH-SCHRODINGER PERTURBATION THEORY

2.1 Overview

In perturbation theory, one often starts with an a priori partitioning of the many-
body atomic or molecular Hamiltonian,

H=H,+V, 1)

into an (unperturbed) model operator (H,) and the perturbation V, which de-
scribes the rest interaction of the system. Here, H, is supposed to provide a ‘good’
approximation to the full Hamiltonian H and should have eigenfunctions and
eigenvalues which are simple to determine. In practice, moreover, the partition-
ing of the Hamiltonian should ensure already that the perturbation expansions
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to be derived converge reasonably fast and that the computations remain over-
all tractable. Usually, the model operator (H,) is taken as a sum of one-particle
operators in which the (mean) interaction among the electrons is approximated
by a central field V(r). In the non-relativistic theory, these one-particle operators
can be chosen simply as the Hartree—Fock operators, hpr, but could be replaced
also by the corresponding Dirac—Fock operators, hpr, if the system is to be treated
relativistically.

Starting from the partitioning (1) of the Hamiltonian, two kinds of pertur-
bation expansions are frequently distinguished: the Brillouin-Wigner (BW) and
Rayleigh-Schrodinger (RS) perturbation expansions. Since the BW expansions de-
pend on the exact energy, which remains unknown until the problem has been
solved, they have to be determined iteratively. For the computation of atomic or
molecular properties, therefore, the BW theory is found of little practical value. In
addition, this theory is not so suitable for degenerate states. On the other hand, the
RS expansions depend on the eigenvalues of H,. This offers the great advantage of
solving a perturbation expansion with all the (algebraic) terms well defined, and
including the case of a degenerate model space. For these reasons, we shall restrict
ourselves in the following to the RS perturbation theory which forms the basis
for (almost) all applications of the theory to more complex systems. Historically,
Kato [19] and Bloch [20] pioneered the RS perturbation expansion, but based al-
ways on a single (unperturbed) eigenfunction even for those systems where there
are other, nearly-degenerate solutions of H,.

For the model operator H,, the Schrédinger equation has a complete (and ortho-
normal) set of eigenfunctions

Ho|¢a> = Eg|¢a> (2)
with

(Palpp) = Sup- @)

These eigenfunctions define a basis in the N-electron Hilbert space. To account
for the effects of the rest interaction V perturbatively, the full Hilbert space H of
H, is separated into two parts: the model space M and its ‘complement’, H & M,
which includes all the remaining dimensions. To these subspaces, we assign the
projection operators

P= )" |$u)dal, 4)
lpo)EM
Q=1-P= > I|¢p)iosl, ®)
lpp)EM
which satisfy the relations
P=P'=PP, PQ=QP=0 (6)

and

[P, Ho] = [Q, Ho] = 0. @)



182 S. Fritzsche et al.

In general, a proper choice of M is very crucial to apply many-body perturba-
tion techniques. Typically, a faster convergence of the perturbation expansions
is found, if a large part of the required solution lies within the model space M.
In other words, a good deal of the ‘correlation effects” should be found already
within M; this part of the overall correlation contributions is treated exactly by di-
agonalizing an effective Hamiltonian. In comparison, the correlation effects arising
from the complementary space H © M, should be reasonably ‘weak” so that they
can be treated perturbatively. Here, we shall not discuss what the term ‘weak’
means and how it could be quantified (if this is practical at all). For simple sys-
tems, such as closed-shell or alkali-like atoms and ions, a single eigenstate of H,
is often a good approximation to the exact state, giving rise to a 1-dimensional
model space M. Computations based on such a model space are called single ref-
erence calculations. For open-shell systems, in contrast, multidimensional model
spaces are very crucial; this ‘extension” of the model spaces for several (nearly de-
generate) eigenvalues has been discussed by Lindgren [2,21], and at several places
elsewhere.

For several decades, the methods of MBPT have been developed and applied
mainly within the framework of the nonrelativistic (quantum) theory. A relativistic
formulation of the theory was developed only in the 1980s and 1990s [12,22,23],
based more often than not on the no-pair Hamiltonian. In this approximation, the
‘translation’ of the standard methods from the non-relativistic into the relativistic
framework is quite simple, but this neglects also all the effects of the negative
continuum as well as the (so-called) ‘radiative corrections” (from QED) right from
the beginning [24]. A more consistent treatment of the many-body correlation and
QED effects has been worked out only recently by Lindgren and coworkers [3,4]
by providing a formalism for energy-dependent MBPT.

2.2 Generalized Bloch equation

For open-shell atoms and molecules, its often desirable to obtain a representation
for several (nearly degenerate) states owing to the large number of close lying
states, and for calculating most properties apart from energies. In the following,
therefore, let us consider d different solutions of the (many-electron) Schrédinger
equation

HlYy) = EalYa) a=1,...,d, (8)

which span a d-dimensional subspace of the N-electron Hilbert space. As dis-
cussed earlier, it is difficult to solve this eigenvalue equation due to the inter-
electronic interaction. If, however, we partition the Hamiltonian (as outlined
above), we will be able to derive an operator equation which can be solved by
means of perturbation techniques.

In the following, we suppose that each of the desired solution of Eq. (8) has a
significant part inside of this model space. We shall denote the “projections’ of these
physical states |1/ ) onto M as the model functions |¢J) and assume, that they are
linearly independent. Below, however, we shall find that these model functions
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are only the (pure) projections, |J) = P|¥y), if an intermediate normalization is
applied for the physical states in the derivation of the perturbation expansions
[cf. Subsection 2.3]. For other normalizations, in general, this simple relation is no
longer fulfilled. For an adiabatic ‘switch off” of the rest interaction V, obviously,
the d eigenfunctions of H are just equivalent with the (orthogonal) basis functions
{l¢o)} of the model space. Here, we shall not further discuss this one-to-one corre-
spondence between the physical states |, ) and the model functions |J) [25], but
simply assume that such a correspondence always exist in all our applications of
the theory.

The distinction of the model functions {|¢J); « = 1,...,d} enables us to (for-
mally) define the wave operator 2 for the ‘reversed’ projection. This wave opera-
tor maps the model functions ‘back” onto the exact states [26,27],

V) = 2[¥3). )

Note that the wave operator used here has a very similar meaning as the time
evolution operator U(0,+00) in the time-dependent perturbation theory. Having
the wave operator, we can then define an effective operator Hoff = H,, + Vegs which,
if applied onto the model functions

Hef|¥3) = (Ho + Vetp) | Vo) = Ea|¥3), (10)

gives rise to the exact eigen energies. In this definition, the operator Vg is known
also as the effective interaction. In the derivation of perturbation expansions, one
central aim is a simple representation of these operators. Owing to the definition
of these effective operators, they are defined only within the model space M.

If we multiply the eigenvalue equation (10) from the left by £2, we obtain

QHe|¥S) = Eal¥a) = HIYo) = HR2|y2),

or simply
QHq4P = H2P. (11)

Using the partitioning (1) of the Hamiltonian H, therefore, we arrive at
[$2,Ho]P = (V2 — 2Ve)P, (12)

the ‘equation of motion” for deriving the wave operator §2, known also as the
generalized Bloch equation in the literature [1]. This equation can be solved either
iteratively or by casting it into a recursive form. Using the latter form, in particu-
lar, the perturbation expansions can be derived order-by-order, until the physical
entities of interest have been converged sufficiently. For the d physical states,
whose projections are in the model space M to a significant part, the generalized
Bloch equation is fully equivalent to the Schrodinger equation (8). Moreover, this
form (12) of the Bloch equation is independent of the particular choice of the nor-
malization of the states. Apart from the intermediate normalization of the physical
states, a hermitian normalization can be applied in which the effective Hamil-
tonian Hegf remains to be hermitian.
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Often, the Bloch equation is represented and manipulated graphically by
means of (so-called) Feynman-Goldstone diagrams. In this contribution, how-
ever, we shall not explain this graphical representation of the operators and matrix
elements in detail. Instead, we are concerned below with the use of computer alge-
bra in deriving perturbation expansions for the (matrix elements of the) effective
Hamiltonian or for any other property of free atoms or molecules. Today, the appli-
cation of CAS offers a valuable alternative to the algebraic or graphical derivation
(representation) of perturbation expansions.

2.3 Intermediate normalization

Most applications of many-body perturbation techniques make use of the model
functions

|vg) = Plvra), (13)

i.e. the projection of the exact states onto the model space M. Together with Eq. (9),
this gives rise to

P = PP, (14)

which is equivalent to the condition (¥4 |¥¢) = 1 and which is known as interme-
diate normalization condition. From Eq. (11), the effective operators then become

HegfP = PHQ2P, VexP =PV2P, (15)
while the generalized Bloch equation assumes the form
[$2, H,]P = (V2 — 2PV)P. (16)

This is the standard form of the generalized Bloch equation and the starting point
of most derivations in the framework of the RS perturbation theory. As indicated
by the projection operator P on the rhs, Eq. (16) is defined only (for the states)
within the model space. However, this standard form is less general than Eq. (12)
and has the drawback that the effective Hamiltonian and effective interaction (15)
are not hermitian. Similarly, the model functions |)), i.e. the eigenvectors of Heg,
are in general not orthogonal to each other as they are projections from some
orthonormal space upon a smaller (sub-)space. This ‘non-orthogonality” of the
model functions may lead to difficulties especially for the computation of tran-
sition amplitudes since, then, the atomic or molecular states on the lhs and rhs
of the amplitudes are not described equivalently with respect to the perturbation
operator V.

In intermediate normalization, the projector P and the wave operator §2 can
be understood (and illustrated) in a very simple way: While P projects an arbi-
trary state ) € H onto the model space, the wave operator §2 transforms each
function with the projection |¢J) € M back onto the exact state |, ). In interme-
diate normalization, this property is independent of the (size of the) component
which lies within the complementary space (H © M), owing to the two properties
2P = 2 and 2Q = 0, respectively.
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Hermitian normalization:
The effective operators in equation (15) are hermitian, if we replace the normaliza-
tion condition (14) by

P =P ep; (17)

this form is known also as isometric normalization or Jergensen condition [28].
With this condition, the effective Hamiltonian reads as

H.¢P = PQTHS2P. (18)

Since the operators are hermitian, the eigenfunctions are always orthogonal as
well. Using the condition (17), an analogue form to the effective Hamiltonian (18)
applies also for any additional perturbation, hegP = P2Th$2P, as they arise for in-
stance in the computation of transition amplitudes, hyperfine constants, oscillator
strength, etc.

Apart from rather formal considerations, (almost) all techniques and imple-
mentations of the RS perturbation theory are based until now on the generalized
Bloch equation with intermediate normalization. This operator equation is equiv-
alent not only to the Schrodinger equation (for the states of interest), but enables
one also to derive perturbation expansions for atomic and molecular properties
other than correlation energies, e.g. transition probabilities. The terms in the corre-
sponding expansions can be represented (and manipulated) either graphically by
means of Feynman-Goldstone diagrams or algebraically. In general, a perturbation
expansion hereby refers to an algebraic (or graphical) representation of any observ-
able by means of one- and two-particle integrals, which can be calculated from
a given (complete) one-particle spectrum. Below, we shall focus on the algebraic
derivation of such expansions and show how computer algebra can be applied
very efficiently and in a concise manner.

2.4 Order-by-order perturbation expansions

The generalized Bloch equation (12) is the basis of the RS perturbation theory. This
equation determines the wave operator and, together with Eq. (11), the energy
corrections for all states of interest; especially, it leads to perturbation expansions
which are independent of the energy of the individual states, just referring the
‘unperturbed” basis states. Another form, better suitable for computations, is to
cast this equation into a recursive form which connects the wave operators of two
consecutive orders in the perturbation V. To obtain this form, let us start from the
standard representation of the Bloch equation (16) in intermediate normalization
and define

0 =00 + oM + 0@ 4., (19)

where 20 denotes that part of the wave operator, which comprises all terms of
order 1 in the perturbation V. Then, by equating terms of equal powers in V on
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the rhs and lhs, we obtain the equations [2]

[0, H,]P = QVP, (20)
(2@, H,]P = (Qve® — 2Wpy)p, (21)
[[2(3),H0]P _ (QV.Q(Z) — 0oWpy® _ _Q(z)pv)p, (22)

or, the general form,

n—1
[2™,H, P = (QV:z(”—l) -> sz(”—m)PV:z(m—l))P. (23)

m=1

This is the recursive form of the generalized Bloch equation. In a similar way, we
can separate the effective Hamiltonian and effective interaction (15) due to the
powers of V. Despite the fact, that the effective Hamiltonian (15) is not hermitian in
intermediate normalization, we can diagonalize the corresponding (Hamiltonian)
matrix and shall obtain (always) real energies, as they represent the exact energies
of the system. This property is satisfied for each order independently.

To treat the order-by-order calculations in a generic way, we can consider
Eq. (23) in the form

[Q(H)IHO] = A/

where A is an operator with a representation similar to 2, except for an energy
denominator. We can simplify the commutator on the lhs, if we evaluate its matrix
elements with respect to the eigenfunctions of the model operator H,,

(6,][2"), Ho)|¢a) = (ES, — E3) (o] 27 |a) = (51 Al)- (24)

Owing to the definition of the wave operator in intermediate normalization, i.e.
QP = £2 and £2Q = 0, then only those matrix elements will be non-zero for which
we have |¢y) € M and |¢,) ¢ M. For this reason, the energy difference is always
(E}, — Eg) # 0 and the matrix elements of the wave operator become

(@0l Al¢a)
0p|2M|py) = L2, (25)
( p| | O(> (E(Z) _ E(O)[ )
We shall analyze these matrix elements later in more detail. Here, let us note only
that the ‘characteristic energy denominators’ in the RS perturbation theory arises
always from the energy difference of two unperturbed eigenvalues, from which
one of the corresponding eigenfunctions is inside and one outside of the model
space.

2.5 Coupled-cluster and all-order expansions

The first-order terms in the perturbation expansion of the wave operator have con-
tributions due to zero-, one- and two-particle (interaction) terms. In second-order,
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then, we find contributions due to zero- to four-body effective interactions. For
atoms and molecules with N active electrons, generally, the nth-order expansion of
the wave operator has contributions from zero up to 2"-particle interaction terms
(and maximal, of course, N-body terms). Among these effective interactions, the
two-body terms are usually the largest, and almost the entire correlation effects
are contained in the zero- to four-body terms. Owing to these considerations, we
would incorporate correlation effects to a very large extent—if we calculate the
contributions from the single and double excitations to all orders in the perturba-
tion expansion.

Such a partitioning of the correlation contributions (into classes of virtual exci-
tations) is indeed possible, if the wave operator £2 is separated into one-, two-, ... .,
and up to n-body terms

=20+ +82+--, (26)

where £2,, denotes the effective n-body wave operator. In practice, moreover, it is
often useful to factorize these operators in terms of (so-called) cluster operators S;,

1 1
21=5, 92252+§{5%}, 932534-{5251}5{5?}, (27)

Diagrammatically, these cluster operators S; represent the connected i-body terms,
i.e. those ‘diagrams’ which cannot be separated into topologically unconnected
parts. Typically, the wave and cluster operators are related to each other due to the
exponential ansatz

2 = exp(S) (28)

with S = S1 + Sy + - - -, which is known as the Coupled-Cluster Approximation
(CCA) in the literature [16,29,30]. In the formalism of the second quantization [cf.
Subsection 3.1], the cluster operators S; consist out of the cluster amplitudes and
the particle creation and annihilation operators. Quite similar to the Bloch equa-
tion (12) for the wave operator, the cluster amplitudes are solutions to a set of
nonlinear algebraic equations

[Sn, Ho]P = (QV2"D — QPV@) P, (29)

conn

where the subscript conn denotes the connected terms. Although the partitioning
of the cluster operator into n-particle terms S, is inspired by perturbation theory,
this approach to the many-body problem is a non-perturbative one.

From the expansion (27) it can be shown that the CCA includes also those
three-, ..., n-body excitations which factorize into one- and two-particle clus-
ter amplitudes. However, despite of the benefit of CCA to incorporate selected
n-body contributions to all order into the computations, setting up the equations
for open-shell systems is a highly nontrivial task, in particular when compared
with the usual MBPT computations. For simple shell structures, there are a num-
ber of coupled-cluster codes available today, both in the nonrelativistic as well as
the relativistic framework [31-34].



188 S. Fritzsche et al.

2.6 Open-shell atoms and molecules

Open-shell atoms or molecules are characterized by having partially occupied
(outer) shells, usually referred to as the valence shells of the system. Since the
number of possible shell states is then larger as the number of electrons in these
shells, there are several distributions of the electrons among these shell states pos-
sible, giving rise often to a large number of degenerate (N-electron) states. For
atoms, for example, there are (/) degenerate many-electron states, if / denotes the
number of valence electrons and m the number of available vacancies, respectively.
Apparently, this number of degenerate states increases even further if applied to
molecules.

For open-shell systems, therefore, the model space is no longer simple and
sometimes not even known before the computations really start. For closed-shell
systems, in contrast, the model space can be formed by a single many-electron
state, which is taken as the reference state and which is sufficient in order to classify
the single-electron states into particle (unoccupied) and hole (occupied or core)
states, respectively. In open-shell systems, instead, the valence shells are neither
empty nor completely filled. To facilitate the handling of such open shells, we shall
provide (and discuss) a orbital notation in Subsection 3.4 which is appropriate for
the derivation of perturbation expansions.

One important property of Eq. (23), which manifests itself very easily in the
diagrammatic evaluation of the perturbation expansions, is the linked-diagram
theorem (LDT). According to this theorem, only a selected class of terms survives
in the perturbation expansion of the wave operator, while all unlinked diagrams
cancel in each order of perturbation theory; in addition, this theorem ensures the
size consistency of MBPT and coupled-cluster theory. Based on LDT, Eq. (23) sim-
plify to

(2", Ho]P = (QVR"DP) o (30)

for all closed-shell systems. In Eq. (30), the subscript linked indicates that only
the ‘linked diagrams’, i.e. the open and connected ones, need to be considered
on the rhs. This follows from the observation that, if the diagrams of PV2("~1P
are closed, the second term on the rhs of Eq. (23) is unlinked entirely and just
cancels the unlinked contributions from the first term V2"*~)P. When compared
with the closed-shell systems, the presence of additional valence electrons makes
the nature of the PV2("~DP diagrams different for all open-shell atoms and mole-
cules. Since the (one-electron) states of the valence shells can be either occupied or
virtual, there are now a certain number of free lines which emanate from this term.
In the diagrammatic language, this gives rise to the (back-)folded diagrams, a topic
to which we shall return in Subsection 3.3.

3. OPERATOR REPRESENTATIONS

3.1 Second quantization and particle—hole formalism

The Hamiltonian and most other operators in atomic and molecular structure the-
ory can be represented usually also in the ‘language’ of second quantization. For
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many-particle systems, this language enables one to take into account Pauli’s ex-
clusion principle in a very simple and concise way. In the formalism of second
quantization, the creation operator a;’L ‘creates” an electron in the (one-electron)
state i, while the annihilation operator 4; ‘deletes’ the electron from this state. Con-
ventionally, these operators are defined with respect to the vacuum in which no
electron (nor positrons within a relativistic framework) are present. For this defin-
ition of the vacuum, the unperturbed Hamiltonian simply read as

Hy = alae; (31)
i
while, for instance, the instantaneous Coulomb interaction is given by

1 ol
V= 5 Zkl:aja;ukal(zﬂrlzl |Ik), (32)
Gl

with r1_21 = 1/|r; — r2|. Using the formalism of second quantization often helps
simplifying the evaluation of the higher-order terms in perturbation expansions
and has been found essential also for developing those many-body methods tech-
niques, which are based on different classes of excitations, see Subsection 2.5.

For many-electron atoms (and molecules), however, it is often much more con-
venient to start from a ‘many-particle’ vacuum |o), the so-called reference state, in-
stead of using the (pure) vacuum above. Owing to this re-definition of the vacuum,
we have to distinguish then between occupied and unoccupied electron orbitals in
order to specify some particular N-electron state (of either the model space or from
its complement). In the language of the particle-hole formalism, moreover, we re-
fer to the occupied orbitals as ‘hole states” and the unoccupied orbitals as ‘particle
states” of the system. In the literature, one often assigns the indices 4, b,¢, ... to
the hole states and 7, s, t, ... to the particle states, whereas the indices i, j,k, . .. are
utilized for those summations in which we need not distinguish between parti-
cles and holes explicitly. In our computer-algebraic approach, however, we shall
not make much use of these orbital indices as it appears more appropriate in this
case to distinguish a number of orbital classes and to count through each class by
means of an integer index, cf. Section 4.3.

In practice, there is quite a difference between atoms and molecules as far as
the representation of the one-particle spectrum is concerned. In atomic physics,
one often utilizes a ‘radial-angular’ representation of the one-electron orbitals in
order to allow for the analytic integration over all spin-angular coordinates of the
system [35,36]. This so-called ‘angular reduction” will be briefly discussed below
in Subsection 4.4. However, in order to exploit the symmetry of free atoms the
reference state must ‘coincide” with a closed-shell determinant |0) = |®), i.e. a ref-
erence state which should not depend on the magnetic quantum numbers of the
one-electron functions. Unfortunately, the complexity of the perturbation expan-
sions increases very rapidly if the number of electrons in the physical states of
interest differ from (the number of electrons in) the reference state.
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3.2 Normal-order. Wick’s theorem

In the second-quantized operators (31) and (32), the summation over the parti-
cle indices 7,7, ... runs over all the electron states of the (complete one-electron)
spectrum. If these operators act to the right upon the reference state, i.e. the many-
electron vacuum of the particle-hole formalism, some of these (strings of) creation
and annihilation operators ‘create” excitations while other gives simply zero, i.e.
no contribution. For the pure vacuum, in particular, the behavior of the second-
quantized operators can be read off quite easily because the creation operators
appear left of the annihilation operators in expressions (31) and (32), respectively.

In general, a given sequence of creation and annihilation operators is said to be
normal ordered, if all the creation operators appear left of all annihilation operators.
Such an ordering of the operator strings simplifies the manipulation of operator
products as well as the evaluation of their matrix elements, as the action of these
operators can be read off immediately. In the particle-hole formalism, its hereby
obvious that we can ‘annihilate’ only those particles or holes which exist initially;
in fact, an existing hole is nothing else than that there is no electron in this hole
state. In this formalism, therefore, an operator in second quantization is normal
ordered with regard to the reference state |®), iff

all creation operators of the particle states all particle-hole
and creation
all annihilation operators of the hole states |  operators

appears left of
all annihilation operators of the particle states all particle-hole
and annihilation
all creation operators of the hole states operators.

Hereby, the exact sequence of the creation and annihilation operators can be cho-
sen rather arbitrary within each of these blocks (up to some phase factor), since all
the operators anticommute for each block independently,

{aI,ac} = {ar,uz} =0.

Of course, the number of permutations, which are required to bring a given op-
erator string into a certain sequence, determines the sign of the expression: Each
interchange of two (particle-hole) creation or annihilation operators leads to an
additional phase factor (—1) and, possibly, to a contraction of terms. For applica-
tions, therefore, it is reasonable to define a (so-called) normal-order sequence which
specifies the relative position of the (particle-hole) creation or annihilation opera-
tors more precisely; we write this sequence symbolically as

(@) = (@) — (ac) — (@) (33)
and say: The creation and annihilation operators of a given operator string obey

anormal-order sequence iff all the creation operators of particle states (4,) appear
left of all annihilation operators of hole states (a.) and, in turn, left of all creation
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operators of hole states (a)) and, finally, left of all annihilation operators of particle
states (a,). Again, this does not determine the exact sequence within each of these
‘blocks’ of operators but ensures that no additional (contracted) term arise as long
one stays within this normal-order sequence.

To represent the normal-order form of some given operator product, curly
brackets are used around the string of creation and annihilation operators. These
brackets indicate that all operators simply anticommute, i.e. that no contraction
need to be taken into account. Using the well-known anticommutation relations
for electrons (fermions), we can always transform any product of operators into
its normal form by performings successively all the necessary permutations. Apart
from a change of sign, an additional term is obtained in this rearrangement proce-
dure every time when we ‘interchange’ the creation and annihilation operator of
one and the same orbital (akaz = —aiak +1).

With these definitions, we can re-write the operators H, and V from above into
normal order with respect to the (many-electron) reference state |®) as

Ho,=E, + Z{a?ai}eir E, = Z €a, (34)
i a

1

V=Vo+Vi+Vs (35)
with

1
Vo =) {al —u(r)la) + 5 3 (abllab), (36)

a ab

Vi, = Z{ajaj}(i|v|j)
ij
= > {ala}[ il — ) + Y tiallin)), (37)
if a

Vy = % > {alal mar ) (ij|ry; [Ki)- (38)
ikl

In these formulas, we made use of the usual abbreviation

(iflIKTy = (if| i3 |K1) — (if] 15 | 1K), (39)
in order to combine the direct and exchange matrix elements of the electron—electron
interaction (32) within a single symbol. The second term of V1 in (37) is nothing
else than the Hartree—(Dirac—)Fock potential of the reference state |®), that is the
effective one-particle potential is just equal to the difference between the Hartree—
Fock and those potential which was uses for generating the one-particle spectrum
(in addition to the nuclear potential V). In other words: We find that all one-
particle excitations must vanish identically, V1 = 0, if the Hartree—(Dirac—)Fock
orbitals are used in the computations. In quantum chemistry, the perturbation ex-
pansions which starts from this choice of the one-particle potential are often called
Moller-Plesset perturbation expansions. In the relativistic theory, moreover, one
should better start from the Dirac-Fock-Breit ‘mean field” in order to avoid all
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terms in perturbation expansion due to effective one-particle interactions V7 in
Eq. (37).

Similar to the interaction operators (34) and (35) from above, the wave operator
£2 can be cast into normal form as

Q=1+ Z{a}a]-}x; + % Z{a:a;alak}le +..-. (40)
ij ijkl
In this form, the wave operator can ‘operate’ upon the entire space, i.e. the model
space M and its complement H & M. Since, namely, the operator strings represent
genuine excitations, the wave operator gives nonvanishing results only when it
acts onto states which belong to M.

To determine the wave operator 2 from the Bloch equation (16), one of the
major tasks in the derivation of all perturbation expansions is to evaluate the op-
erator products V2 and 2PV {2, i.e. to bring them into normal order. Owing to the
possible contractions, a large number of terms typically arise and may render this
evaluation very cumbersome. A remarkable simplification in this ‘re-ordering” of
the creation and annihilation operators is achieved by means of Wick’s theorem,
including of all the necessary contractions. Apart from the normal product {...}
of the given operator string, according to this theorem, one has to include also
the normal products of all possible contractions of the corresponding creation and
annihilation operators. For two normal ordered operators {A} and {B}, Wick’s the-
orem is often written in the (symbolic) form:

{A}- (B} = {AB} + {AB}, (41)

where the ‘hat’ in the second term stands for all contractions, i.e. the contraction
over all pairs of operators for which a particle-hole annihilation operator from
{A} appears to the left of a particle-hole creation operator from {B}. Besides the
single contractions, all the double, triple, ..., n-fold contractions have also to be
taken into account. A proof of Wick’s theorem is given by Lindgren and Morri-
son [1] and in many textbooks on quantum field theory. Wick’s theorem can also
be represented graphically and it is this form, which has often been utilized in the
diagrammatic derivation of perturbation expansions.

In the GOLDSTONE program below [cf. Section 4], Wick’s theorem is fulfilled
implicitly by performing a pairwise permutation of the operators until all opera-
tors are in normal order. This ensures that all contractions are taken into account
easily. Of course, this step-wise procedure gives the same results as a more sophis-
ticated implementation of Wick’s theorem which, in particular, is helpful for large
operator strings.

3.3 Diagrammatic representations

The operators above in second quantization can be represented and manipu-
lated also ‘diagrammatically’, that is by means of Feynman-Goldstone diagrams.
Usually, these representations provide a simple and transparent approach to eval-
uate the various contributions from the perturbation expansions. There are dif-
ferent graphical representations known, which were developed by Goldstone [8],
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Hugenholtz [37], Brandow [38], Sandars [39] and several others. These graphical
representations are closely related to the Feynman diagrams as applied in quan-
tum field theory. In atomic and molecular physics, the graphs due to Goldstone are
used most frequently and are referred to as Feynman-Goldstone diagrams below.
In contrast, the representations of Hugenholtz and Brandow are more compact,
but also more difficult to apply in practice, especially if the theory is to be ad-
dressed to ‘new problems’. The Feynman-Goldstone diagrams have been applied
in a very large number of studies and have been discussed in detail in the text by
Lindgren and Morrison [1].

To each diagram or fragment of a diagram, an algebraic expression can be
assigned uniquely. For the computation of atomic and molecular properties, there-
fore, one can first derive the graphical expansions and later ‘translate” them (back)
into algebraic terms as appropriate for numerical studies. For this translation of the
diagrams, the Goldstone rules [1,8,40] are of great help. Similar rules apply also for
the angular integration if the symmetry of free atoms is to be utilized [41,42]. But
drawing and combining the diagrams requires a high proficiency and is prone for
making errors concerning, especially, the signs and labeling of the terms. Here, we
shall not discuss these graphical techniques since our emphasis is placed below
onto the use of computer algebra for the derivation and manipulation of open-
shell perturbation expansions.

3.4 Orbital notation for open-shell atoms

Open shells arise in atomic and molecular systems if some but not all orbitals
from a given set of degenerate orbital functions are occupied by electrons. In order
to describe such systems by means of some approximate state vectors, different
possibilities exist of how the electrons from the open shells can be ‘distributed’
among the different orbital functions. For open-shell systems, therefore, one re-
quires model spaces which are usually more complex (and demanding with regard
to the necessary derivations) than those for a corresponding closed-shell struc-
ture, if the latter one exist at all. For example, in order to represent the excited
states of noble gases, the complexity of the model space increases very rapidly
with each additional ‘one-electron’ excitation (with regard to the ground state), al-
though the number of electrons is the same in all these cases and equivalent to the
closed-shell 'Sy ground state of these atoms. For open-shell structures, obviously,
the model functions do not coincide with the reference state |®) which, instead, is
taken usually as the ‘nearest’ closed-shell configuration. Apart from the (a) unoc-
cupied particle states and (b) occupied core states of the model space, we shall find
then (c) valence states which are occupied in some but not all the functions of the
model space, |¢y) € M.

Instead of having just one sort (c) of valence states, it is often more convenient
to distinguish two classes of such orbitals owing to their relative position (in en-
ergy) with regard to the Fermi level of the reference state |@). This leads us to the
following distinction of orbitals on which the GOLDSTONE program [cf. Subsec-
tion 4.7] is based below:
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virtual
orbitals
—0—0—0—0—
particle states
valence
orbitals
77777777777777 Fermi level
core—valence
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orbitals
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core
orbitals
e o o o

FIGURE10.1 Classification of the electron orbitals. Each ‘column’ in this figure can be
interpreted as (the occupation of) a determinant |¢y) € M from the model space. While it is
convenient to distinguish between four classes of orbitals for open-shell atoms and molecules
(left side), the definition of the Fermi level itself just separates the particle from the hole states
(right side).

(i) core orbitals designate the hole states (with regard to the many-electron vac-

uum |®)), which are occupied in all determinants of the model space |¢y) €
M;

(ii) core—valence orbitals are all those hole states which are unoccupied in at least
one determinant |¢y) € M;

(iii) valence orbitals are particle states which are occupied in some or all determi-
nants of the model space |¢) € M;

(iv) virtual orbitals denote all those particle states which remain unoccupied within
the whole model space M.

This classification of the one-electron orbitals is displayed in Figure 10.1. While,
due to this definition, it is possible to have completely unoccupied core-valence
orbitals or (completely) occupied valence orbitals in the model space, they could
be eliminated always by a proper re-definition of the many-electron vacuum state
|®). The distinction of the valence states into core—valence and valence orbitals
has the great advantage that we need not to deal explicitly with the particular
choice of the vacuum in the derivation of perturbation expansions. As we shall
see below, namely, the “projection upon the vacuum’ appears rather frequently in
the derivations for open-shell structures and can be carried out formally, if all the
core and core-valence orbitals (i.e. all the orbitals up to the Fermi level) are taken
into account separately from the rest of the orbital functions.

The re-definition of the vacuum determines also the (so-called) effective particle
character of a given quantum system or model space. In the following, we shall
often denote the desired many-particle states of the system (and the determinants
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of the model space) by their number of occupied valence orbitals m as well as the
number of unoccupied core—valence orbitals 7; we shall briefly refer to these states
as (m, n) states (model spaces). The 1s? 2s? 'S; ground state of beryllium-like ions,
for instance, can be described either within a (0,0) model space, with 1s and 2s
being both core orbitals, or by means of a (2,0) model space. In the latter case, the
2s and 2p orbitals are treated as valence orbitals, while only the 1s remains in the
core. Owing to the small energy separation of the 2s and 2p energies, the latter
choice of the model space would allows to treat the 2s? 4 2p? configuration mixing
within the model space and, hence, help improve the convergence properties of the
corresponding perturbation expansions. Moreover, a neon atom with an 2p — 3s
electronic excitation would be called an effective one-particle—one-hole (1,1) system
in this language.

3.5 Extended model spaces

For open-shell systems, multidimensional model spaces are necessary in general in
order to account for that the ‘unperturbed” solutions {|¢4)} of the model operator
H, are degenerate. If we act with the wave operator §2 in second quantization (40)
to the right upon some determinant |¢,) € M, we see of course that each term of
this operator leads to an excitation of occupied electron orbitals. These excitations
can be classified due to:

o internal excitations which lead simply to another determinant |¢g) € M of the
model space, or
e external excitation, carrying this function out of the model space.

Obviously, any excitation of a core orbitals or excitation into a virtual orbital al-
ways leads ‘out of the model space’ owing to our definitions above. The other
terms of the wave operator, in contrast, which include only creation and anni-
hilation operators of the (core—)valence orbitals, may result in either internal or
external excitations, in dependence also of the particular basis function |¢y) € M
under consideration.

For a simple treatment of the (RS) perturbation expansions, it is often desirable
to have just one wave operator §2, which is defined on the whole model space.
This desire requests however that the distinction of internal and external excita-
tions must apply for all determinants |¢y) € M in the same way [43]. This can be
seen, for instance, from the second term (on the rhs) of the Bloch Eq. (16) which
contains the operator product PV2P. The projector P, standing left of this prod-
uct, eliminates all contributions of the operator V2 which leads out of the model
space. For a single wave operator, acting on the whole model space, this projection
must be the same for all determinants |¢,) € M. We therefore find that an unique
dispartment of the excitations into internal and external ones is a necessary and
sufficient condition. The importance of the proper choice of the model space and
their classification has been discussed in detail by Lindgren [43].
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3.6 Projection operators. Representation of the model space

For open-shell systems, a simple treatment of the model space is as important as
the handling (and evaluation) of the operators in second quantization. On the rhs
of the Bloch Eq. (16), hereby the projection operator P appears in two different
ways: While the projector at the right side simply indicates that the wave op-
erator is defined only within the model space M, the second projector, which
appears ‘between’ the operators §2 and V, requires further care. In a graphical
representation of the wave operator, namely, this ‘sandwiched” projector leads to
the so-called folded or backward diagrams for all open-shell systems, which seem
to violate the LDT (at least at the first glance). When considered in more detail,
however, this ‘backfolding’ indicates that all excitations of this operator have first
to come back to the model space in order to account for correlations within the open
shells. The folding of the particle paths (within a diagrammatic representation) is
made usually to indicate that special care has to be taken about this sandwiched
projector operators wherever they appear in course of the derivation.

From a practical viewpoint, it has been found useful to assign formally a rep-
resentation in second quantization also to the projection operator

P= " Iga)ital = Y _ (a"),l0)0l(a),. (42)

aeM aeM

In this notation, (&T)a means an operator string of creation and annihilation oper-
ators which just ‘creates’ the model state |¢) out of the (many-electron) vacuum:

o) = ("), l0), (43)

with |o) = |®). Similarly, (4), designates the adjoint operator to this operator
string. From our classification of the electron orbitals in Subsection 3.4, it then fol-
lows immediately that the operators {(a"),}, which span the model space M due
to Eq. (43), may contain only annihilation operators of the core—valence orbitals
and/or creation operators of the valence orbitals. In Section 4.3 we shall define an
extended normal-order (sequence) of all operators in second quantization which
takes the classification of the electron orbitals in Figure 10.1 into account. From
the (second-quantized) representation (42) of the projection operator, however, we
see already that any ‘sandwiched’ P refers to an (intermediate) projection onto the
vacuum and, hence, to a restriction in the summation over the hole and particle
states as it is characteristic for most open-shell diagrams.

The intermediate projection of operators or states upon the vacuum can be
used also in order to classify the wave operator (and other perturbation expan-
sions) in a different way. In the Bloch Eq. (16) and the effective Hamiltonian He¢
in Eq. (10), namely, the ‘order’ of the individual terms in the perturbation expan-
sion is determined just by the number of interactions V, which occur in each term.
A different classification of the diagrams is obtained in the (so-called) ‘Q-box” for-
malism as applied, for instance, in nuclear physics. In this formalism, the ‘order’
of a perturbation expansion results from the number of ‘foldings’, i.e. the number
of projections |o) (o] upon the vacuum. In each of these new orders, the number of
interaction lines is no longer fixed but may vary from application to application.
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Algebraic transformation

Generalized
Bloch euation Atomic and molecular
—| Use of computer algebra |— Feynman Goldstone
Coupled—Cluster expansions
approximation
Graphical methods
Formal theory Application

FIGURE10.2 Different lanes for the derivation of atomic and molecular perturbation
expansions. They all aim for the derivation of formulas which can immediately be used for
numerical computations on the respective properties. The emphasis of the present work in
placed on the computer-algebraic line.

This approach, which has been investigated in nuclear structure theory [44], has
however not been applied so far for atoms or molecules.

In summary, there are three different lanes available for evaluating the op-
erator products on the rhs of the generalized Bloch Eq. (23) and for all effective
operators, such as the Hamiltonian (15) or any other interaction operator. These
alternatives are displayed in Figure 10.2; beside of the (i) purely algebraic trans-
formation, i.e. the use of the fermion anticommutation rules for the creation and
annihilation operators, {az, ar} = 8k, (ii) a variety of graphical methods and rules
have been developed during the last decades [8,37,38]. For atoms with simple shell
structures, for instance, these rules are explained and applied in rather detail in
the textbook by Lindgren and Morrison [1]. Today, a promising new alternative
is provided by (iii) computer algebra on which we shall place our emphasis be-
low. All of these three lanes aim for an transformation of the operator products
into a form which efficiently allows to read off the action of these operators (if
applied upon some function) and, eventually, to evaluate all requested matrix ele-
ments with regard to the model functions. In particular, all these methods help
translate the formal theory into a representation, from which the properties of
atoms and molecules can be obtained immediately. Even if Wick’s theorem (41)
is applied, however, the direct use of the anticommutation relations (upper lane in
Figure 10.2) is usually not feasible for most open-shell system—if not supported
by further computational tools. In the next section, therefore, we shall discuss how
computer-algebraic systems can be utilized nowadays to define the operators and
to perform all the transformations as described above. To this end, we shall briefly
introduce the GOLDSTONE program in Subsection 4.7, an computer-algebraic en-
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vironment which facilitates the interactive derivation of perturbation expansions
for open-shell atoms and molecules.

4. DERIVATION OF PERTURBATION EXPANSIONS

41 Feynman—Goldstone perturbation expansions

In the previous sections, we already saw how (perturbation) expansions arise due
to the evaluation of operator products in second quantization, such as V2 and
others, i.e. due to the re-arrangement all the operator strings in these products
into a normal-order sequence. In this transformation process, frankly speaking, the
electron anticommutation rule is applied successively to some particular pair of
particle-hole creation and annihilation operators (which are not yet in the proper
order), leading to an additional term every time when the creation and annihi-
lation operator of the same orbital functions in interchanged. Hereby, the term
perturbation expansion generally refers to either an algebraic or graphical represen-
tation of some operator or observable in terms of one-, two-, .. . n-particle integrals
which can be calculated later by means of any ‘complete” one-particle spectrum.
Typically, every atomic or molecular property, which is associated with one or
several states of the overall system, can be written in terms of such a (more or less
elaborate) expansion.

In the derivation of perturbation expansions, there are usually three tasks nec-
essary which have to be solved:

(a) the evaluation of the wave operator in normal order;

(b) the evaluation of the effective Hamiltonian Heg or effective perturbation Vg
as well as

(c) the use of the wave operator from above in order to derive the perturbation
expansion of any further property of interest.

These three tasks mark the path which we have to follow in order to proceed from
the Bloch Eq. (16), an operator equation, down to the computation of atomic and
molecular properties. Although these tasks can be solved also graphically, below
we describe how they can be handled by means of the GOLDSTONE program, our
computer-algebraic approach. Usually, each task above refers to the evaluation of
one (or several) Feynman-Goldstone perturbation expansions. These expansions
either concern an operator, such as the wave operator £2, or the simplification of
matrix elements, often calculated with regard to functions |¢y) € M from the
model space. After a full contraction of these Feynman-Goldstone expansions has
been achieved [see below], these expansions can be calculated quite easily using
the one-particle spectrum as supposed above.

In particular, having the model operator (34) and the wave operator (40) in sec-
ond quantization, we can evaluate the commutator on the lhs of the Bloch Eq. (16)
and bring it into its normal-order form by analyzing term by term,

[£2,H,] = Z{ajaj}(ei - e]')x]" + 5 Z{a}a}alak}(ei +6— e — e;)le 4.l (44)
i ijkl
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An analogue representation applies independently also for the wave operator £2(")
in every order n of the order-by-order expansion. That is, if we are able to bring
the operator products on the rhs of the corresponding Bloch equations (20)—(23)
into normal form, we can identify the terms on the left- and right-hand side in

order to express the amplitudes of the wave operator. For each order #, this finally

results in an equation for the coefficients x(';)l x(rll()ll] , ... which can be derived either

algebraically or by using graphical rules.

In fact, the wave operator §2 can be used to evaluate both, the effective Hamil-
tonian Hef as well as any other atomic or molecular property of interest. Since Heg
is defined only within the model space M, however, it is often more convenient

for open-shell systems to evaluate the matrix elements of Hg;f) = PHQ™P (or of
any other interaction operators) with regard to the functions |¢,) € M, instead
of deriving an explicit representation of the effective Hamiltonian. From the diag-

onalization of the Hamiltonian matrix, calculated up to the order # in the wave

operator, we then immediately obtain the energies up to the order n + 1, ESY as

well as the model functions [y) (up to the nth order). These model functions are
obtained

= > Wigp) (45)
BeM

as linear combination of those determinants {|¢g)} which span an orthonormal

basis in the model space; as usual, here the complex coefficients {c } are called
a representation of the atomic or molecular states in intermediate norrnahzatlon
Moreover, having the wave operator §2 and the model functions |¢), we see that
all other properties can be traced back always to matrix elements between the
unperturbed functions (determinants) |¢,) € M, rather independent on the par-
ticular form of the corresponding (transition) operator.

4.2 Vacuum amplitudes

Unlike the wave operator, the two other tasks above, (b) and (c), require he evalu-
ation and simplification of matrix elements of effective operators

(BelAciilp) = (0](@)aAci(a") 4o) (46)

with regard to the functions {|¢)} of the model space. Apparently, if we ‘combine’

all the creation and annihilation operators of (@), and (&T)ﬂ with those from the
effective operators, this evaluation is equivalent to the computation of (so-called)
vacuum amplitudes. If, for instance, we bring the (newly constructed) effective op-

erator (&)aAeff(ﬁT)ﬁ into normal form, we find that all terms vanish identically,

<o|a:aj ...axfo) =0,
for which not all the creation and annihilation have been contracted completely, i.e.

for which some of these operators remain (and where the vacuum state has been
supposed to be normalized, (0|o) = 1). The analysis of these vacuum amplitudes
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in the manipulation of operator (strings), in particular, facilitates the treatment
of open shells; they are very useful also for any computer-algebraic manipulation,
since all shell structures can now be treated analogously and on equal footing with
the atomic or molecular interactions (operators). This evaluation of the vacuum
amplitudes makes it clear again why it is essential to bring first all the creation and
annihilation in the operator products into their normal order—before we should
begin with any numerical computation of the perturbation expansions.

For the calculation of the total (or correlation) energies, the effective Hamil-
tonian or effective perturbation are the operators we need to consider,

Aetf = Heft O Actt = Ve,

respectively. In studying other atomic and molecular properties, however, we of-
ten have to calculate the matrix elements of various one-particle F = Z;\’ f(xp) or

two-particle operators G = Z;\L q 8(xp, 1g), symmetric in all pairs of particle indices
[y, 14]. In these operators, the summation index p(g) runs over the coordinates of
the N electrons of the system. For these operators, a second-quantized form can
be obtained usually analogue to the representation of the (one- and two-particle
contributions of the) perturbations V1 and V; in (37)—(38)

F= Za aitilflj) = > _{ala;}ilf1j) +Za|f|a (47)

ij

Za a; ma(ij|g|kl)
l]kl

= Z ajal i (jlglkl) + ) " {ala;} )" ((ialglja) — (ialglaj))

z;kl ij
1
+ 5 2_((@blglab) — (ablg|ba)). (48)
ab

As for the effective Hamiltonian, in general, we need the matrix elements of
these operators with regard to the model functions |¢,) but not for those functions
from outside of the model space, i.e. the complementary space H © M (which is
described not even by the Bloch equation). Therefore, the corresponding effective
operators are

Aeii = 2TF2 and Ay = 27GSR2. (49)

With this notation and the vacuum amplitudes (46), we can summarize the result
of this section by saying that the wave operator 22" as well as any effective oper-
ator and matrix element can be written always as perturbation expansion, indepen-
dent of the particular shell structure of the system. More often than not, moreover,
we shall be interested only in the vacuum amplitudes on the rhs of Eq. (46), i.e.
only in the completely contracted terms of the operator product [(@)eAege(d’)s],
once it has been brought into its normal-order sequence. In fact, these are the
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only terms which eventually ‘survive’ through all the manipulation of the oper-
ator terms or diagrams.

With this brief discussion of the three basic steps (a)—(c) from Subsection 4.1,
we have arrived at our original destination to represent all physical quantities
of interest as sum (of products) of one- and two-particle amplitudes. In practice,
each of these expansions are often lengthy and the complexity of these expansions
increases rapidly if the number of particle and holes is increased in the valence
shells. The latter can be seen easily from the fact that each (valence-shell) particle
of hole introduces an additional creation or annihilation operator into the operator
strings (@), and (&T)ﬁ, respectively. In contrast to other, e.g. multiconfigurational,
expansions of the wave functions, however, the explicit form of the approximate
states |,) cannot be derived so easily in MBPT or the CCA. For this reason also, a
straightforward and simply handling of the perturbation expansions decides how
successfully the theory can be applied to open-shell atoms and molecules in the
future.

4.3 Extended normal-order sequence of operator strings

If applied to the reference state |®), an operator {A} in normal order enables us
immediately to recognize those terms which ‘survive’ in the computation of the
vacuum amplitudes. The same applies for any model function and, hence, for real
multidimensional model spaces, if a proper normal-order sequence is defined for
all the particle-hole creation and annihilation operators from the four classes of
orbitals (i)—(iv) in Subsection 3.4. In addition to the specification of a proper set
of indices for the physical operators, such as the effective Hamiltonian or any
other one- or two-particle operator, however, the definition and classification of
the model-space functions now plays a crucial role. In order to deal properly with
the model-spaces of open-shell systems, an unique set of indices is required, in
particular, for identifying the operator strings of the model-space functions (),
and (&T)ﬁ, respectively. Apart from the particle and hole states (with regard to
the many-electron vacuum), we therefore need a clear and simple distinction be-
tween different classes of creation and annihilation operators. For this reason, it is
convenient for the derivation of open-shell expansions to specify a (so-called) ex-
tended normal-order sequence. Six different types of orbitals have to be distinguished
hereby in order to reflect not only the classification of the core, core-valence, . ..
orbitals, following our discussion in Subsection 3.4, but also the range of summa-
tion which is associated with these orbitals. While some of the indices refer a class
of orbitals as a whole, others are just used to indicate a particular core-valence or
valence orbital, respectively.

In the GOLDSTONE program below, we distinguish the following six types of
orbitals with the following indices:
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1,72, .. index to represent a summation over all virtual and valence orbitals;

my, My, . .. summation index only over all valence orbitals;

ny,ny,. .. any (fixed) index of some valence orbital which need to be specified
explicitly at some proper stage of the computations;

€1,€2,. .. summation index over all core and core—valence orbitals;

by,by,... summation index only over all core—valence orbitals;

ai,an,. .. any (fixed) index of some core—valence orbital which, again, need to

be specified at some proper stage of the computations.

While the (small) letters indicate the index type, different indices of the same
type are distinguished by an additional integer. Although this notation is in slight
contrast to what is usually applied in most textbooks about many-body perturba-
tion theory, it has great advantages for the computational implementation. As indi-
cated above, any summation index now carries all information about the class(es)
of orbitals and the summation associated with it. For instance, in order to define
the Fock space function (43), we can simply use one or several fixed valence or
core—valence orbitals by taking the orbital indices n1,ny,... or a1,4; ..., respec-
tively, and without that these functions would have to be specified already right
from the beginning of the derivation.

With this definition of the orbital indices, we now say that any (given) string of
creation and annihilation operators obeys an extended normal-order sequence,

(aj) - (%:1) - (”L) — (aq) — (ap) — (ac) — (ﬂz) - (a;) - (’12) — (an) — (am) — (ar),
(50)
if these operators are arranged in a way, so that all creation operators of virtual
orbitals appear left of all creation operators of valence orbitals (and including each
an implicit summation) and, in turn, left of all creation operators of fixed valence
orbitals—and so on—up to left of all annihilation operators of virtual orbitals. Such
an ordering of the creation and annihilation operators enables one easily to ‘read
off’, for example, the action of a projector operator P which occurs on the left- or
right-hand side of such an operator string. Moreover, each individual term (dia-
gram) of the perturbation expansion now contains all the information about the
necessary summations over the various orbitals which have to be carry out in fur-
ther computations.
In fact, the definition of the extended normal-order sequence (50) is very crucial
to our implementation of the GOLDSTONE program. Therefore, in order to make
this convention more transparent for the reader, let us consider the effective one-

particle part of the operator (47), F1 = Zij{ajaj}(i If1j). Using the definitions of the
orbital indices from above, this operator can be explicitly written as

F1 = a}ay, (n|fIr2) + a ac, (n1|flca) + all ar, (c1|f|r2) + acyal (c1lflc2),  (51)

where an implicit summation (over the corresponding part of the one-electron
spectrum) is associated with the indices r1,72,c1 and c. Moreover, if we project
this operator to the right upon the model space of an alkaline-earth metal (i.e. for
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an effective two-particle system), the operator products F1P then simply reads

F1P = af am, (r1|fIm2) + a5 ac, (r1|f1c2) (52)

due to the representation (42) of the projection operator. Finally, for example, the
Fock space representation of an (excited) alkaline-earth type model function is

(ns n'p) — a} ay |o), (53)

including the two fixed but yet unspecified indices 11 and #; in order to represent
two valence orbitals.

4.4 Angular reduction

Often, a remarkable simplification in the evaluation of individual Feynman-
Goldstone diagrams (terms in an perturbation expansion) can be achieved, if the
symmetry of the system and the corresponding one-electron orbitals is utilized.
Clearly, this simplification depends on the particular system under consideration
and is quite different for atoms, molecules, quantum dots, etc.; it also depends,
for instance, of whether a nonrelativistic or relativistic framework is applied for
calculating the individual contributions [45]. For open-shell atoms and molecules,
unfortunately, a ‘symmetry-adapted” MBPT has never been worked out in full de-
tail, although this request has been known for many years now and it would still
be highly desirable to have it done [46,47]. Howevert, since we shall focus in this
contribution on the derivation of the perturbation expansions in the language of
‘one-electron orbitals’, not much need to be said here in general about the symme-
try reduction of the Feynman—Goldstone diagrams.

For free atoms especially, the integration over all the spin and angular variables
(in the standard notion of spin-orbital functions) can be carried out analytically
in most expansions due to the symmetry of the one-electron functions with re-
spect to a rotation and inversion of the coordinates. In this case, each orbital index
a = (an, aj, am;, am,) is equivalent to four quantum numbers, the principal quantum
number a,,, the orbital number g; as well as the two magnetic quantum numbers a,,,
and a,,, within the nonrelativistic theory and quite similar also within a relativis-
tic framework, respectively. Using the techniques of Racah’s algebra [48], its then
often possible to replace the summation over all the magnetic quantum numbers
by a proper product of Wigner 6 — j and/or 9 — j symbols (and some characteristic
factors), at least, if a closed-shell determinant is assumed for the reference state
|®). For atoms, this analytical evaluation of the one- and two-particle amplitudes
is known also as angular reduction of the Feynman-Goldstone diagrams in the lit-
erature [13,49,50].

To support such a symmetry reduction of diagrams (as well as of other expres-
sions from Racah’s algebra), we developed the RACAH program during the last
decade [51,52]. Figure 10.3 displays a typical (Racah) expression as it occurs fre-
quently in the spin-angular integration of quantum systems and at many places
elsewhere. Most generally, these expressions may contain any number of Wigner
3n — j symbols, spherical harmonics, rotation matrices, etc. Since a first version of
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FIGURE10.3 Structure of Racah expressions as simplified by the RACAH program [51,52].

the code in 1997, the RACAH program has grown considerably and has been up-
dated in a number of steps [53-55]. Today, this program provides an interactive
and user-friendly tool which is organized in some hierarchical order. In addition
to the algebraic manipulations, we now support also numerical computations for
a wide class of symbols and functions as discussed in Ref. [56].

4.5 Basic steps in deriving perturbation expansions

In Subsections 4.1 and 4.2, we saw how the wave operator §2 and the matrix ele-
ments of all effective operators, if calculated with regard to the eigenfunctions of
the model operator H,, can be traced back always to a sum of Feynman-Goldstone
terms (or diagrams if derived graphically). It is this form which we call an atomic
or molecular perturbation expansion. To explain the procedure of deriving such
expansions for open-shell atoms and molecules, let us now explain the four ba-
sic steps in the derivation by using a notation, which is closely related to the
computer-algebraic manipulation of the operators and matrix elements. Further
details on the implementation of these steps within the framework of MAPLE will
be outlined later in Subsection 4.7.

Although the size and complexity of the perturbation expansions increases
rapidly with any further particle in either the valence or core-valence orbitals,
the steps below are rather general and independent of the shell structure of the
particular atom or molecule. In the following, therefore, we assume only that all
the operators of interest have a representation in second quantization and that the
matrix elements are calculated with regard to the basis function |¢,) € M from
the model space. Then, the four steps below apply for both, the computation of
correlation energies as well as for many other atomic and molecular (transition)
properties:

1. Evaluation of the operator products as they occur either on the rhs of the Bloch
Eq. (23) or in the definition of the effective operators (15) and (49). The aim of
this step is to bring all the creation and annihilation operators (in each term
of the expansions) into the extended normal-order form (50). The result is a
sequence of normal-ordered operator terms (briefly referred to as Feynman-
Goldstone diagrams).

2. Definition and representation of the model space. To characterize (the basis functions
of) the model space, we make use of the number of occupied valence orbitals and
the number of unoccupied core—valence orbitals. Within the orbital language of
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the perturbation expansions, these ‘occupation numbers’ determine entirely the
form of the projection operators (42), i.e. the number of creation and annihila-
tion operators with fixed orbital indices 71,7, ... and ay,ay, ..., respectively.
The basis functions |¢,) € M are described as Fock space functions (43) with
regard to the reference state |@), while the dual functions (¢g| can be generated
easily by applying the (adjoint) creation and annihilation operators in reversed
order. This representation is particularly simple as long as the shell structure
obeys a (1,0) and (0, 1) model space with either a single valence electron or a
single (valence) hole, respectively. In the case of two or more valence electrons
and/or holes in free atoms, in contrast, it might be more appropriate to couple
the basis functions of the model space right from the beginning in a way in or-
der to have a well-defined total angular momentum |, but details about such a
coupling procedure is beyond of the scope of the present work.

3. Evaluation of the vacuum amplitudes (46) as they arise by combining the operator
strings from step (1) and the Fock space representation (i), and (a') g of the
model space functions from step (2). As described above, there is no summa-
tion associated with the indices n; and 4; in the definition of the model-space
functions (43).

In course of the evaluation of the vacuum amplitudes, only those terms “sur-
vive’ eventually in this step which are completely contracted, i.e. those with no
creation or annihilation operators at all in the final expression. In other words,
each (non-zero) vacuum amplitude is written as a superposition of just one- and
two-particle matrix elements of various kinds (due to the one- and two-particle
character of all atomic and molecular interactions), and including summations
over the core, core—valence, valence and/or virtual orbitals. In certain cases, it
has been found useful to combine the steps (1) and (3) and to evaluate the vac-
uum amplitudes directly from the rhs of the ‘full” matrix elements in second
quantization.

4. Symmetry reduction of all completely contracted Feynman-Goldstone ‘dia-
grams’. This step depends on the particular representation of the one-particle
spectrum as outlined in Subsection 4.4 and is the angular reduction in the case
of free atoms.

Once these steps have been performed successfully for a given property and
shell structure of the system, there remains only the (summation of the) one- and
two-electron amplitudes which have to be calculated numerically. Often, the com-
putation of these (radial) amplitudes takes the most (CPU) time and need to be
implemented by a traditional, algorithmic language rather than in the framework
of computer-algebraic systems [57,58]. For complex quantum systems, however,
similar amplitudes usually appear at different places in the perturbation expan-
sions and, hence, terms of different sorts might be ‘combined’ algebraically before
the numerical computations start. In a graphical representation, such ‘common’
pieces of otherwise topological different diagrams are called ‘fragments” which
can be manipulated also by means of computer-algebraic tools.
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4.6 Advantages of using computer algebra

Today, computer algebra is known for providing an efficient route in many fields
of advanced scientific computing. New generations of general-purpose computer-
algebra systems (CAS), such as MATHEMATICA, MAPLE and several others, have
been developed and enable their user to solve complex tasked within a uniform
framework and, usually, at one and the same platform. The term ‘technical com-
puting’ has been coined to denote the ability of modern-day CAS for combining
symbolic algorithms, fast numerical computations, programming, visualization,
and up to the presentation of scientific documents. Despite its great merits, how-
ever, symbolic techniques are not yet so widely used in atomic physics or quantum
chemistry, neither in research nor in education. Therefore, before we shall describe
the implementation of the GOLDSTONE program, let us briefly summarize the
advantages of computer algebra for deriving and evaluating perturbation expan-
sions.

Several features make general-purpose CAS very useful for research in ap-
plied mathematics. Apart from (i) the fast and reliable manipulation of standard
mathematical expressions, these features concern in particular (ii) the sound math-
ematical foundation of most CAS, i.e. their broad knowledge about the rules in
making transformations of different types. Often, moreover, (iii) the treatment of
large expression is an important pre-condition for dealing with complex chemi-
cal or physical systems and are of utmost practical significance for the description
of quantum many-particle systems. For these few reasons alone, the importance
of symbolic methods can hardly be overrated. By developing a proper (hierarchy
of) algorithms and symbolic tools, a great potential is seen especially for all those
formalisms which are well established mathematically but which become cum-
bersome (or even prohibitive in practice), if applied to complex systems [59-61].
For the derivation of atomic and molecular perturbation expansions, in particular,
CAS facilitate:

o the creation of a problem-adapted language which is closely related to the math-
ematical formulation of the MBPT and the coupled-cluster ansatz;

e to make the derivation of the perturbation expansions more transparent for the

user;

the derivation of expansions independent of the shell structure of the systems;

to follow new ideas in many-body perturbation theory;

the reliability of the derivations;

a user-friendly and interactive work.

In the derivation of perturbation expansions, the request for ‘reliability” con-
cerns especially the handling of the phases and weights for which the traditional
routes [cf. Figure 10.2] are prone for making errors. For a large number of terms
(in a given perturbation expansion), moreover, one may get confused quite eas-
ily about the expansion as a whole and about the various possibilities for defining
proper ‘approximations’ to these expansions; overall, computer-algebraic tools al-
low here a reliable book keeping of all the operators and amplitudes which appear
in course of the derivation.
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At the first glance, the ‘transparency’ in deriving atomic and molecular per-
turbation expansions, mentioned above, might be less obvious since many of the
details remain hidden of course to the user by applying computer-algebraic tools.
Here, the main advantage in utilizing these tools arises from the fact that one can
focus on (and check for alternatives of) a certain part of the derivation, without that
all the transformations before and after this particular step need to be performed by
hand explicitly. Moreover, these tools usually enables one to keep the full expan-
sion together without the need to split it into several pieces. In general, such a
‘black-box” approach is likely to be even necessary in order to manage a certain
complexity as given often by open-shell atoms and molecules.

4.7 The GOLDSTONE program

The four basic steps in the derivation of perturbation expansions, outlined in Sub-
section 4.5, can be implemented most easily by means of a general-purpose CAS
with a wide-spread use in the community of atomic and molecular structure the-
ory. Making use of MAPLE’s symbolic environment, therefore, the GOLDSTONE
program has been developed as an interactive tool for deriving perturbation ex-
pansions for different shell structures and properties of atoms and molecules.
Apart from the ‘evaluation’ of general operator products in second quantization,
i.e. from transforming them into a sequence of normal-ordered operator terms, this
program facilitates the definition of interaction operators, model spaces as well
as classifications of various sorts. It also supports the successive solution of the
Bloch Eq. (23) order-by-order, at least, as far as CPU time and memory is available.
Owing to its interactive design, we expect the GOLDSTONE program of common
interest, both in teaching atomic and molecular perturbation theory as well as for
carrying out advanced research studies.

From the very beginning, hereby, emphasis was placed on developing a self-
contained and user-friendly tool, which neither requires detailed knowledge about
the theoretical background of MBPT nor about the special names and abbrevia-
tions as used in the literature. Instead, attention has been paid for designing a
‘language’ as close as possible to standard applications in atomic and molecular
structure. A first example in using the program will be shown below in Section 5
in deriving the expressions for the second- and third-order correlation energies of
closed-shell atoms and ions.

Following MAPLE’s philosophy, the GOLDSTONE program has been organized
in a hierarchical order. It presently includes about 120 individual procedures
which can be invoked either interactively or simply as language elements in order
to built up commands at some higher level of the hierarchy. In practice, however,
only about 20 (main) procedures need to be known by the user; they are briefly
summarized and explained in Table 10.1 for providing the reader with a first
impression about the GOLDSTONE program. One of the basic procedures is, for
example, Goldstone_OperatorProduct () for evaluating the operator prod-
uct of two or more terms, oplist; x oplist, x - - - x oplist,, including all the possible
contractions. In this routine, each argument, oplist;, can be either an individual op-
erator term (diagram) or perturbation expansion by its own. Figure 10.4 shows a
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TABLE 10.1

Main commands of the GOLDSTONE program for deriving atomic and molecular per-

turbation expansions within an (one-electron) ‘orbital picture’

Goldstone_ApplyWickTheorem()

Goldstone_convert ()

Goldstone_DefineModelFunction ()

Goldstone_IsNormalOrdered ()

Goldstone_LinearizeOperator ()

Goldstone_NormalProduct ()

Goldstone_OperatorProduct ()

Goldstone_print ()

Goldstone_ProjectOperator ()

Goldstone_select ()

Goldstone_SetAdjoint ()

Goldstone_SetModelSpaceOccupation ()

Goldstone_SetNormalOrder ()

Goldstone_SetOperator ()

Goldstone_simplify ()
Goldstone_SolveNextOrderEnergy ()

Goldstone_SolveNextOrderOmega ()

Goldstone_type ()

Goldstone_VacuumExpectationvValue ()

Applies Wick’s theorem to either a single diagram or
a whole expansion of diagrams.

Converts certain expressions between different
representations.

Defines either a (bra| or |ket) model function (43)
with regard to the references state |®).

Returns a boolean value true if an expression is
normal-ordered and false otherwise.

Linearizes an expansion with regard to a given
operator.

Evaluates the normal-order form {A-B- - - -} of a prod-
uct of two or more operators in second quantiza-
tion.

Evaluates the operator product A - B - - - - of two or
more operators in second quantization, including all
contractions.

Prints an operator expression in a fast and conve-
nient way.

Projects a given operator expansion to the lhs or rhs
onto the P or Q space.

Selects different kinds of diagrams from a given
expansion.

Returns the adjoint operator for a given expansion.
Define the occupation of the model space in terms
of the number of valence-particles and the number
of valence-holes.

Brings an operator expression into normal-order; i.e.
into an extended normal-order-sequence as defined in
Eq. (50).

Defines the internal representation of various
operators.

Attempts to simplify an expansion.

Solves the energy diagrams E/*+1) of the order-by-
order Bloch Eq. (23) by starting from the nth order
solution of the wave operator 2,

Solves the wave operator diagrams £0+1 of
the order-by-order Bloch Eq. (23) by starting
from the nth order solution of the wave operator
20,

Returns a boolean value true if an expression has a
given type or false otherwise.

Evaluates the vacuum expectation value (46).
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Goldstone_ApplyWicksTheorem(oplist)

Applies Wick’s theorem to the first creation or annihilation operator which is not in normal-order with
respect to all other operators on its left-hand side. oplist can be either of type diagram or expansion.

Output: An expansion is returned.

Additional information: Wick’s theorem is independently applied to the first non-ordered operator in
each diagram. & All contracted terms are included in the output. Because Wick’s theorem is applied
just to the first non-ordered operator (by going from the left side to the right) only single-contractions can
occur. #oplist may contain also some projection operator |0) (0| onto the vacuum in the operator string.
& Some string of creation and/or annihilation operators is said to be non-ordered if this string does not
form a normal-order sequence.

Goldstone_OperatorProduct(oplist; ,oplisty,. . .,oplist;)

Evaluates the operator product of oplist; x oplist, x - - - x oplist,, including all contractions where oplist;
can be either of type diagram or expansion.

Output: An expansion is returned.

Additional information: The output contains usually more than (17 x np x - -+ x 1) diagram where
n; is the number of diagrams in oplist;. # Besides the normal-order part of the product, all terms which
result from the contraction of the 1 operators are also included.

FIGURE10.4 Part of the user manual as provided for the GOLDSTONE program.

short description of this command as it will be found also in a user manual which
is currently prepared together with the code. To distinguish the commands of the
GOLDSTONE program from MAPLE’s internal functions, they all start with the pre-
fix Goldstone_. Beside of the main procedures, there are many other functions
which are not visible for the user but applied at some hidden level in the hierarchy.

Internally, the GOLDSTONE program is based on a number of data structures,
such as diagram to represent a single operator term or expansion to represent
a perturbation expansion as a whole, i.e. a sequence of different terms with pos-
sibly different topology. In Figure 10.4, we have used this notation to characterize
the type of the arguments and the (expected) output of procedures. Moreover, we
often use the term oplist if either of these data structure may occur as an ar-
gument. Apart from the computational requests concerning the memory and CPU
time of the code, there are no further restrictions of the GOLDSTONE program with
regard to the number and complexity of the individual diagrams.

5. APPLICATION OF THE GoLDSTONE PROGRAM

5.1 Wave operator and energy corrections

To illustrate the use of the GOLDSTONE program, let us consider the wave opera-
tor and correlation energies of some atom or molecule. For close-shell systems, of
course, we can choose always a 1-dimensional model space, |o.), which coincides
with the reference state |@). In this case, the total energy of the system up to first
order is equal to the vacuum expectation value of the normal-ordered Hamiltonian
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H=H,+V,
EQ + E® = (0.|H|oc)

e+ ZE(VHW + (ol - V<r>|a>], (54)

which can be written by means of the Hartree-Fock potential Vyr. In this ex-
pression, V(r) denotes an (arbitrary) potential as applied in the generation of
the one-particle spectrum, for instance, by diagonalizing the one-particle Hamil-
tonian, h = —% + Vhuc(r) + V(r), within a proper basis set. Since the total energy of
the atom cannot depend on such an arbitrary choice of the potential V(r), it is not
surprising that it is subtracted again in expression (54). In particular, if we apply
the Hartree—Fock potential, V(r) = Vg, for generating the one-electron spectrum,
we just obtain the standard Hartree—Fock expression for the total energy (in first
order)

Eup =) € — % > (Vr)a-
a a

For all higher-order correlation energies (of closed-shell systems), moreover, we
can follow similar lines and evaluate the vacuum expectation values EM =
(0¢|V2"=D)o,). This results in the standard Moeller-Plesset expressions for the
energy corrections.

For open-shell atoms and molecules, in contrast, the computation of the total
energies requires to evaluate first the individual terms of the wave operator 2%
and the energy E® successively order-by-order up to an given order n. Having
the wave operator, M =00 4+ o0 4 ... 4+ 20 we need to evaluate the matrix
elements of the effective Hamiltonian (15) or (18) with regard to the model space.
For this, we can follow immediately the steps in Subsection 4.5, once the occupa-
tion of the model space, i.e. the shell structure of the atoms or molecules, has been
specified in terms of the number of valence particles and the number of valence holes
of the system [cf. Goldstone_SetModelSpaceOccupation () ].

5.2 Evaluation of the second- and third-order correlation energies
for closed-shell atoms

With these few remarks above, we are prepared to demonstrate the interactive use
of the GOLDSTONE program. For the sake of simplicity (and in order to keep the
output of the program feasible for this contribution), we shall restrict ourselves to
the low-order correlation energies of closed-shell atoms. The treatment of open-
shell systems will be shown elsewhere, together with a more detailed description
of the code. For a first encounter with the GOLDSTONE module, however, we shall
display here the steps as needed to obtain the second- and third-order correla-
tion energies. This includes the evaluation of the wave operator (up to second
order) which could be utilized-later-also for calculating other properties, such as
correlation energies [62,63], g-factors [64], hyperfine structures and isotope shifts
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[65,66], quadrupole moments [67], decay rates [68], parity non-conserving transi-
tions [69,70], photoionization cross sections [71], and several others.

Not much need to be said here to understand the MAPLE dialog below; once,
the GOLDSTONE program has been loaded by executing the command
> with(Goldstone) ;
all the procedures of this code can be utilized as any internal command of MAPLE.
As usual, every command has to be terminated by either a colon or semicolon,
where the former is used in order to suppress the output to screen. The orbital in-
dices, which are shown below, correspond directly to the distinction of the core,
core-valence, valence and virtual orbitals as explained above in Subsection 4.3,
and including the implicit (Einstein) summation over all those indices which ap-
pear twice within a single diagram (operator term).

We first define the rest interaction V for the case that the one-particle spectrum
has obtained by means of an arbitrary potential V. In the GOLDSTONE program,
this operator can be assigned to the variable Vrest by entering

> v0 := Goldstone_SetOperator ("V0") :
> vl := Goldstone_SetOperator ("V1i") :
> v2 := Goldstone_SetOperator ("V2") :
> Vrest := Goldstone_AddOperators(v0,vl,v2):

In addition, we need to specify the occupation of the model space in terms of
the number of valence particles and the number of valence holes,
Goldstone_SetModelSpaceOccupation(0,0) ;

Occupation numbers nvp = 0 and nvc = 0

which are both zero for closed-shell atoms. From these occupation numbers, usu-
ally, the program derives the internal representation of the model functions (43) in
second quantization, i.e. the number of fixed orbitals n and a of these functions.

With these definitions of the perturbation and the model space, we can now
solve successively the Bloch equation (16) for the energy corrections (e,) and wave
operator (w;). As discussed above, we shall need the wave operator up to order
(n — 1) if we wish to determine the energy correction to order n:

> el := Goldstone_SolveNextOrderEnergy (Vrest) :
> wl := Goldstone_SolveNextOrderOmega (Vrest) :
> e2 := Goldstone_SolveNextOrderEnergy (Vrest) :

> Goldstone_print(e2):

===> (-1)"0 1 vl(cl|r2) vl(r2|cl) X0 1 / ( ( + Er2 - Ecl ) )

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, 1
===> (-1)"2 1/2 v2(cl;c2|r3;r4) v2(rd;r3|c2;cl) X0 1 / ( ( + Erd + Er3 - Ecl - Ec2 ) )
___________________________________________________________________________________ 2
===> (-1)"1 1/2 v2(c1;c2\r3;r4) v2(r4;r3\cl;c2) X001/ ( (+ Erd + Ex3 - Ec2 - Ecl ) )

Every term in this expansion (as indicated by the integer at the end of the line) rep-
resents a Feyman-Goldstone diagram and could be drawn also graphically. These
are the (three) well-known ‘diagrams’ of the second-order correlation energy for
closed-shell systems as found at different places in the literature. If we assume a
Hartree—Fock (one-particle) spectrum, instead,

> VHF := Goldstone_AddOperators (v0,v2):
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_ 1{erca|onplrary) (rarslonzlcacy) 20520

2 (€ry +€ry — €c; —€cp)
1 (c1colo12|r374) (rar3|vi2lc1€2) 20820
2 (€ry +€ry — €y —€cq)

1 (c1e2lv121r374) Vo Vo (rar3|vialcact ) 20829
2 (€ry +€ry — €c; — €cy)€ry +€ry — €0 — €cy)

1 {eiealvinlrara) VoVo(rarslvialeico) 20820

2 (51’4 + 57’3 - €C2 - €C1 )(57‘4 + 573 - ECZ - SC])

1 {c1colonp|rary) (rar3|vinlrsre) (rets|v12lcact) 20820
2 (erg +e€rs —€c; — €cy)ery +€ry — €cy — €cy)

1 (c1ca|v1alrary) (rarslvinlrsre) (rerslv12lc102) 20820
2 (erg +€r5 — €cy — € )ery +€ry — €0y — €cq)

_{c1c|vnlrary) (racs|onalrect ) (r3re | v12]C5¢2) £20 520
(€r3 + €rg — €cy — €cs)ery + €ry — €c) — €cy)

(crc2]v12lr374) (racs|v12lreca)(rarelvinlesc:) $20820
(€ry +€rg — €c; — €c5)€ry + €ry — €cy — €cq)

FIGURE10.5 WTEX output of the GOLDSTONE program for the third-order energy correction for
closed-shell atoms and molecules. Only the first eight (out of (14)) terms are show in this figure.
See text for further explanation.

the first term must vanish due to Brillouin’s theorem and only the last two terms
would ‘survive’ in the expansion, known sometimes as the direct and exchange
diagram.

Suppose we have started from a Hartree-Fock spectrum, that is we have used
the variable VHF in all the steps above. Then, the third-order correlation energy for
closed-shell atoms is obtained with the GOLDSTONE program by typing
> w2 := Goldstone_SolveNextOrderOmega (VHF) :
> e3 := Goldstone_SolveNextOrderEnergy (VHF) :

Here, we shall not ‘print’ the expansion immediately to screen by using the Gold-
stone_print () command but write the corresponding IAIEX output to the file
out.tex

> Goldstone_print_latex("header", ‘out.tex'):

> Goldstone_print_latex("expansion",e3):

> Goldstone_print_latex("end") :

The result is seen in Figure 10.5 where, however, we have restrict the output to
the first few terms. For closed-shell systems, there are in total 14 diagrams in the
expansion of the third-order correlation energies which can be compared directly
with the expression by Blundell et al. [72], if we replace £29 = 1 in order to adopt
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this output for a wave operator in intermediate normalization. In the interactive
treatment of the perturbation expansions, moreover, one can often combine topo-
logically equivalent diagrams by using the command Goldstone_simplify (),
which has a number of optional arguments.

6. FINAL REMARKS

Although many-body perturbation techniques have proven to be very accurate
and efficient in predicting a large variety of atomic and molecular properties, not
too many studies exist (so far) for open-shell systems, in particular if two or more
electrons (and/or holes) reside outside of closed shells. For such shell structures,
the main challenge in applying the Rayleigh-Schrodinger theory arises today from
the complexity of the perturbation expansion which increases rapidly with the
‘order’ of the perturbation and the number of open shells. To make such perturba-
tion expansion manageable, computer-algebraic algorithms offer a very promising
route whose full ‘strength’ can hardly be foreshadowed

In this contribution, we have described the basic steps in obtaining atomic and
molecular perturbation expansions from the view point of computer-algebra. In
particular, it is shown how the derivation of Rayleigh-Schrédinger expansions can
be traced back always to a few basic steps as outlined in Subsection 4.5. With the
design of the GOLDSTONE program, moreover, we provide a flexible and powerful
tool for interactive work whose syntax resembles the (mathematical) ‘language’ as
used formally for deriving such perturbation expansions. This program is based
on Wick’s theorem and an algebraic representation of the model space, i.e. of its
basis functions and projectors; it can therefore be applied to most open-shell atoms
and molecules rather independent of the particular shell structure and the number
of perturbations (operators) involved.

Today, the main emphasis in applying the Rayleigh-Schrodinger theory and
coupled-cluster approach is placed certainly on the computation of correlation en-
ergies and bound-state transition properties. In contrast, less attention has been
paid to ‘bound-free’ transitions concerning the emission or capture of electrons by
atomic and molecular systems. These processes are typically associated with inner-
shell ‘holes” and, hence, additional open shells. For medium and heavy elements
(and ions), moreover, a relativistic theory is required right from the beginning in
order to describe them properly [73,74]. The same arguments held if many-body
perturbation techniques ought to be applied to the properties of super-heavy el-
ements [75-77]. Therefore, beside of the no-pair approximation which neglects
the negative continuum and radiative (QED) corrections, the merging of many-
body perturbation and QED techniques has been discussed recently by Lindgren
and coworkers [4,78]. Although the full power of these new developments is not
yet foreseeable, this brings us back to a current ‘highlight” of atomic physics to
which Ingvar Lindgren has contributed significantly. Computer-algebraic tech-
niques may help apply and extent these ideas to a large number of atomic and
molecular systems.



214 S. Fritzsche et al.

REFERENCES

[1] L. Lindgren, J. Morrison, Atomic Many-Body Theory, second ed., Springer, Berlin, 1986.
[2] 1. Lindgren, . Phys. B 7 (1974) 2441.
[3] I. Lindgren, H. Persson, S. Salomonson, L. Labzowsky, Phys. Rev. A 51 (1995) 1167.
[4] 1. Lindgren, S. Salomonson, D. Hedendahl, Phys. Rev. A 73 (2006) 062502.
[5] K.A. Brueckner, Phys. Rev. 97 (1955) 1353.
[6] K.A. Brueckner, Phys. Rev. 100 (1955) 36.
[7] H. Bethe, Phys. Rev. 103 (1956) 1353.
[8] J. Goldstone, Proc. Roy. Soc. A 239 (1957) 267.
[9] A. De-Shalit, I. Talmi, Nuclear Shell Theory, Academic Press, New York, 1963.
[10] H.P. Kelly, Phys. Rev. 131 (1963) 684.
[11] H.P. Kelly, Phys. Rev. 136 (1964) 896.
[12] L. Lindgren, Phys. Scr. T 34 (1991) 36.
[13] W.R. Johnson, Atomic Physics: A Numerical Approach, Lecture notes, 1994, unpublished.
[14] E. Avgoustoglou, W.R. Johnson, D.R. Plante, J. Sapirstein, S. Sheinerman, S.A. Blundell, Phys. Rev.
A 46 (1992) 5478.
[15] A. Derevianko, E.D. Emmons, Phys. Rev. A 66 (2002) 012503.
[16] E. Coester, H. Kiimmel, Nucl. Phys. 17 (1960) 477.
[17] I. Lindgren, Phys. Scr. 32 (1985) 291.
[18] W.E. Perger, M. Xia, K. Flurchick, M.I. Bhatti, Comput. Sci. Eng. 3 (2001) 38.
[19] T. Kato, Prog. Theor. Phys. 4 (1949) 514;
T. Kato, Prog. Theor. Phys. 5 (1950) 95.
[20] C. Bloch, Nucl. Phys. 6 (1958) 329.
[21] L. Lindgren, D. Mukherjee, Phys. Rep. 151 (1987) 93.
[22] S.A. Blundell, W.R. Johnson, J. Sapirstein, Phys. Rev. A 40 (1989) 2233.
[23] S.A. Blundell, W.R. Johnson, Z.W. Liu, J. Sapirstein, Phys. Rev. A 39 (1989) 3768.
[24] J. Sapirstein, Rev. Mod. Phys. 70 (1998) 55.
[25] T.T.S. Kuo, S.Y. Lee, K.F. Ratcliff, Nucl. Phys. A 176 (1971) 65.
[26] C. Moller, K. Dan. Vid. Selsk. 22 (1945) 1.
[27] C. Moller, K. Dan. Vid. Selsk. 23 (1946) 19.
[28] P. Jorgensen, Am. Rev. Phys. Chem. 26 (1975) 359.
[29] J. Hubbard, Proc. R. Soc. A 240 (1957) 539.
[30] L Lindgren, Int. ]. Quant. Chem. S 12 (1978) 33.
[31] A. Banerjee, J. Simons, |. Chem. Phys. 76 (1982) 4548.
[32] S. Salomonson, P. Oster, Phys. Rev. A 40 (1989) 5548;
S. Salomonson, P. Oster, Phys. Rev. A 40 (1989) 5559.
[33] S. Salomonson, P. Oster, Phys. Rev. A 41 (1990) 4670.
[34] E. Eliav, U. Kaldor, Y. Ishikawa, Phys. Rev. A 49 (1994) 1724.
[35] G. Gaigalas, S. Fritzsche, Comput. Phys. Commun. 149 (2002) 39;
G. Gaigalas, O. Scharf, S. Fritzsche, Comput. Phys. Commun. 166 (2005) 141.
[36] A. Surzhykov, P. Koval, S. Fritzsche, Comput. Phys. Commun. 165 (2005) 139.
[37] N.M. Hugenholtz, Physica 23 (1957) 481.
[38] B.H. Brandow, Rev. Mod. Phys. 39 (1967) 771.
[39] P.G.H. Sandars, Adv. Chem. Phys. 14 (1969) 365.
[40] EE. Harris, H.J. Monkhorst, D.L. Freeman, Algebraic and Diagrammatic Methods in Many-Fermion
Theory, Oxford Univ. Press, New York, 1992.
[41] D.A. Varshalovich, A.N. Moskalev, V.K. Khersonskii, Quantum Theory of Angular Momentum, World
Scientific, Singapore, 1988.
[42] E. El-Baz, B. Castel, Graphical Methods of Spin Algebras in Atomic, Nuclear, and Particle Physics, Marcel
Dekker, New York, 1972.
[43] L Lindgren, Phys. Scr. 36 (1987) 591.
[44] T.T.S. Kuo, E. Osnes, Folded-Diagram Theory of the Effective Interaction in Nuclei, Atoms and
Molecules, Lecture Notes in Physics, vol. 364, Springer, Heidelberg, 1990.



A Computer-Algebraic Approach 215

[45] E.P. Wigner, Group Theory and its Application to the Quantum Mechanics of Atomic Spectra, Academic
Press, New York, 1959.

[46] S. Fritzsche, Phys. Scr. T 100 (2002) 37.

[47] G. Gaigalas, S. Fritzsche, E. Gaidamauskas, G. Kirsanskas, T. Zalandauskas, Comput. Phys. Com-
mun. 175 (2006) 52.

[48] G. Racah, Phys. Rev. 61 (1941) 186;

G. Racah, Phys. Rev. 62 (1942) 438;
G. Racah, Phys. Rev. 76 (1949) 1352.

[49] D.M. Brink, G.R. Satchler, Angular Momentum, second ed., Oxford Univ. Press, Oxford, 1968.

[50] W.R. Johnson, in: D. Liesen (Ed.), Physics with Multiply Charged Ions, in: NATO ASI Ser., vol. 348,
Plenum Press, New York, 1995, p. 1.

[51] S. Fritzsche, Comput. Phys. Commun. 103 (1997) 51.

[52] S. Fritzsche, S. Varga, D. Geschke, B. Fricke, Comput. Phys. Commun. 111 (1998) 167.

[53] S. Fritzsche, T. Inghoff, T. Bastug, M. Tomaselli, Comput. Phys. Commun. 139 (2001) 314.

[54] O. Scharf, G. Gaigalas, S. Fritzsche, M. Gedvilas, E. Gaidamauskas, G. Kir§anskas, Nucl. Instrum.
Meth. B 235 (2005) 135.

[55] ]. Pagaran, S. Fritzsche, G. Gaigalas, Comput. Phys. Commun. 174 (2006) 616.

[56] S. Fritzsche, T. Inghoff, M. Tomaselli, Comput. Phys. Commun. 153 (2003) 422.

[57] S. Fritzsche, J. Electron Spectrosc. Relat. Phenom. 114-116 (2001) 1155.

[58] S. Fritzsche, A. Surzhykov, T. Stohlker, Phys. Rev. A 72 (2005) 012704.

[59] S. Fritzsche, Int. |. Quant. Chem. 106 (2006) 98.

[60] K. Rykhlinskaya, S. Fritzsche, Comput. Phys. Commun. 171 (2005) 119;

K. Rykhlinskaya, S. Fritzsche, Comput. Phys. Commun. 174 (2006) 903.

[61] T. Radtke, S. Fritzsche, Comput. Phys. Commun. 173 (2005) 91;

T. Radtke, S. Fritzsche, Comput. Phys. Commun. 175 (2006) 145.

[62] W.R. Johnson, S.A. Blundell, ]. Sapirstein, Phys. Rev. A 37 (1988) 2764;
W.R. Johnson, S.A. Blundell, J. Sapirstein, Phys. Rev. A 38 (1988) 2699.

[63] C.C. Cannon, A. Derevianko, Phys. Rev. A 69 (2004) 030502.

[64] E. Lindroth, A. Ynnerman, Phys. Rev. A 47 (1993) 961.

[65] A.M. Martensson-Pendrill, L. Pendrill, S. Salomonson, A. Ynnerman, H. Warston, |. Phys. B 23
(1990) 1749.

[66] A.C. Hartley, A.M. Mértensson-Pendrill, J. Phys. B 24 (1991) 1193.

[67] C. Sur, K.V.P. Latha, B.K. Sahoo, R.K. Chaudhuri, B.P. Das, D. Mukherjee, Phys. Rev. Lett. 96 (2006)
193001.

[68] H.S. Chou, W.R. Johnson, Phys. Rev. A 56 (1997) 2424.

[69] S.A. Blundell, W.R. Johnson, ]. Sapirstein, Phys. Rev. A 43 (1991) 3407.

[70] V.A. Dzuba, V.V. Flaumbaum, P.G. Silvestrov, O.P. Shuskov, Phys. Lett. A 141 (1989) 147.

[71] S. Salomonson, S.L. Carter, H.P. Kelly, J. Phys. B 18 (1985) L149;

S. Salomonson, S.L. Carter, H.P. Kelly, Phys. Rev. A 39 (1989) 5111.

[72] S.A. Blundell, D.S. Guo, W.R. Johnson, J. Sapirstein, At. Data Nucl. Data Tables 37 (1987) 103.

[73] A. Surzhykov, S. Fritzsche, A. Gumberidze, T. Stohlker, Phys. Rev. Lett. 88 (2002) 153001.

[74] S. Fritzsche, P. Indelicato, T. Stohlker, J. Phys. B 38 (2005) S707.

[75] E. Eliav, U. Kaldor, Y. Ishikawa, Phys. Rev. Lett. 74 (1995) 1079.

[76] M. Sewtz, H. Backe, A. Dretzke, G. Kube, W. Lauth, P. Schwamb, K. Eberhardt, C. Griining,
P. Thorle, N. Trautmann, P. Kunz, J. Lassen, G. Passler, C.Z. Dong, S. Fritzsche, R.G. Haire, Phys.
Rev. Lett. 90 (2003) 163002.

[77] S. Fritzsche, Eur. Phys. ]. D 33 (2005) 15.

[78] L. Lindgren, S. Salomonson, D. Hedendahl, Can. J. Phys. 83 (2005) 183.



1L

Experiments
on Highly Charged Heavy lons
in Conjunction with Exotic Atoms

P. Indelicato'?, M. Trassinelli*", D.F. Anagnostopoulos®,
S. Boucard?, D.S. Covita®, G. Borchertd, A. Daxé, ).P. Egger®,
D. Gottad, A. Gruberf, A. Hirtlf, M. Hennebach?, H. Fuhr-
mannf, E.-O. Le Bigot?, Y.-W. Liu%, B. Manil*', N. Nelms/,
S. Schlesser?, ).M.F. dos Santos®, L.M. Simonsé, L. Stingelins,
J. Veloso®, A. Wasser8, A. Wells' and J. Zmeskalf

Contents 1. Introduction 218
2. Experimental Method 220
2.1 Experimental setup 220
2.2 Manufacturing and checking of the crystals 222

2.3 Data analysis 224

3. Measurement of the Pion Mass 225
4. Pionic Hydrogen and the Strong-Interaction at Low Energy 228
5. Highly-Charged lons 230
6. Conclusion 232
Acknowledgements 233
References 233

a Laboratoire Kastler Brossel, Ecole Normale Supérieure, CNRS, Université Pierre et Marie Curie-Paris 6, Case 74,
4 place Jussieu, F-75252 Paris, Cedex 05, France

Department of Physics, Coimbra University, P-3000 Coimbra, Portugal

Department of Material Science and Engineering, University of Ioannina, Ioannina, GR-45110, Greece
Institut fiir Kernphysik, Forschungszentrum Jiilich, D-52425 Jiilich, Germany

Institut de Physique de I’ Université de Neuchatel, CH-2000 Neuchatel, Switzerland

Stefan Meyer Institut fiir subatomare Physik, Austrian Acad. of Sci., A-1090 Vienna, Austria

Paul Scherrer Institut, Villigen PSI, CH5232 Villigen, Switzerland

GSI, Plankstr. 1, D-64291, Darmstadt, Germany

CIRIL, GANIL, BP 5133, 14070 Caen Cedex 5, France

Department of Physics and Astronomy, University of Leicester, Leicester LEI7RH, England, UK
Corresponding author. E-mail: paul.indelicato@lkb.ens.fr

e e 508 - 0 an T

Advances in Quantum Chemistry, Vol. 53 © 2008 Elsevier Inc.
ISSN 0065-3276, DOI:10.1016/S0065-3276(07)53011-X All rights reserved

217


mailto:paul.indelicato@lkb.ens.fr

218 P. Indelicato et al.

Abstract We demonstrate how combining highly-charged ions and exotic atoms
measurements can provide high-accuracy information on particle proper-
ties, like the pion mass, on interactions, like the pion-proton strong interac-
tion at low energy, and bound-state QED in strong fields. The use of highly-
charged ion X-rays emitted by the plasma inside a super-conducting ion
source provides a very detailed characterization of the response function
of the X-ray spectrometer used to study exotic atoms, allowing for very ac-
curate measurements. Conversely the use of the same high-resolution and
high transmission spectrometer provides very accurate measurements of
X-ray lines of few-electron ions.

1. INTRODUCTION

Exotic atoms are atoms in which electrons are replaced by negatively-charged “sta-
ble” particles (i.e., particles that live long enough to form a bound state with a
nucleus). These systems have been used for a long time to derive the mass of the
particle with greater accuracy that what is possible with conventional magnetic
mass spectrometers. Because the particles have necessarily a mass much larger
than the electron mass, the transition energies are very often in the X-ray domain.
The Bohr radius of the orbitals is also much smaller than in normal atoms, leading
to a higher probability of presence of the particle inside the atomic nucleus. This
fact can be used either to measure the nuclear charge distribution properties if the
particle is a lepton (the muon, see, e.g. [1]), or properties of the strong interaction
at very low energy if the particle is sensitive to it. A few years ago, a new exper-
imental program was started to measure X-rays from light exotic atoms, in the
energy range from 1.6 to 10 keV. This program aimed at doing accurate measure-
ment of transition energies for exotic atoms as free as possible from environmental
perturbations. A specific device, the cyclotron trap I, was developed to decelerate
the particles and allow to stop them in a low pressure gas [2]. This device uses a
pair of super-conducting coils to guide exotic particles to a gaseous target, while
they interact with energy degraders.

Because of the limited intensity of available particle beams, a high-efficiency
X-ray spectrometer was needed to observe the X-rays emitted by the exotic atoms.
A new instrument based on large area spherically-bent crystals and specialized
X-ray Charge Coupled Devices (CCD) [3], was build. When studying exotic atoms
composed of mesons or baryons, the interest is not only in the line energy shifts,
caused by the strong interaction, but also in the line broadening. The particle can
be captured by the nucleus, leading to a finite lifetime of the lower atomic state.
In order to measure accurately this broadening, that can be related to low-energy
capture cross sections, it was also necessary to have a high-resolution instrument.
This lead to the development of specific techniques to obtain spherically-bent crys-
tals with resolution close to the theoretical limit. This is also useful to resolve lines
that could correspond to an atom containing both the particle and electrons, either
by recapture from the target gas, or from the cascade preceding the formation of
the initial state of the observed transition. The presence of such an electron can
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cause an apparent energy shift, or an extra broadening that could cause errors in
the interpretation of the results.

A first version of the experimental set-up was successfully used at CERN on
LEAR (Low Energy Antiproton Ring), to study 3d — 2p transitions in antiprotonic
hydrogen and deuterium [4], to obtain information on the antiproton-nucleon in-
teraction. It was also used to measure the mass of the charged pion for the first
time in a low density gas, using transitions between circular levels of pionic nitro-
gen [5], using copper Ka transitions as X-ray standards.

An instrument as the one described above has a complex response function,
very narrow but slightly asymmetric. To obtain high-accuracy measurements of
the energy and intrinsic linewidth of a transition, it is necessary to characterize
in detail this response function with narrow reference lines. The resolution of the
instrument is typically between 0.28 and 0.4 eV, while X-rays from inner-shell tran-
sitions of atom in solid targets (as produced by X-ray tubes or fluorescence targets)
provides lines with natural widths larger than 1.5 eV.

In order to measure the pion mass with improved accuracy and to improve
our knowledge of the pionic hydrogen strong interaction shift and broadening, an
improved experimental set-up was designed. The aim was to obtain a precision
below 2 ppm for the charged pion mass, and to improve by an order of magnitude
the strong interaction shift and broadening, compared to previous experiments [6].
A new CCD detector, with a larger active area and improved resolution was
build [7]. A new cyclotron trap, the cyclotron trap II was designed to enable ef-
ficient capture of muons from the pion decays. This allowed to use lines of muonic
oxygen as X-ray standards, effectively measuring the pion to muon mass ratio.
More examples on the use of exotic atom as X-ray standards can be found in [8].
However such standards, because of the low X-ray intensity provided, cannot be
used conveniently to perform the full characterization of the response function.
It was then noticed that the magnetic configuration of the cyclotron trap II, with
adaptation of the polar pieces, could provided a magnetic bottle with a high mirror
ratio, that could be used to build an electron cyclotron resonance ion trap (ECRIT),
whose plasma could provide intense X-ray beams from highly ionized ions, as
observed in Ref. [9]. The transformation of the cyclotron trap into an ECRIT was
realized [10] and X-ray from few-electron ions were produced. It was found that
intense spectra of the 1s2s 35, — 1s? 1S relativistic M1 transition in helium-like
sulfur, chlorine and argon could be produced [11,12], with energy close to the one
of the np — 1s, n = 2, 3, 4, transitions in pionic hydrogen, that were to be studied
to obtain the strong shift and broadening of the n = 1 state. These lines have been
used to fully characterize the instrument [13].

A detailed account of the series of experiments performed with the initial ver-
sion of the setup presented here, and of previous work can be found in [14].

The paper is organized as follows. In Section 2, we describe in more detail
the spectrometer and its characterization. In Section 3, we describe the present
status of the pion mass measurement and the test of the Klein-Gordon equation.
In Section 4, we describe the present status of the pionic hydrogen experiment. In
Section 5 we present preliminary results on transition energies in highly-charged
ions, and Section 6 is our conclusion.
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FIGURE 11.1 Set up of the PSI ECRIT together with the Bragg crystal spectrometer.

2. EXPERIMENTAL METHOD

2.1 Experimental setup

The experimental setup is presented in Figure 11.1, in the case of the study of
highly charged ions produced by the ECRIT [10,13]. The experimental setup is
very similar in the case of exotic atoms. In that case the ECRIT hexapole is removed
and replaced by a target composed of a metallic frame covered with a thin glued
kapton foil. The target is gas-tight and tested to support up to 1.5 bars. The target
is connected to a dry vacuum pump and to a gas distribution system. In the case of
the pionic hydrogen experiment, they are equipped with a cold finger, connected
to a two-stage cryo-cooling device that can cool the gas down to liquid hydrogen
temperatures. Plastic degrader foils are positioned to decelerate the particle beam.
One of the degrader is a plastic scintillator, connected to a photomultiplier tube,
to monitor the incoming particle beam intensity. Fluorescence targets can be in-
troduced in front of the gas target to provide beam-time calibration and stability
checks. The inside of the cyclotron trap II, with its kapton entrance window, the
degraders and the target in position is shown on Figure 11.2.

The spectrometer is composed of a crystal chamber, a CCD detector, and con-
necting vacuum pipes. The crystal can be rotated with high-precision, using a sine
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FIGURET1.2 Inside view of the anticyclotron trap I, with the degraders and target in position.
One of the degrader (horizontal, right) is a plastic scintillator used to monitor particle beam
intensity.

arm and a piezoelectric actuator. The angles can be measured with 0.5” accuracy
with an Heidenhain encoder. The spectrometer operates under vacuum (typically
10~ mbar) to minimize X-ray absorption and enable to connect the CCD detector
to the spectrometer with a very thin window. The CCD detector has been designed
so that both the pionic nitrogen and muonic oxygen 5g — 4f transitions can be ob-
served simultaneously, when performing the pionic mass measurement [15]. The
height of the detector has been chosen to optimize counting rate by covering most
of the X-rays line as reflected by the spherical crystal. The detector is described
in detail in Ref. [7]. In order to achieve the desired accuracy, it was necessary
to measure accurately both the relative position of each CCD chip in the detec-
tor and the pixel to pixel distance, at the operating CCD temperature (—100 °C).
An optical cross grating has been designed and manufactured by the Laboratory
of Micro- and Nanotechnology of the Paul Scherrer Institut (PSI), which could
project a well defined image on the CCD, when lighted by a far-away white light
source. This image was recorded and used to obtain both the relative positions
and the interpixel distance from the detector. This distance has been measured to
be 39.9775 £ 0.0006 pm (a 15 ppm accuracy) [16].
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FIGURE11.3 Surface mapping of a 2.9 m spherically bent (100) quartz crystal with a two-wave
interferometer, with respect to a 2 m reference lens. Deviation from a perfect sphere are
smaller than 1.5 laser wavelength (640 nm).

2.2 Manufacturing and checking of the crystals

To achieve the characteristics required by the planned experiments, it was neces-
sary to develop completely new techniques to manufacture the crystals. The work
started in the early 90’s. In order to achieve high-efficiency, it was chosen to use
spherically-bent crystals of large area (10 cm in diameter), in the Johann geometry
[17], in order to have a good refocusing of the X-rays in the direction perpendicu-
lar to the dispersion plane. The most difficult in manufacturing such crystals, is to
preserve the quality of the diffracting planes. Obtaining a good, uniform bending
requires using thin (~200-300 pm) crystals. In such a case cutting and polishing
the crystal is very delicate, and usually causes severe damages. In order to avoid
such problems, a method was developed in which a thick slab of crystal (Si or
quartz) was optically polished in one side and attached to a reference flat by op-
tical contacting (i.e, using molecular adhesion forces between two very smooth
surfaces). The slab was then cut, etched and polished to the desired thickness. It
was then removed from the flat and attached to a spherical quartz lens of high
quality (polished to 1/50) in a clean room. The lenses have a radius of curvature
of ~3 m. Using a relatively large radius is necessary to minimize crystal mosaicity.
Since the lenses are transparent, the back of the crystals can be inspected, bad con-
tact to the lens being revealed by Newton interference rings. The crystals where
then checked optically by the mean of a two-wave interferometer manufactured
by Zygo® and compared to a 2 m reference lens. The interference pattern for a
quartz crystal is displayed on Figure 11.3, showing that the total amplitude of the
deviation from a perfect sphere are below 1.5 He-Ne laser wavelength (604 nm)
peak-to-valley. Silicon crystals displayed a more pronounced deviation, in a “Mex-
ican hat” shape, as can be seen in Figure 11.4 for the crystal used for measuring
the pion mass, and the peak-to-valley amplitude is around 3.5 x Age-Ne, With a
RMS value of 0.55 x AHe-Ne. The penetration length in the crystal, along the X-ray
path, is around 9.3 pm at 4 keV for the 7 polarization (peak reflectivity 60%) and
2.5 nm for the o polarisation (99% peak reflectivity) [18]. Such deviations, assum-
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FIGURE 1.4 Surface mapping of the 2.9 m spherically bent (220) Si crystal that was used for the
measurement of the pion mass, with a two-wave interferometer, with respect toa2 m
reference lens. Deviation from a perfect sphere are smaller than 3.5 laser wavelength (640 nm).
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FIGURETL5 Setup to measure the bending uniformity of the spherically-curved crystal with
X-rays. The reflecting planes inside the asymmetric-cut crystal are represented.

ing they represent real deformations of the X-ray planes, should play a small role
in average, since the X-ray line is reflected by a sizable portion of the crystal.

The crystals were also analyzed using a parallel beam provided by a X-ray
tube with a copper anode, and diffracted by an asymmetric-cut triangular-shaped
crystal (Figure 11.5). The crystal was cut so that the reflecting planes form an angle
slightly below the Bragg angle for the K lines of Cu with the surface. The X-ray
tube was used with a wide (1 cm) focus. X-rays impinging on the crystal at roughly
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FIGURE 1.6 Typical X-ray map of the spherically-bent Si (220) crystal obtained with the K«
doublet of Cu and an asymmetric cut crystal to provide a highly parallel X-ray beam.

twice the Bragg angle, thus exit at a quasi grazing incidence, forming a narrow
beam of very low divergence. The crystal to be tested is then placed on precision
rotation and translation stages, parallel to the reticular planes in the crystal to form
a two-crystal spectrometer in non-dispersive mode. The crystal is then translated
in a succession of steps of equal length to scan its surface. The stage is rotated until
a maximum of intensity is found with an X-ray detector, insuring that the Bragg
condition is met for the area of the crystal under investigation. A photographic
plate is positioned in front of the X-ray detector to record the reflected X-rays.
A perfect bend crystal would lead to a series of parallel lines (actually pairs of
lines, since both K1 and Koy are observed). An example of recorded pattern is
shown on Figure 11.6.

One can observe in the lower right corner the effect of a local defect, appearing
as a distortion of one of the lines. Most of the recorded pictures did not show
any deviation, showing the high quality and uniformity of the X-ray diffracting
planes. Only pictures recorded close to the edge of the crystals were found to have
sizeable defects. The edges were thus masked during all data taking.

2.3 Data analysis

To achieve the desired accuracy in X-ray energies, from the spectra collected in the
different experiments, one needs to know precisely the line shape produced by
the spectrometer. This line shape can be used to fit the experimental spectra. An
extra difficulty comes from the two-dimensional nature of the spectra. Theoretical
line shapes are produced by the following procedure: crystal diffraction profiles at
the studied line energy are obtained from the XOP code [18]; a complete Monte-
Carlo simulation is then made, using this diffraction profile and all geometrical
informations from the instrument. The CCD detector is positioned perpendicular
to the optical axis of the spectrometer. There is thus only one place on the de-
tector (the intersection of the optical axis and of the detector) located at the focal
distance. Away from this point, lines are slightly defocused. Once obtained, the
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FIGURE 1.7 Simulated line profiles along the horizontal axis; The change in shape of the line is
due to the line going away from the focal position, which is here around pixel number 1100.

simulated two-dimensional profile is projected onto the horizontal axis, using ex-
actly the same algorithm as for the experimental spectra. The line shape provided
by the simulation changes along the horizontal axis of the detector as shown on
Figure 11.7, due to the fact that it gets more and more out of focus. Each line in
an experimental spectra is then fitted using the line shape corresponding to its ac-
tual position on the detector. To perform the fit to the experimental data, the line
profiles resulting from the simulation are fitted with splines, convolved with a
Gaussian, that represents extra broadening due to crystal imperfections and other
unknown physical phenomena contributing to the final line shape. The line posi-
tion and intensity, and the Gaussian width are the three parameters adjusted in
the fitting procedure, using a Levenberg-Marquardt algorithm [19,20].

An example of fitted profile, for the relativistic M1 transition in heliumlike
chlorine is presented on Figure 11.8. The line width is 0.4 eV for a transition en-
ergy of 2756.9 eV. The width of the Gaussian profile that is convolved with the
simulated profile, to account for crystal imperfections, is found to be 0.09 eV.

3. MEASUREMENT OF THE PION MASS

The mass of the charged pion has a great importance for medium-energy particle
physics and nuclear physics. In the last two decades, exotic atoms have provided
the most precise measurements. A previous experiment performed in 1986 [21,22]
has however led to difficulties. It was performed using pionic magnesium in a
solid target and a crystal spectrometer, with near ppm precision. In such an ex-
periment, the pion after capture, because of its large mass, will eject most of the
electrons of the target atom, by Auger effect. However the recapture probability of
the electron in the solid is large. A few years later, this mass was used for a mea-
surement of the mass of the muonic neutrino, using the reaction 7+ — u* + v,
where 7 represents a charged pion at rest, trapped on a surface, u is a muon,
and v, a muonic neutrino [23]. It was then found that the value obtained in 1986
lead to a negative value for the square of the neutrino mass. There was then a
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FIGURE11.8 Experimental spectrum of the relativistic M1 transition in He-like chlorine fitted
with the profile described in the text. The line width (FWHM) is equal to 0.4 eV.

reanalysis of the 1986 experiment. It was found, using new cascade calculations,
that the electron recapture in the solid was leading to a larger electron numbers
in the (electronic) K-shell of pionic magnesium. Depending on the hypothesis in
the cascade calculation, one would get one or two K-shell electrons, leading to two
different values of the mass. Only the largest one was leading to a positive muonic
neutrino squared mass [24]. A new, more accurate measurement of the muon re-
coil from pion disintegration, confirmed the result [25]. This first experiment using
the cyclotron trap and a dilute gas target was performed at the Paul Scherrer Insti-
tut, which has the world most intense pion beam, generated by a 570 MeV, 1.3 mA
proton beam, that has since been upgraded to 1.8 mA. The measurement was per-
formed using Cu K X-rays as a reference. The 4 keV pionic transition was reflected
using the (220) plane of a Si crystal, while the Cu 8 keV X-rays were reflected by
the (440) plane. This led to a value with an accuracy roughly twice as large as
in the Mg experiment but without any ambiguity from electron screening and in
agreement with the high value of Ref. [24]. Knowing accurately the value of the
pion mass is essential for other important experiment, like the measurement of
strong interaction shift in pionic atoms, as will be described in Section 4, or for
setting limits to the muonic neutrino mass (even though the interest of such limits
has since diminished due to the observation of neutrino oscillations [26] and of
the cosmological radiation background, which sets much tighter bounds on the
muonic neutrino mass). Besides, the use of a Cu X-ray standard, was limiting the
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FIGURETL.9 Spectrum of the 5 — 4 transitions in pionic nitrogen and muonic oxygen.

precision by leading to irreducible systematic effects. It was then proposed to use
a muonic line from oxygen as a reference, effectively measuring the pion mass in
term of the muon mass, which is known from muonium spectroscopy (see, e.g.
[27] and references therein) to an accuracy of 8.9 x 108, This standard energy can
be evaluated with a uncertainty of ~0.3 ppm.

A new experiment was thus done, using the improvement described in Sec-
tions 1 and 2 which lead to a statistical accuracy in the comparison between the
pionic and muonic line, compatible with a final uncertainty below 2 ppm [7]. To
reach such an accuracy, the CCD detector characterization described in [16] was
required.

The characteristics of the 5 — 4 transitions for pionic nitrogen and muonic
oxygen are quite different as shown in Figure 11.9. These differences are princi-
pally due to the spin of the orbiting particle, which determines the fine structures
of the transition. The muonic oxygen 5g — 4f transition is split into three different
lines due to the spin of the muon: 5g9,» — 4f7/2, 587/2 — 4f7/2 and 5gy /2 — 4f5/2,
which have theoretical intensity ratios of 35:1:27 [28]. The presence of the naturally
occurring oxygen isotope 20 (0.205%) makes a noticeable contribution from ;180
589/2 — 4f7,2 and 5gy,» — 4f5/, transitions. No fine structure splitting due to the
spin occurs in the case of pionic nitrogen. As for the muonic oxygen, the parallel
transition 5f — 4d has to be taken into account as well as the contribution from
the naturally occurring >N (0.36%) 5g — 4f transition.
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The fit of the pionic nitrogen transition has been performed while fixing the
distance of the parallel transition using QED predictions. On the other hand,
if we keep this distance free, we can measure the energy difference between
the 5g — 4f and 5f — 4d pionic nitrogen transitions and we can compare it
to the theoretical prediction to test Klein-Gordon equation validity. We obtain
EGf — 4d) — E(5g — 4f) = (23002 £ 0.00690500) eV. The first error comes
from the fit results. The second error is systematic and it is due to the contribution
from pionic nitrogen 5f — 4d with a spectator electron in the K-shell. Using the
high statistics pionic nitrogen spectrum, we estimate this contribution to be lower
than 0.16% for the 5g — 4f transition. However, the cascade model for non-circular
transitions is completely different from the circular ones because in this case radia-
tive transitions can be more probable than Auger transitions. We estimate that less
than 2% of the pionic atoms emitting a 5f — 4d photon have a remaining electron
in the K-shell.

Previous tests of the Klein-Gordon equation has been obtained from the ob-
servation of pionic titanium transitions [29] with an accuracy of 2%, and from the
observation of pionic nitrogen transitions [5].

4. PIONIC HYDROGEN AND THE STRONG-INTERACTION AT LOW
ENERGY

Quantum Chromodynamics is the theory of quarks and gluons, that describe the
strong interaction at a fundamental level, in the Standard Model. It has been
studied extensively at high-energy, in the asymptotic freedom regime, in which
perturbation theory in the coupling constant can be used. At low energy the QCD
coupling constant as is larger than one and perturbative expansion in as cannot be
done. Weinberg proposed Chiral Perturbation Theory (ChPT) [30] to deal with this
problem. More advanced calculations have been performed recently, that require
adequate testing [31-33].

Pionic atom energies, however, are dominated by the electromagnetic interac-
tion of its constituents. The effect of the strong interaction is only significant if the
wave functions of the pion and the proton have a large overlap. In the ground state
of the pionic hydrogen atom, the strong interaction induces a shift 15 ~ 7 eV and a
broadening I'js & 1 eV for an electromagnetic binding energy E1s = 3238 eV. The
measured quantities are connected to the hadronic scattering lengths a", which
describe respectively the 7~p — 7~ p and 7~p — 7% process, by Deser-type
formulae [34,35]

E1s _ 4 h

E. —%ﬂn—p_m—p(l + 8¢), (1)
s 89 1y, 4 2

B = Ty (15 @yt o) @

where rg is the Bohr radius of the pionic hydrogen atom (rg = 222.56 fm), Qg =
0.142 fm~! is a kinematic factor, P = (1.156 + 0.009) is the Panofsky ratio [36] and
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FIGURETL10 Spectrum of the 3p — 1s transition in pionic hydrogen with a H; target at a
pressure P = 2 bar and temperature T = 20 K (equivalent to a pressure of 28 bar at room
temperature). The crystal used is a quartz (101).

a" are the hadronic scattering lengths. The electromagnetic corrections 8, and 8

have recently been calculated with a model potential with an accuracy of about
0.5% [37], and with the ChPT method [32,38].

The shift and the width of the ground state in pionic hydrogen and deu-
terium atoms have been determined in a recent series of experiments of the ETHZ-
Neuchdtel-PSI collaboration by measuring the 3p — 1s transition at 2886 eV with a
reflection-type crystal spectrometer [6,37]. The results improved the value for the
strong interaction shift £15 by almost two orders of magnitude compared to earlier
works. In addition, a first accurate measurement of the width Iy was obtained.
Yet, the error in the width is still almost an order of magnitude larger than the
one in the shift and is strongly influenced by the poor knowledge the contribu-
tions of Doppler broadening due to the accelerations by inelastic collisions during
the de-excitation of the pionic atoms [39]. This makes impossible any determina-
tions of the isospin separated scattering lengths with a %-level relative accuracy.
Since the acceleration mechanism which leads to the Doppler broadening is level-
dependent, it is possible to achieve much higher accuracies, by combining mea-
surements of several np — 1s transitions and several target pressures between
3 and 15 bar and in liquid hydrogen. The measurement of the width can be ex-
tracted from a simultaneous fit of all transitions, which lets the different Doppler
broadenings vary freely, and using more advanced cascade models [40-43]. One
still need however to know accurately the instrumental response function, and to
exclude possible contributions from exotic hydrogen molecules radiative transi-
tions. The instrumental response has been determined, as explained in Section 2.
The high statistics that were obtained for all three np — 1s transitions, the very
low background, and the detailed analysis, have lead to very consistent shifts and
broadening. An example of spectrum is presented in Figure 11.10.
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FIGURE 1111 The preliminary hadronic width (in meV) of the 1s state in pionic hydrogen from
this work, compared to the results of Ref. [6].

The preliminary result are shown in Figure 11.11. One see that after correction
for the instrumental response function and differential Doppler broadening on the
different excited levels, all measurements lead to results in good agreement, that
are slightly below the final results of the previous experiment [6], and much more
accurate.

5. HIGHLY-CHARGED IONS

Contrary to the pionic nitrogen and muonic oxygen transitions, characterized by a
Doppler broadening of several hundreds meV, multicharged ion transitions origi-
nating from the plasma inside an ECRIS have a typical width below 40 meV, almost
10 times smaller than the spectrometer resolution. This is due to the fact that in an
ECRIS the ions are trapped in the space charge potential of the electrons that are
themselves trapped by the magnetic structure of the source. The depth of this po-
tential in only around 1 eV. For this reason, the line shape of ions X-ray line on the
CCD array correspond mostly to the crystal spectrometer response function.

The Electron-Cyclotron-Resonance ion trap at the Paul Scherrer Institut was
originally designed to characterize accurately the crystal spectrometer used for
the study of pionic atoms. Between 2002 and summer 2005, we have obtained
high-precision measurements of the X-ray spectra of argon, chlorine and sulfur,
which are particularly interesting to investigate atomic physics in relatively strong
Coulomb fields. These spectra have been acquired using setup with crystals of dif-
ferent type: silicon (111) and quartz (100) and (101). Each of them has a nominal
radius of curvature of about 2985 mm. The injected microwave power was always
around 200-400 W, and the total pressure in the vacuum chamber was in the range
of 3 to 4 x 1077 mbar. For any set of measurements, the ECR ion trap has been op-
timized on the intensity of the He-like ions 1s2s 38, — 1s2 1Sy M1 transition. Each
time a new crystal was inserted in the spectrometer, a focal scan was performed
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FIGURE 112 He-like and Li-like argon spectrum using quartz (101) crystal. HF power injected
P = 400 W. Argon partial pressure pp, = 5 x 10~2 mbar, total pressure prot = 5 x 1077 mbar.
This spectrum has been obtained with an integration time of 2 h. The focal position of this
spectrum was in correspondence to the 1s2p 3P, — 152 1Sy peak, near channel 310.

to determine precisely the position of the focal plane. The typical data acquisition
time for the He-like and Li-like ions spectra was in the order of 15 min. For less
intense transitions, like the He-like 1s2p 1P, — 152 1S and 1s2p 3p, — 1215,
transitions, we acquired data for a period up to a maximum of 2 h. In Figures 11.12
and 11.13 we show atomic spectra near the region of the 1s2p P — 1s? 1Sy He-like
argon transitions.

The transitions 1s2p P — 1s? 1S are principally produced by the excitation of
He-like ions in the ground state due to collision with an electron: 1s? — 1s2p. For
this reason, the intensity ratio between the 1s2p 25+1p; — 182 19y and 1s2s %S; —
1s? 1Sy transitions is roughly proportional to the ratio between the number of He-
like ions (1s2) and the Li-like ions (1s22s) in the plasma and to the ratio between
the electronic excitation cross-section, integrated over the electronic density, and
the 1s ionization cross-section [9,44]. Similar selective excitation has been observed
in the ESR storage ring for lithium-like uranium [45].

A single crystal spectrometer can only measure energy differences between
atomic transitions. A reference is thus needed. Due to the lack of high quality
reference lines in neutral atom X-ray spectra (see, e.g. [8]) we used as a reference
the He-like 1525 3S; — 1s? 'Sy M1 transition. All the transition energy provided
in the present work are relative to the M1 theoretical transition energy. The peaks
in the spectra were fitted according to the procedure described in Section 2. The
results obtained in highly-charged argon, chlorine and sulfur spectroscopy have
an excellent precision, of the order of 10 meV and they agree with the previous
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FIGURE 13 Detail of the spectrum in Figure 1112 around the 1s2p 3P, — 152 1Sq transitions.
The two lines next to the 3P; peak are due to Li-like transitions with a spectator electron in
n = 3-5 shells (satellite lines).

TABLETL1 Example of experimental determination of He-like argon transition energies in eV [11]

Transition 1s2p 1p; — 18215, 1s2p 1P — 182539
Costa [46] (th.) 3139.57 16.05

Plante [47] (th.) 3139.6236 16.0484

Lindgren [48] (th.) 16.048

Artemyev [49] (th.) 3139.5821(5) 16.0477(2)
Deslattes [50] (exp.) 3139.553(36) 16.031(72)

This work 3139.511(23) 16.028(14)

(preliminary results)

experimental values and theoretical predictions. The preliminary results for argon
are presented in Table 11.1.

6. CONCLUSION

In this work, we have presented the present status of the pion mass measurement
from light exotic atoms, and as well as preliminary results for the pionic hydrogen
strong interaction shift and width measurement. We have shown that such high ac-
curacy measurements can only be performed in conjunction with highly-charged
ion measurements, that provide the necessary spectrometer characterization. As
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an outstanding byproduct, we are also able to do high precision measurements of
transition energy in highly charged heavy ions, providing new tests of relativistic
many-body theory and QED, for medium-Z elements. A two-crystal spectrometer
is being build, that will allow to do absolute measurements of the M1 transitions
in He-like ions, with ppm accuracy, that should enable to have excellent tests of
the relativistic many-body problems and QED effects in few-electron ions.
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Abstract At present a number of current or proposed experiments are directed to-
wards a search for ‘new physics’ by detecting variations of fundamental
physical constants or violations of certain basic symmetries. Various prob-
lems related to the phenomenology of such experiments are considered
here.

1. INTRODUCTION

Progress in precision studies and shortage of data on possible extension of the
Standard Model of weak, electromagnetic and strong interactions have produced
a situation where a number of experiments to search for so-called ‘new physics’
have been performed or planned in atomic physics. Among such experiments are
a search for an electric dipole moment of an electron and a neutron, search for
variation of fundamental constants and violation of Lorentz invariance, etc.

While a number of experiments are designed to check a particular theory, the
others have aimed to look for ‘new physics’ in a ‘model-independent way’. Most
of such experiments involve various constraints even within a phenomenologi-
cal interpretation. Such conceptual problems of new physics in phenomenological
interpretation are considered in this note.

An example of such a problem is a relation of possible time or space variation
of fundamental constants and a basic relativistic principle of local position/time
invariance (LPI/LTI)!. Some scientists consider possible variation of constants as
violation of LTI. However, that is not correct.

We should acknowledge that there are two basic possibilities of variations of
constants. One is a result of certain violation of LPI, while the other is an obser-
vational effect of the interaction with environment, such as the bath of Cosmic
Microwave Background (CMB) radiation of photons, neutrinos, gravitons, Dark
Matter (DM), matter, etc.

The idea of scaling of the environment is changing once we increase accuracy.
For example, we can say that the Earth gravity at accuracy better than one-ppm
level is described by three forces: attraction by Earth, Sun and Moon, while the
acceleration of free fall, g, is a parameter of the interaction with Earth only. Alter-
natively, we can say that the complete gravitational force is always mg and it is
varying in time because of the relative motion of Earth, Sun and Moon. That is
not only a matter of definition. It depends on natural time scale of the experiment
with respect to the periods of Earth motion and on whether we understand the
planetary motion properly.

Interactions with the environment can always have a slow component, which
is in a way universal. From the observational point of view a slowly changing pa-
rameter presents a kind of variation of a constant, but indeed that is not violation
of LTL

As a matter of fact, we have to acknowledge that the most popular model
of evolution of the universe suggests so-called inflation [1] which is caused by

1 Theoretically, LTI is indeed a part of LPI, but from the experimental point of view the related experiments are com-
pletely different
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a phase transition. The latter is a transition between two phases of vacuum. In the
former phase the electron mass was zero and the proton mass was approximately
5-10% lower than now.

Another example of conceptual problems is the electric dipole moment (EDM)
of an electron. The EDM of an electron can be caused by two effects. One is some
violation of the CP invariance in one or other way, which allows a correlation
between directions of a vector (the EDM) and a pseudovector (the spin, s). All
experiments have been interpreted in such a way. Meanwhile, there is another
opportunity due to a possible violation of the Lorentz invariance. Such a violation
can deliver a preferred frame (e.g., related either to the isotropy in CMB or to the
local DM motion) and a preferred direction related to our velocity v with respect to
the preferred frame. The violation could induce a certain EDM directed with this
preferred direction (along v) or in a direction of [v x s]. All the experiments have
been treated in the former way, while their results were considered as a model-
independent limitation on the electron’s EDM.

2. VARIATION OF CONSTANTS

Here we consider various aspects of a possible interpretation of experiments on
variation of constants.

2.1 Can constants vary?

First of all, we note that the very motto ‘variation of constants’ is a jargon which
is not related to reality. In a sense, the constants cannot vary, because the idea of
variation of the constants is based on an assumption, that we can apply conven-
tional equations, but claim that some of their parameters are now adiabatically
time- or space-dependent. That cannot be correct. We should completely change
the equations.

Let us show a simple example why we should. Consider a quite unrealistic
problem: a free electron at rest and the Planck constant changing in time (7 = h(t)),
but not in space in a particular frame. That is an isotropic situation and the angular
moment L, is conserved. On the other hand, it is equal to +(1/2)A(t). Something
should be changed. Applying conventional equations of quantum mechanics to
physics with changing h produces an obvious contradiction. Another example is
considered in Section 2.6.

2.2 Alternating the basic description

At present, we have many equivalent ways to describe quantum mechanics. In-
troduction of the ‘varying constants’ into these different descriptions produces
different effects.

For example, even in classical mechanics we have equations (like Newton’s)
and the variational principle of the least action. If we introduced something similar
to varying constants into the Lagrangian we will change the equations. Similar
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dilemma exists in quantum theory, where we should decide what the fundamental
description is and what its consequences are.

I believe [2] that the fundamental original description is the Feynman’s con-
tinual integral in quantum field theory [3] (which is similar to the path integral in
quantum mechanics).

Indeed, this integral is not well-defined, but it reproduces the very soul of the
quantum physics—the interference as its backbone. When we do experiments, like
the famous Young’s double-slit experiment, we look for an interference pattern.
When Bohr first created a theory of the hydrogen atom, he was also dealing with
interference effects such as standing waves. The Schrodinger equation has taught
us that relation for a photon E = fiw has deep meaning and in a sense any energy
(at least for a stationary problem) is certain frequency because the stationarity is
supported by a classical picture with a periodic motion and a resulting standing
wave. Having in mind the path integral, we see that a stationary motion survives
because of constructive interference after going the same loop again and again,
while for any other frequency the interference is destructive. The Bohr’s orbit is
a kind of a standing wave. The least action principle (the least distance Fermat
principle for light) is also understood via a constructive interference—the phase
around the least phase trajectory is almost not changing and that greatly enhances
the classical trajectory by the summation of the huge number of very close tra-
jectories, while far away from it the phase has no minimum and changes linearly
with the variation of any parameter of the trajectory. The fast oscillating sum goes
down because of destructive interference of nearby trajectories.

To my mind the most natural way to go beyond conventional physics phenom-
enologically is to change the phases in the continual integral (which is the action)
and to derive proper equations from it.

Note, that to introduce medium into the Maxwell equation one has to change
the electromagnetic Lagrangian in a relatively easy way (and that is related to a
simple change in the action), while the derived equations already involve various
complications such as derivatives.

2.3 Gradient terms

We need to emphasize that we deal with a phenomenological description and do
not discuss how various time- and space-dependent factors can appear in the La-
grangian. We just like to describe a proper framework for the interpretation of the
data.

Introducing time- or space-dependent factors into the Lagrangian we should
expect their appearance in equations together with their gradients. In principle,
some gradients could appear even in the Lagrangian. Once we have a derivative
such as 9Y/dxp, where xg = ct and ¢ = c(x), we have to think which of many ways
should be taken to modify the derivative:

Y 19Y
_ % __,
X0 c dat
Y Y

_— % ,
9x0 a(ct)
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9Xp dt ¢
with some of them including the derivative dc/dt. But even if the Lagrangian in
proper variables is free of derivatives, the equations of motion derived from the
Lagrangian should contain some gradients.

Indeed, we should not be surprised by appearance of the time- and/or space-
gradients. We have a well-known self-consistent example of a violation of the
relativistic invariance with the speed of light depending in principle on frame, lo-
cation, time etc. That is electrodynamics in media with a proper medium density.
When we consider it in a conventional way, four three-dimensional field vectors
have to be applied: E, D, B and H. If we consider that as a theory of photons, we
should introduce, instead of the four former field vectors, one four-dimensional
vector A,. When presenting all the equations in such a way, we immediately ar-
rive at equations which contain not only two functions e(x) and p(x) (or even two
tensor functions in a general case) but also their derivatives. If afterwards we will
try to describe the complete interaction of two moving charges, their interaction
should also include the derivatives of €(x) and w(x). That is far different from the
naive expectation that it is enough to write c(x) instead of ¢ for the Lorentz force.

2.4 Dimensional quantities

Presence of the gradient terms allows to search for possible variations related to
dimensional quantities. However, even without any gradient terms present in the
basic equations, a variation of dimensional quantities can be detected.

Any measurement is a comparison and we have to deal with a ‘measured
value” and a ‘reference value’” of the same dimension. However, applying some
differential methods, a key comparison can be performed between two values of
the same quantity, e.g., the speed of light, related to different directions. In other
words, we can look for a relative change of a certain dimensional quantity.

Note that such a statement is related not only to fundamental physics, but also
to practical issues. For example, the definition of the kilogram states that the mass
of the prototype is exactly one kilogram. However, that does not mean that the
mass of the prototype is not changing. A change in the mass of a particular object
can be determined without any definition of the units. That can be done in relative
units and only needs definitions of the involved quantities. Meanwhile, the defin-
ition of the kilogram fixes only the numerical value of the mass of the prototype,
while the unit can change and that is detectable.

2.5 Three kinds of searches

Returning to possible variation of the constants, we conclude that there are three
basic kinds of searches [2], which are

e a series of ‘fast’ measurements with ‘long’ separation periods;
¢ a’long’ monitoring experiment;
o a selectively sensitive ‘gradient experiment’.
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Selective ‘gradient experiments’ are model-dependent. They assume a certain
possible effect and look for it. That may be a search for a gradient term, or a
differential experiment. Indeed, to isolate a particular effect one should have a
model and thus all such gradient terms are model-dependent and the dependence
sometimes goes much further than expected naively. Due to the Lorentz invari-
ance somewhat below the famous Michelson-Morley experiment is discussed as
an experiment of this kind.

Most of the experiments are of a different kind: they look for certain values and
check whether they change or not. However, a crucial point is duration of differ-
ent phases of the experiment. In principle, there are two phases: reading the values
(the measurement proper) and the accumulation of the effect of the variation (dur-
ing a separation between the measurements).

The problem is that the accumulation period for a change of parameters of a
system, like, e.g., the electron’s mass and charge, usually does not involve any ef-
fects of the gradient terms. The latter are important only during the measurements.
If the measurement? is fast enough, the effects of the gradients can be neglected
and the most important effect is the evolution of the parameters of the system un-
der study between the measurements, namely during the accumulation time. In
this case we can consider the same equations as usually but with varying para-
meters and do a model-independent evaluation. A typical example of such kind
of experiments is a study of the variability of the constants by means of atomic
physics. Since the gradient are not involved the constraint can be achieved in such
experiments only on variations of dimensionless quantities.

Another situation occurs for various space tests of general relativity and re-
lated experiments for dG/dt. The accumulation time and the reading-data time is
essentially the same. Even if we try, similarly to atomic physics, to perform brief,
say, one-day measurements every year, even that would not help. The problem is
that when looking for a ‘rotation’ of an electron we cannot measure the phase of
the rotation and deal with something related in sense of classical physics to aver-
age parameters of the orbital motion. The planetary motion allows us to look for
the phase of the rotation and thus the ‘coherence time’ is equal to many periods
of evolution. In a sense that is similar to the Ramsey method with two coherent
space-separated short measurements. As a result, the effects of the gradients are
of the same importance as effects of the time dependence of conventional terms.
Any interpretation of the data in such a case is indeed strongly model-dependent.

Dealing with average values for planetary and atomic motion is also not the
same. The atomic orbits are quantized. Their parameters do not depend on ini-
tial conditions, which determine only probability to create one or other atomic
state. Planetary motion depends strongly on the initial conditions and thus even
experiments on average values have a kind of history and accumulate effects from
gradients.

Involvement of the gradient terms allows of constraining variations of dimen-
sional constants.

2 The measurements in sense of quantum mechanics is determined by the interaction time and by the coherence time.

The measurement in sense of reading data consists of a session of many ‘quantum measurements’. We indeed mean here
the duration of the quantum measurements
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2.6 Anexample

Let us illustrate the consideration above with a clear example. We consider a case
of a non-relativistic classical problem of a two-body system with one mass, M,
much heavier than the other m (e.g., a Sun-planet, or planet-satellite system). We
neglect all corrections in the order m/M and for further simplicity suggest a circu-
lar orbit.

The main parameters of the problem are: heavy mass M, lighter mass m, gravi-
tation constant G, orbital radius R and orbital velocity v. Starting with the equation
of motion in a conventional case (G, M and m do not depend on time) we find:

GmM R
M= R M
or
GMR
TTRER @

with appropriate initial conditions for a circular orbit.

If we assume that all the constants (G, M and m) depend on time, but expect
that we can apply an adiabatic approximation, i.e., neglect all time derivatives, we
can still use the equation of motion (1) or (2) and the lighter mass, m, vanishes
there. That means in particular that any time dependence of m is unimportant, be-
cause for slow changes it looks natural to neglect all time gradients. In particular,
measuring the distance R as a function of time we find

== 3)

We note that the acceleration is orthogonal to the velocity and thus the velocity
has only a tangential component (v = v)) which is conserved. In other words, for
time-depending terms we find a proportionality law

R(t) ~ G(HM(E). (4)

However, the ‘adiabatic approximation” is inconsistent. Let us consider the
problem adiabatically, but neglecting the time-gradients in conservation laws, not
in the equation of motion. As a result we find that (3) is still correct; however,
the tangential velocity is not conserved. Instead, the tangential component of the
momentum

pi = moj| ©)
is. As a result we find
GMm?
R="5" ©)
Pjj

and for time-depending quantities the proportionality law takes the form

R(t) ~ GOM(E) (m(t))? 7)
to be compared with (4).
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The difference between (4) and (7) is caused by a gradient term vdm/dt to
appear in the equation of motion (1). In other words, adiabatic treatment of the
conservation laws suggests a non-adiabatic approximation in the equation of mo-
tion. The example shows that the gradient terms in the equation of motions may
be as important as adiabatic effects—the former lead to m? in (7), while the latter
are responsible there for M.

The equations achieved above via the conservation laws do not contains gradi-
ents directly. Still they allow to constraint dimensional quantities. Technically that
appears as a consequence of presence of certain dimensional conserved quantities,
such as p|| (as we demonstrated its conservation is related to a gradient term of the
equation of motion). The dimensionless combination on which the constraint is
achieved contains such a conserved quantity. It originates from the initial condi-
tions and that is why there is no analog of it in quantum theory where the atomic
energy levels are determined only by the fundamental constants and not by any
initial conditions.

One more point about this example is that the Eq. (7) cannot be the end of the
story. In the framework given the mass should be conserved. There are two nat-
ural options to describe the time dependence of the mass and both imply further
modifications of the scaling laws for R(t).

The first idea is to allow a time dependence in the framework of classical non-
relativistic physics. An obvious mechanism is to suggest that there is a mass in
the space (e.g., dust particles) which is not observable and the very presence of
this mass allows a change in the object moving through. This model is very sim-
ilar to introducing, e.g., the internal (thermodynamic) energy into the mechanical
consideration at the moment when it was absolutely unclear what the substance
is. A similar successful idea was to suggest a neutrino to solve the problem of
shortage of energy in the beta decay.

Suggesting such a mechanism solves the problem of a possible time depen-
dence offering a mass transfer between unobservable dust and a moving body.
Meanwhile, it opens a question of a possible transfer of momentum, angular mo-
mentum and kinetic energy. Any particular model of the mass transfer sets con-
straints on the transfers of other quantities and will produce different corrections
to (7). Note also that such a description will require the introduction of some func-
tions to describe the dust particle in continuous space, i.e. to introduce a kind of
fields (cf. Section 4).

Another possibility is to change the framework. For example, we can stop here
to deal with non-relativistic physics and recall that it is energy rather than mass,
which is conserved. However, in this case even before discussing any mechanisms
of the energy transfer (which should be somewhat similar to the previous consid-
eration) we have to acknowledge, that we should immediately change the basic
equations of both kinematics (describing a motion of objects) and dynamics (de-
scribing the gravity).

In other words, we cannot simply say that the masses are time-dependent, we
should go further to create a consistent construction which allows such depen-
dence within a certain framework.
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We have not discussed here two other problems. One is related to what can be
really measured. When we look for a change in the distance, we usually mean that
we look for a change in its numerical value in some units. The interpretation would
strongly depend on what kind of clocks we use (the measurement of the distance
is usually a measurement of light-propagation time) and on our assumptions on
what can happen with the value of speed of light c.

The other question is the gravitational constant, whether it can change or we
look for a variation of the masses only. To create a ‘real’ variation of G we need
to modify theory of gravity. To make an ‘observable’ variation of G, it is sufficient
either to change the units, or the masses, because we cannot observe G separately
from gravitating masses and separately from measuring masses and distances or
related quantities in certain units.

2.7 Variations of the constants and violation of the Lorentz invariance
or LTI

When searching for a variation of constants one has to remember about a possible
connection with various symmetries related to relativity.

The simplest issue is an observational one. The variations are long-term
changes in values of fundamental constants, while a violation of Lorentz invari-
ance could produce periodic effects because of the Earth rotation and its motion
around the Sun (more precisely both motions should be considered with respect
to the remote stars®). That can be resolved experimentally.

The other issue is a reason for a variation of constants. There are basically three
options.

e Variation of constants could be caused by ‘long-range’ environment. An exam-
ple is the phase transition during the early time of the Universe. That has no
relation to relativity.

e There is a certain dynamics directly in space-time continuum, which drives
both: a violation of the relativity and a variation of the constants. An example
could be a consideration of our 4-dimensional world as a result of compactifica-
tion with the radius of compactification dynamically changing.

e An in-between option is a such kind of environment which affects some rela-
tivity issues naively understood. For instance, presence of a ‘medium’ does not
violate the relativity once we speak about media as a non-fundamental issue
added as an environment. Meanwhile, we can choose to consider theory with
media as a fundamental ‘quasifree’ theory with broken relativity. What is im-
portant is the scale of phenomena. When we speak about the propagation of
light and the interaction of classical macroscopic sources of the electric or mag-
netic field in a gas, we deal with a kind of fundamental electromagnetic theory

3 Even that is not absolutely clear. There are at least two preferred frames moving with respect to each other: one is
related to the local DM cluster, while the other is related to the isotropic CMB. They suggest a different distance scale and
both can in principle lead to periodic variations. Any periodic effect induced by the dark-matter-determined frame has no
relation to a violation of the Lorentz invariance. With the CMB that is not clear. CMB proper is a kind of ‘environment’.
Meanwhile, if there is any fundamental violation of the Lorentz invariance, we would expect that violation determined the
frame where the Big Bang happened and thus where the CMB is isotropic. So this frame is specific because of a possible
violation and because of environmental effects, related to violations of the Lorentz invariance in the remote past
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with violated relativity. However, considering atomic spectra, we find that they
are related to electrodynamics of vacuum and all deviations from the vacuum
case happen on a certain macroscopic distance scale.

Indeed, only the second option is related to a violation of local position/time in-
variance.

3. PLANCK SCALE PHYSICS IN OUR LOW-ENERGY WORLD

3.1 Renormalization and Planck scale physics

A big success of quantum electrodynamics was due to the introduction of the
renormalization scheme. Briefly speaking, quantum electrodynamics (QED) is in
a sense not a fundamental theory, but a fundamental constraint.

A fundamental theory is such a theory that being formulated in terms of cer-
tain laws and certain parameters produces a result in terms of those fundamental
parameters. Such a view on QED has failed because of divergences.

Indeed, in reality everything in physics should be finite, but we know that
we possess only some knowledge on asymptotic low-energy behavior of various
physical quantities. Very often applying asymptotics beyond their applicability
one goes into unphysical behavior of various results and, sometimes, to diver-
gences. To make divergences finite one has to use a complete description, not its
asymptotics, with exact laws instead of their asymptotic forms.

The problem of QED is that we cannot learn anything about the ‘complete de-
scription” and ‘exact laws’, because they are related to physics beyond our reach.
Using different models for this physics (i.e. different regularizations) we arrive at
different results.

Power of the renormalization procedure is in the treatment of QED as a fun-
damental constraint, not as a theory. We can calculate a long-range Coulomb-like
interaction (which determines an observable value of the electric charge), we can
study electron’s kinetic (or complete) energy (which determines an observable
value of the electron’s mass) and we can measure a number of other properties
such as the anomalous magnetic moment of an electron and the Lamb shift in
the hydrogen atom. The ‘constraint’ means that they are correlated and we can
calculate the correlation. Learning some of these values from experiment, we can
predict the others.

The ‘fundamental constraint’ means that it is enough to learn very few values
to predict all the others with an arbitrary accuracy (or more precisely—as accurate
as we can treat them as pure QED values). For QED predictions, as we know, it is
sufficient to measure the elementary charge and masses of each kind of particles.

The alternatives are known—to predict a value of the electric or magnetic field
of a non-elementary object we have to know not only its charge and mass, but also
all details of the distribution of its electric and magnetic moments (and a number
of parameters beyond that). Those details should be also measured. So we need an
infinite number of the parameters.
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Does the renormalization mean that the Planck scale does not contribute to our
experiments? No, it does not mean that. The Planck scale indeed contributes, but
it does not contribute to the constraint, because it only affects values of masses
and charges, however, we do not calculate, but measure them. That makes the
Planck-scale effects unobservable. To observe we should compare a measurement
and a calculation, but we have only results of measurements. However, there is an
option when we should be able to see some effects of the Planck scale [2]. That is
a case when we have certain dynamic effects at the Planck scale (e.g., a variation
of some constants) or some violation of symmetries which would make our low-
energy picture wrong.

For instance, if we assume that we live in a multidimensional world with a
changing compactification radius, we may expect that electron’s mass and charge
should vary. The effects depend on the model of origin of bare masses and cou-
pling constants. The bare values can change or, alternatively, the bare values would
stand unchanged, while the renormalization term would change.

As anillustration we recall that we can see a number of consequences of special
relativity and quantum mechanics in non-relativistic macroscopic phenomena. For
instance, with a precision achieved in the mass spectroscopy, we can see a non-
conservation of the mass because of the binding energy. Various interferometers
of the macroscopic scale prove that the trajectory is not a well-defined property.
And so on.

3.2 The classical Michelson—Morley experiment and calculability of the
fine structure constant

Here, we consider as an example a possible problem with an interpretation of a
classical version of the Michelson-Morley experiment. In the experiment some
pieces of bulk matter were rotated. It was expected that when rotating their linear
scale would not change and comparing the light propagation in different arms of
the interferometer we can judge whether the speed of light is the same in different
directions.

Meanwhile, there is no just ‘speed of light” if we assume a violation of the
relativity. There are many different effects instead. But still we can expect that non-
relativistic physics would not change too much. The size of a piece of atomic bulk
matter is basically determined by the non-relativistic Coulomb interaction and we
can believe that comparing a non-relativistic distance and relativistic propagation
of light we should have a clear signature.

However, that is not that simple. The non-relativistic size depends on the elec-
tron mass and its charge. Let us, e.g., assume that « is calculable and that means
that elementary charge can be presented in terms of hc. If special relativity is
violated and, e.g., ¢ = c(x), we should also arrive at e(x). (More precisely, we
should speak not about varying electric charge e(x), but about calculability of the
non-relativistic long-distance interaction of two charges ab initio.) The Coulomb
interaction, which is a pure non-relativistic effect, would nevertheless be sensitive
to a violation of the special relativity. Rotating the interferometer built as a bulk
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body we would deal with two effects: changes in speed of propagation of light
and in a distance between the mirrors.

In other words, if the elementary charge is a fundamental quantity which is
not correlated with the speed of light, the Coulomb-law energy is E = Z;Z¢*/r
with possibly e = e(x), while if « is calculable, it is E = Z1Zyahc/r with o = a(x).
Note, the mentioned suggested x-dependence in «(x) and e(x) is of fundamental
origin and does not correlate with a possible violation of the Lorentz invariance
which could affect only c. (We remind that a real picture should be somewhat more
complicated—instead of varying constants we should introduce some additional
parameters and their derivatives (see above).)

In a more complicated way similar reasons can be related to masses of an elec-
tron and nucleon. The complicity is because we rather expect that «, if calculable,
is calculable in a kind of one-step action (with further renormalization), while for
masses we need to go step by step. For instance, for the electron we should first
understand the calculability of parameters of the Higgs sector.

That means that for a proper interpretation of a Michelson-Morley-like exper-
iment with an interferometer built on an atomic bulk matter we need to consider
a dynamic model of structure of this kind of matter with a possible violation of
relativity. The latter may involve the Planck scale effects, where a certain relation
on low-energy fundamental constants can be set.

3.3 How to violate symmetries?

There is a number of ways to violate a symmetry. The most naive way is to violate
such a symmetry directly. For example, the masses of the up and down quarks, m,
and my violate a chiral symmetry of QCD. That is the most natural way for classi-
cal physics. In the case of quantum field theory, such a violation for the relativity
and related effects can most likely take form of an external field (see Section 4 be-
low). In particular, the spontaneous breakdown of symmetries takes the form of
certain external fields.

Quantum theory also opens a number of other options (see, e.g., [2]). One of
them is a so-called anomaly. The violating term is a purely quantum effect pro-
portional to h. It appears because of singularities in original theory. While in the
classical case the theory is symmetrical under a number of transformations, it is
not possible to regularize all singular operators to keep all classical symmetries.
Some of them have to be violated in the quantum-field case. The most well-known
example is a so-called axial anomaly, which violates chiral symmetry even for
massless quarks.

A very remote analogy is conservation laws in classical and quantum physics.
Description of quantum mechanics in terms of classical mechanics is not well
defined, which happens because of commutativity of classical values and non-
commutativity of their quantum analogs. We should regularize it and as a result
part of classical symmetries may be realized in such a way that some conservation
laws cannot be measured at all (e.g., conservation of the angular momentum as a
vector). That example turns our attention to problem of observations.
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Some effects may be a pure observational problem. We can illustrate it by com-
paring conservations in classical and quantum physics. We remark that we cannot
check any conservation laws, but only their consequences. From the point of view
of classical physics we expect that we can measure different components of angu-
lar momentum and check at some time whether they have the same values. From
quantum physics we know that they would not have the same value and that we
can directly check only conservation of one component of the angular momen-
tum. Conservation of the angular momentum as a vector can be checked via some
specific consequences, but not so directly.

The problem is with commutations of different components of the angular
momentum. Meanwhile, it is expected that operators of coordinates can be not-
commutative in the quantum gravity. That would produce certain observational
effects for naive tests.

4. EXTERNAL FIELDS AND RELATED EFFECTS

41 External field as a violation of relativity and CPT

Even considering various violations, we basically expect that the relativity, CPT
and many other would-be violated invariances are still present in a sense. Their
violations used to be suggested in the form of a kind of external field of a classical
(caused by matter or dark matter) or quantum (condensate) origin. We refer here to
such a field as a “violating field". The violating field can have a certain simple form
in a specific frame and the result in other frames can be found by an appropriate
Lorentz transformation.

It is very natural that most of such violating fields are very similar to conven-
tional fields such as scalar, electromagnetic, gravitational etc. That is not a surprise,
because if we like to introduce both conventional and violating fields, we start
from designing a certain interacting term in the Lagrangian which obeys all nec-
essary symmetries. There are two basic differences between ‘true’ fields, which
we used to deal with, and violating ones. The former are somewhat universally
coupled to many objects and they are a result of certain sources existing in the
case, or they are quantized as photons. The violating fields have no sources, they
are background fields; and what is very important they are somewhat selectively
coupled to other objects. We know only one kind of such a field, the Higgs field,
which violates SU(2) x U(1) symmetry in the Stardard Model of the electroweak
interactions. It is also not-universally coupled to the matter fields and as a result
the masses of charged leptons and quarks are all very different.

Let us also remind that a violation of CPT, most wanted by experimentalists,
is such a violation when mass and charge of particle and antiparticle are not the
same. To provide the different charges would be a big problem, since it assumes a
non-conservation of the charge by producing a pair of particle and antiparticle (the
alternative is a photon with a very small but not vanishing charge which is also
not good). Possessing different masses means, that while the mass of an electron
is

m_ =m—m,
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the positron mass is

My =m+ ém.

However, the same effects can be obtained if we assume that
mg = m + gel,

where g is charge, equal to 1, and the electric potential U is defined as U = §m/e.

Meanwhile, because of the gauge invariance we cannot observe any constant
homogeneous potential since the related strength of the electric field is zero. Does
it mean that such a term is not observable at all? The answer depends on how
we treat different particles and what kind of problem we study. If, e.g., we con-
sider the muon in the same way, but if two effective potentials are not the same
(U, # U,), we should be able to observe their difference. The decay of muon
and antimuon should have slightly different kinematics and the difference in their
lifetime caused by the different phase volume of the decay product, would be pro-
portional to U, — U,,. To understand that we can have in mind so unrealistically
large value of this difference that a muon would decay, but an antimuon would
not.

If we do parametrization more rigorously and introduce yy, instead of g (or
more correctly to deal with the substitute

m— m+ y*a,,

where g, is a time-like vector), the result remains the same. An observable depar-
ture from CPT should be proportional to a certain difference of parameters of two
particles, involved into calculations (cf. contributions of the a term in [4]).

4.2 ‘Selective’ external fields and macroscopic experiments

As we could see above, the violating term is similar to the electric potential, but it
is a kind of a selective field which should interact differently with different kinds
of particles and only the differences can be observed.

A situation when the searched violating external fields are similar to con-
ventional electromagnetic fields, but to selective ones, is very important from a
practical point of view.

What is an electromagnetic field from a pragmatic point of view? In conven-
tional electrodynamics an electron, a proton, a muon, etc., sees the same electric
field (once we neglect motional magnetic effects). If we set a different background
field for different particles, that may well serve for producing a CPT violation or
violation of the Lorentz invariance. The conventional magnetic field interacts uni-
versally with moving charges and there is an additional interaction with spins
or rather with related magnetic moments. Some of spin magnetic moments are
calculable ab initio as for an electron or a muon, some should be treated phenom-
enologically, as for a proton or a neutron.

Meanwhile, any experimental setup involves macroscopic bodies, which can
interact with the electromagnetic field, and some of them do interact. Certain sub-
stances do that in peculiar ways, when only one kind of universal interactions is
involved.
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For example, the solid conductors screen the ‘true’ electric field via a rearrange-
ment of the electron density. With a violating field, which interacts with the elec-
trons, added, the conductors should screen the field as seen by their electrons, i.e.
they screen both ‘true’ electric field and the additional field interacting with elec-
trons. As a result they leave a certain electric field inside the screened area. If the
probe particle will be an electron, no field would be seen, because the remaining
electric field will compensate the violating field. If the probe particle is a proton, it
should see a certain effective field which is a difference of violating proton’s and
electron’s fields.

A similar situation is with a magnetic-field-like violating field. The ‘true’ mag-
netic field interacts universally with all particles and the same field is seen by
any orbital and spin magnetic moments in a consistent way. The violating field
could be different for different particles and it may interact in a different way with
the spin and the orbital motion. Some magnetic screening materials act via a pro-
duction of certain electron currents (i.e., the orbital motion), while others via a
rearrangement of the electron spins. While providing the screening, the electrons
will act in such a way that they will cancel all the field, including a violating com-
ponent.

These examples show that while there may be certain vacuum effects, the ex-
periments are never done in vacuum. A certain screening is always needed to
avoid residual electromagnetic fields. In the case of CPT violating fields, acting as
‘selective’ electromagnetic fields, a certain electron-interacting component of such
a field should be compensated by an electromagnetic field created by the shielding
material. That should be taken into account for interpretation of such experiments.

5. MICROSCOPIC AND MACROSCOPIC DESCRIPTION

While a natural microscopic picture involves an effective external field, the natural
macroscopic description is rather a kind of dilute medium (e.g., for the dark mat-
ter) which weakly interacts with light etc. It is not the ether! The dilute medium
obviously affects the Doppler effect, etc., and produces a signal for the Michelson-
Morley experiment. The speed of light would not be a universal ‘c’. However, for
microscopic properties such as a value of mc? as the rest energy that would be
different. Either they would have no relation to measured velocity of light in the
media, or there would be different changes.

For example, considering the time dilation of the lifetime of an unstable nu-
clear level we should consider the nucleus which lifetime changes because of two
different effects: conventional Lorentz transformation and interaction with the di-
lute media particle. The same should be with various ratios of different transition
frequencies from the same atom.

Indeed, the particle interaction with the dilute media depends on their relative
velocity but also on various other parameters. E.g., we can assume that the particle
directly interacts with the (dark-matter) medium (via a heavy intermediate boson)
and the interaction with light is indirect and somewhat weaker. Or on the contrary
we can suggest that the dilute medium is weakly coupled to the light directly and
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any interaction to the other matter is an induced effect. Indeed, with a fixed value
of the light-media interaction, the effects of matter-media interaction can easily
vary by orders of magnitude.

The crucial point here is a possible scale of the effects. The Michelson-Morley
experiment and some others are of macroscopic nature and they can check vari-
ous symmetries on a large scale with respect to atomic and particle effects scale.
The latter scale could be studied via a different kind of experiments and it is not
necessary that the result be consistent.

Addressing different scales of times and distances we study a part of effects
and trying to generalize the results may do some model-dependent suggestions.

6. SUMMARY

Above we have demonstrated that looking for some new physics and in particular
for possible violations of some symmetries it is hard to avoid certain model de-
pendence which may sometimes produce a misleading interpretation. It is hard to
give any general advices except for being careful.

This work was supported in part by the RFBR grant # 06-02-04018 and DFG
grant GZ 436 RUS 113/769/0.
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Some of the predicted transition frequencies have an uncertainty more
than an order of magnitude smaller than that of the Landé factor g of the
electron, which was previously the most accurate prediction of quantum
electrodynamics (QED). These predictions were obtained by combining ac-
curately measured transitions in hydrogen and deuterium with recent QED
calculations. A mostly non-technical overview of the relevant adjustment
procedures is given in this paper.

1. INTRODUCTION

1.1 Description of the results

This paper discusses recently obtained high-precision predictions of energy levels
and transition frequencies in atomic hydrogen and deuterium!. We also provide a
mostly non-technical description of the procedures that led to these results, which
complements more technical information available elsewhere ([1] and [2, App. E]).

111 High precision energy levels and transition frequencies
Energies were calculated for all levels of hydrogen and deuterium with principal
quantum number 7 smaller than 200. Optimally evaluated transitions frequencies
between these levels are also available. All the results can be found on the web?.

These results are among the most precise predictions ever made with QED,
which is the most precise theory to date. Thus, the previously most precise pre-
dictions of QED can be considered to be the g-factor of the electron, with an
uncertainty on the 13th digit (about 4 x 1072 relative [3, p. 64]). This is to be
compared, for instance, to the precision on 15-3D transition frequencies in [1, Ta-
ble I11], which reach about 3 x 10713, which is more precise by about an order of
magnitude.

Compared to previous similar predictions of energy levels, the improvement
in precision reaches in some cases about five additional orders of magnitude [4].

When compared to achieved experimental precision, the predictions are, as a
general rule, more precise by a factor ranging from two to ten (see, e.g., Table I
in [1]). For instance, the prediction of the “classic” Lamb shift (transition frequency
between the 2S and 2Py /; levels of hydrogen) is predicted with a precision five to
ten times higher than the experimental determination [5,6].

11.2 Calculation procedure

The high precision obtained on hydrogen and deuterium energy levels comes
essentially from matching experimental results with theoretical ones [1]. All the
available information is meant to be used, including in particular correlations be-
tween experiments or between theoretical predictions [3].

1 Hyperfine effects are not included, but their contribution can be added to the available predictions
2 http://physics.nist.gov/hdel
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Such correlations are at the root of precise predictions, as they put strong
constraints on the variables® that are adjusted when experiments and theory are
forced to match as best as possible. Thus, for example, the high experimental pre-
cision on the 15-2S transition frequency vy in hydrogen [7] puts strong constraints
on some of the fundamental constants contained in the corresponding theoretical
expression:

3 me 11 , 28¢® 14 (27maRp)>
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The variables used in the right-hand side* are quantities that are adjusted so that
theory and experiment coincide. In the expression above, the experimental fre-
quency vy is known to a precision similar to that of the theoretical prediction; this
forces some constants to be strongly correlated: for instance, the correlation coeffi-
cient between the Rydberg constant R and the proton radius R, is 0.996. Such a
correlation coefficient close to 1 essentially indicates that if the proton radius were
slightly higher than its (central) recommended value, then the Rydberg constant
would also be slightly higher (and by approximately the same amount relative
to their respective standard errors). As a consequence, some predictions involv-
ing correlated adjusted variables can be more precise than the adjusted quantities
that are used in their formal expression. This will turn out to be important for the
precision of predicted energy levels and transition frequencies.

A simple example of how precise predictions can be achieved through the use
of correlations is given by the expression x — y, where x and y are random vari-
ables with the same standard deviation o, and have a correlation coefficient close
to 1. In this situation, statistical fluctuations of x are statistically compensated by
fluctuations of y, and the “predicted” value of x — i is much more precise than o,
as a shift of x by some amount is compensated by a shift of y by the same amount.

Another example, found in our calculations [1], is that the predictions of some
energies is more precise than the uncertainty on the Rydberg constant Roo: in view
of the fact that Ry appears essentially as a factor in theoretical predictions [see
Eq. (1)], this is a non-obvious result. It can for instance be observed in the 15-3Dj3 /»
transition frequency is predicted [1] to a relative precision of about 3 x 10713: this
is 20 times smaller than the uncertainty on the Rydberg constant [3, p. 64].

Predictions that are meant to be optimal were thus obtained through both the
constraints imposed by the matching of experiments with theory [2, App. E], and
the use of correlations between the adjusted quantities (e.g., the Rydberg constant,
the proton radius, etc.).

3 A note about terminology is in order, here: physical constants are considered as variables, in the adjustment of the
fundamental constants. Numerical values for the physical constants are obtained by finding optimal values for these vari-
ables [2, App. E]

4 Reo is the Rydberg constant; nte and mp are respectively the electron and proton masses; Rp is the proton charge
radius, and Ac the Compton wavelength of the electron. « is the fine structure constant 2/ (2€ghc), where e is the electron
charge, € the electric constant, ¢ the speed of light, and % the Planck constant. The Rydberg constant can be expressed in
terms of other constants as a2mec/ (2h)
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1.1.3 Theoretical result: method for high-precision predictions

The method used for obtaining optimally precise predictions for energy levels in
hydrogen and deuterium can take a simplified form, as shown in Ref. [1]. In fact, in
order to calculate a new energy level with an optimal precision, it is possible to rely
on data already calculated for the CODATA 2002 adjustment of the fundamental
constants [3]. The energy of a level can thus be quite simply predicted by taking
a theoretical formula for the energy, and then evaluating the statistical correla-
tion between the non-calculated theoretical remainder and theoretical expressions
used in the CODATA 2002 adjustment (these numbers are easy to calculate, as we
describe below).

The adjustment of fundamental constants and other quantities—performed so
that experiments match theoretical results—consists in a numerical procedure. It is
to be noted, though that the energy levels obtained by such a method come from a
mix of theory and experiments: they are not pure ab initio results. For instance, the
“prediction” of the 15-2S transition in Ref. [1] comes mostly from its experimental
measurement [7]. On the other hand, the classic Lamb shift prediction mentioned
above, which is given [1] to a precision better than that of experiments, is obvi-
ously not a pure experimental result, but nonetheless relies on the information
provided by experiments.

Such a situation is common, as experiments and theories are intimately linked,
when it comes to producing numerical values: relevant physical values require
theory in order to be extracted from experiments, while at the same time theoreti-
cal formulas generally involve constants that require some experimental determi-
nation®.

An important characteristics of the energy level predictions recently obtained
in [1] is that they have a level of precision that goes beyond state-of-the-art ab initio
calculations, as they were obtained by using additional, experimental information.

1.2 Motivations and applications

1.2.1 Tests of quantum electrodynamics

Constantly comparing predictions to observations contributes to testing quantum
electrodynamics (QED)—and, beyond QED, the Standard Model of fundamental
interactions and the quantum field theories that it uses. Comparing the predicted
hydrogen and deuterium transition frequencies® with new ab initio QED results
would contribute to testing QED.

The need for testing QED is illustrated by the inconsistencies currently ob-
served in the atomic helium fine structure between experiments and theories. Ob-
taining predictions that match experiments is also useful for helium fine structure
measurements to contribute to the determination of the fine structure constant o
(recent work in this domain is presented in Ref. [8]). Many experiments have re-
cently been performed on the helium fine structure: by Gabrielse in Harvard [9]7,

5 Theoretical results that state that a given quantity is exactly zero obviously do not fall in this category; this can also be
the case of results involving no units but only pure numbers

6 Available at http://physics.nist.gov/hdel

7 This paper contains a review of recent results


http://physics.nist.gov/hdel

Extensive Calculations of High-Precision Energy Levels 257

by Inguscio in Florence and De Natale in Naples [10,11], by Shiner at the Univer-
sity of North Texas [12] and Hessels at York University [13,14]. Recent theoretical
results include work by Drake [15] and Pachucki [16]. A recent review of the situ-
ation can for instance be found in [3, p. 39].

On the purely theoretical side, recent high-precision (QED) results in hydrogen
and deuterium were obtained recently, which have led to a significant reduction
of the uncertainty of both one-photon and two-photon QED contributions (see, for
instance, Refs. [16-20,21-26] in [1], and [17,18], and § 2.3.2.1).

1.2.2 Contribution to the determination of the fundamental constants

Even though the prediction of new energy levels and transition frequencies
in [1] has no direct impact on the recommended values of the fundamental con-
stants, compared to the adjustment on which the new predictions are based (CO-
DATA 2002 [3]), they motivate new theoretical calculations, as mentioned above.
In turn, such calculations can close the virtuous circle and contribute to an in-
creased accuracy in the determination of fundamental constants.

An example of quantity which owes its current precision to precise predic-
tions in hydrogen is the proton radius. In fact, this radius is one of the adjusted
fundamental constants since the 2002 CODATA adjustment [3]; as illustrated in
Figure 13.1, the current recommended value comes mainly from precise experi-
ments and theory in hydrogen.

Another example of fundamental constant that relies on precise experiments
and QED predictions in hydrogen is the Rydberg constant R, which is the second
most precise constant, as given in CODATA 2002 [3].

1.2.3 Relevance of hydrogen and deuterium

Another reason for predicting levels in atomic hydrogen and deuterium is that
transitions to their lower levels fall in the visible spectrum or are in close range:
frequencies belonging to this domain can be measured very accurately. In particu-
lar, as much as about 15 digits can be obtained on such frequencies, with the recent
frequency-comb technique: this technique provides about 100,000 equally-spaced
laser lines located in the visible spectrum, whose frequency can be known to about
1 Hz (see, e.g. [7]).

Many recent experiments have yielded high-precision transition frequencies in
hydrogen and deuterium. We can cite the 15-2S transition in hydrogen [7]. The
experimental precision obtained on this transition has increased by three orders
of magnitude in about 10 years (see, for instance, Ref. [3, p. 15], and references
therein). Other experiments involving levels with principal quantum number n up
to 12 were conducted in the last 10 years at MPQ in Garching, LKB in Paris, and
Harvard, in particular (see, for instance, the introduction of Ref. [1]). In the mi-
crowave spectrum, precise measurements involving hydrogen levels with n from
27 to 30 were performed recently at MIT [19].

Further progress in the spectroscopy of hydrogen is expected from groups cur-
rently working on improving measurement accuracy on some transitions: 15-25
at the Max-Planck-Institut fiir Quantenoptik, Garching; 15-3S at the Laboratoire
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FIGURE 13.1 Value of the proton radius, as adjusted with electron-proton scattering data, and
with spectroscopic information on hydrogen. As illustrated in this graph, the current
recommended value (“CODATA-02") of the proton radius [3] comes mostly from precise
spectroscopy experiments in hydrogen along with precise theoretical calculations of the energy
levels of hydrogen.

Kastler Brossel in Paris; and 2S to high-n transitions at the National Physical Lab-
oratory in the UK, and at MIT.

1.3 Outline and references

The method developed in [1] for obtaining optimal predictions in hydrogen and
deuterium is discussed in this paper, along with its numerical results. We first
discuss how outstanding, not yet calculated theoretical contributions § are central
both to the adjustment of the fundamental constants and to the optimal prediction
of energy levels in hydrogen and deuterium. We then give a detailed overview
of the adjustment of the fundamental constants, and describe the specifics of the
optimal energy level prediction method in mostly non-technical terms.

More technical information about the last two fundamental constants adjust-
ments can be found in [2,3]. Numerical results are available on the web?8.

The numerical results obtained through the fundamental constants adjustment
can be used for performing optimal predictions of hydrogen and deuterium en-
ergy levels along the lines described in [1]. The resulting energies and transition

8 http://physics.nist.gov/cuu/Constants/index.html
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frequencies for all levels with principal quantum number # smaller than 200 are
also available on the web’.

2. CALCULATION OF ENERGIES WITH AN OPTIMAL PRECISION:
METHODS INVOLVED

2.1 Two types of adjusted quantities

The quantities adjusted in CODATA [2,3] can be divided into two classes: the
group of fundamental constants chosen for the adjustment, and the group of out-
standing, theoretically unknown contributions §. These quantities are involved in
equations such as equation (1) above, which gives the 15-2S transition frequency
as a function of constants such as the Rydberg constant R, the electron mass, etc.,
and also of quantities denoted by 815 and 82s.

211 Deltas—calculation of quantities not calculated by theory

Quantities such as 815 and &5 are theoretically unknown contributions that rep-
resent the amount of energy to be added to all the calculated terms of a given
level so that the total energy is exact (i.e., represents the full prediction of the
theory used—mainly QED, in our case—, which should be consistent with any
actual experimental measurement). As is customary in the literature cited here,
such quantities are generically denoted by §, in this paper.

These §’s are key both to the adjustment of the fundamental constants [3] and
to the optimal predictions presented here [1]; in the remainder of this paper, we
often refer to these energy contributions that theory has not calculated. They are in
particular useful for the evaluation of energy levels in hydrogen and deuterium:
in

E; = Hi(Roo, @, ...) + &, 2

the energy E; of level i is obtained as the sum of a partial theoretical prediction H;
(which relies on some fundamental constants and no §), and of the non-calculated
contribution §;. The 15-2S transition energy (1) above is thus simply Es — E1s; part
of the theoretical expression of Has — Hig is visible in Eq. (1). Almost all the §’s of
the adjustments discussed here [1-3] come from the theory of hydrogen energy
levels!'?. Both the adjustment performed for the fundamental constants [3] and for
the predictions in hydrogen [1] do calculate § values.

By definition, the é’s used in [1-3] are not predicted by purely theoretical calcu-
lations. Their magnitude is theoretically known, though, as calculations proceed
essentially by obtaining successive perturbation terms.

This, along with theoretically-known correlations among various §’s, allows
one to predict them, by combining all the relevant available information on exper-
iments and theory.

9 This represents about a billion numerical values (and uncertainties); they are all available at http://physics.nist.gov/hdel
10 See http://physics.nist.gov/cuu/LSAData/zdata_a.pdf and [3, Appendices]
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2.1.2 Overview of the adjustments
Optimal predictions of energy levels were obtained in two steps, where each of
the steps involves a different set of quantities:

o In the first step, both fundamental constants and some §’s are adjusted. The ad-
justed §; are not yet calculated contribution to the levels i that are involved in
the experiments used in the adjustment [3].

o In the second step, only § values are adjusted, and only for levels not already in-
cluded in the first adjustment—their §’s are already known. The new §;’s, once
added to the relevant theoretical determinations H; in Eq. (2), yield the ener-
gies of the levels of interest (those with principal quantum number n smaller
than 200) [1].

These two steps are successively described in the remainder of this paper.

2.2 Adjustment of the fundamental constants

2.21 Overview

As mentioned above, the principle behind the adjustment of the fundamental con-
stants consists in adjusting some parameters (fundamental constants and §’s) so
that experiments and predictions are consistent. Mathematically, the best possi-
ble consistency is achieved by minimizing the “distance” between experimentally
known values and functions of the parameters that are supposed to reproduce
the known values [2, Eq. (E18)]. The minimized function can be expressed as a
sum of squares, hence the term “weighted least squares” used for describing the
adjustments presented here. The weights in question make a precise experimental
measurement constrain the adjusted parameters more than a less precise measure-
ment [20].

It is possible to not only obtain the values of the adjusted parameters that make
all the available information as much consistent as possible, but to also evaluate
their variances and covariances (see, e.g., Eq. (E11) in [2]).

These covariances between adjusted fundamental constants and §’s are of the
utmost importance when one is interested in obtaining precise theoretical predic-
tions through equations Eq. (2): by taking them into account, an optimal prediction
can be extracted from the formulas, as exemplified in the introduction when dis-
cussing correlations.

2.2.2 Ingredients of the adjustment

Adjusting the fundamental constants requires to define both a list of parameters
to be adjusted (fundamental constants and §’s), and a system of equations that
constrain them.

2.2.2.1 Adjusted parameters The list Z of the 61 variables involved in the latest
adjustment of the fundamental constants (CODATA 2002 [3]) is available on the
web!l,

11 http://physics.nist.gov/cuu/LSAData/zdata_a.pdf
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Among the physical constants that were adjusted and that are relevant to the
theory of hydrogen and deuterium energy levels, we find, for example, the fine
structure constant o, which defines the strength of the electromagnetic force, and
the Rydberg constant R, which is essentially the energy of the 1S level of hydro-
gen as predicted by the Bohr model. The proton and deuteron radii, which also
enter in the theoretical predictions of the levels, were added to the list of adjusted
constants in the latest CODATA [3].

2.2.2.2 System of equations A system of “equations” puts constraints on the ad-
justed parameters Z. As there are 105 such equations in the latest adjustment but
only 61 adjusted variables (in Z), the system is over-constrained. Thus, all funda-
mental constants and §’s can be determined.

The system of equations pertaining to the kind of adjustment described here
[2, App. E] has three components:

— theoretical expressions F(Z), which involve only dimensionless numbers and the
list of adjusted variables Z (&, Roo, 8s, . . .),

— corresponding “input data” Q (one value for each equation in F): each data is
a numerical value that represents either an experimental result, or a theoretical
estimate (always zero, as explained below),

— amatrix V of variances and covariances that define the precision with which the
numerical input data is known; equations must hold true within this precision.

Expressed in a semi-formal way, the constraints set of the list of adjusted quanti-
ties Z thus take the form

Q =F(Z) toaprecisionV, (©)

where Q is a vector with 105 numerical quantities, F a list of 105 functions of the
61 adjusted quantities Z, and where V is a 105 x 105 matrix of covariances between
the input values Q; the special symbol = denotes the fact that no strict equality
is expected: both sides of the “equation” must simply be consistent within the
prescribed uncertainties [3, § IV.B]. The consistency of all equations was carefully
checked [3, p. 81]. Let’s describe in more details the last three ingredients of sys-
tem (3), which defines the constraints to be satisfied by the adjusted parameters Z.

The complete list of numerical input values Q used in the latest fundamental
constants adjustment is available in Tables XI and XIII in [3], and also on the web!2,

This list includes, in particular, some of the experimental results mentioned in
the introduction: high-precision transition frequencies in hydrogen, between the
1S and 2S levels [7], and other measurements between levels with n up to 12 (see,
e.g., [21]). Other examples of included measurements are the electron g-factor [22],
and the Josephson constant Kj [3, p. 28].

As mentioned above, the physical theories used in the adjustment [3] provide
some information about non-calculated terms: their magnitude can be inferred
from the size of successive perturbation terms. Thus, the information available on
the §’s described above (Section 2.1.1) is of the form

0 & uncertainty u = §, 4)

12 http://physics.nist.gov/cuu/LSAData/qvals. txt
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where the uncertainty u represents an estimate of the order of magnitude of the
theoretical remainder . Therefore, system (3) above contains equations such as (4),
in the form

0 = § up to some uncertainty u,

and the vector Q of numerical input data'® thus contains a zero for each §.

In equation (3), the matrix of covariances V sets the strength of the constraints
put on the system of equations. The more precise the experiment, the most strin-
gent the constraint put on the corresponding adjusted variables. The numerical
values of V used in the latest adjustment of the fundamental constants [3] are
available on the web'* (these values can be used for performing optimal predic-
tions of energy levels, as described in Section 2.3 below). Most of the covariances
between numerical input values Q are zero. There are only two kinds of non-zero
elements: they represent either correlations between experimental results, or be-
tween theoretical results'®. The structure of the covariances between numerical
input data Q is depicted in Figure 13.2.

Non-zero covariance values in V, between experimental results from Q, come
from experiments that are related. For instance, some contributions are common
to some experiments performed with similar set-ups. An example is the set of hy-
drogen spectroscopy experiments performed at the Laboratoire Kastler Brossel in
Paris [3, A2-A6 in Table XI, p. 49]: the transitions frequencies measured there be-
tween the 25 level and other levels are correlated, as they used the same reference
laser, the same line shape analysis method, similar estimates of the Stark effect
contribution to the final transition frequencies, etc. Thus, any deviation of one of
the measured frequencies from its central measured value implies a correlated
deviation of any of its related measured frequencies. Corresponding non-zero,
non-diagonal elements in the covariance matrix V quantify such correlations.

Regarding non-zero elements of V between theoretical input data from Q, let’s
note that Eq. (4) gives the variances of each §: the corresponding diagonal ele-
ments of V are essentially the order of magnitude of each § (squared). Non-zero
covariances between different §’s represent correlations such as the one that ex-
ists between S states: at the current level of knowledge, the energy contribution
not yet calculated by theory can be estimated as being of the order of A/n3, for
some common coefficient A (n is the principal quantum number of the S state
that is considered)'¢. It results from this that there are strong correlations between
non-calculated contributions to the energy levels of S states. The matrix V in equa-
tion (3) thus takes this fact into account.

The theoretical expressions F used in Eq. (3) for connecting numerical values Q
with adjusted variables Z are of two kinds, that mirror the two kinds of input
data in Q: theoretical expressions are either theoretical predictions of experimental

13 hitp://physics.nist.gov/cuu/LSAData/qvals. txt
14 nitp://physics.nist.gov/cuu/LSAData/v.txt
15 This fact is the mathematical counterpart of a situation described further down in the text: even though some theory

was used in obtaining some physical results used in Q, this theory is essentially independent of the theoretical expressions F
used by the adjustment

16 This is for instance the case of the deltas labeled A25 to A30 and A41 to A44 in [3], Table XI, p. 49
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FIGURE 13.2 Matrix of covariances and variances V used in the latest adjustment of the
fundamental constants [3]. The matrix contains one row and one column for each of the 105
equations of system (3), which puts constraints on the adjusted variables (physical constants
and “deltas” [Section 2.11]). There are relatively few non-zero covariances; the corresponding

elements are depicted in black. Groups of related experimental measurements or of
correlated &’s can be readily be observed in this representation.

results expressed as functions of the adjusted variables Z, or they simply express
an equation of the form (4) above!”.

It must be noted that even though some theory may have been used in deter-
mining the published final experimental results of the input data Q, this theory
differs from the one expressed by the functions F. For example, experimental-
ists can theoretically take into account the contribution of some electromagnetic
fields present in the apparatus, in order to deduce a specific frequency from raw
data [22]; such a use of theory relies on well-tested physics that has no direct
connection with ab initio theoretical results F used in adjusting the fundamental
constants.

Theoretical expressions used in the latest adjustment of the fundamental con-
stants can be partly found in Tables XIX and XXI in [3]. Many of the expressions
involved come from the theory of energy levels in hydrogen, which includes rel-

17 Expressed formally, this means that there are equations f;(Z) in F(Z) that take the form f;(Z) = 8 for some atomic
level j—3§; being one of the adjusted variables contained in the list Z
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ativistic effects, quantum field theory effects (most notably QED effects), proton
size and motion effects, etc. [3, App. Al].

2.2.2.3 Solution of the system of equations The system of Eq. (3), whose equa-
tions combine numerical values, theoretical expressions, and covariances, can be
solved for the adjusted variables Z: best estimates of their values can thus be
calculated. The method used in [2,3] consists in using a sequence of linear approx-
imations to system (3), around a numerical vector Z that converges toward the
solution of the full, non-linear system (this is akin to Newton’s method—see, e.g.
[23]). Each of the successive linear approximations to system (3) is solved through
the Moore-Penrose pseudo-inverse [20] (see, also, Ref. [2, App. E]). The numerical
solution for Z as found in CODATA 2002 can be found on the web!®. These val-
ues are such that the equations in system (3) are satisfied, as a whole, as best as
possible [3, App. E]).

This procedure yields values for the fundamental constants included in Z.
These values are available on the web'? and in [3, Table XXVI, p. 63]. Through this
method, for instance, the proton radius is determined to a precision of about 1%,
mainly through numerical constraints set by transitions in hydrogen, as shown in
Figure 13.1.

The adjustment procedure also yields values for the §’s contained in Z. This
means that by thus combining theory and experiments, one predicts theoretical
energy contributions that are not yet calculated (for levels involved in some ex-
periment exploited in CODATA 2002).

In addition to obtaining the values of the variables in Z that satisfy system (3)
the best, it is possible to obtain their covariance matrix G (see, e.g., Ref. [3, App. E]).
This matrix is also available on the web®. Thus, many numerical values of Z satisfy
system (3) within the imposed uncertainties V. This defines a set of statistically
acceptable values that lie within close range of the best values; the covariance
matrix of the adjusted values essentially describes the typical dimensions (in the
61-dimensional space of Z (Section 2.2.2.1)) of this set of acceptable values. For
instance, statistically plausible sets of numerical values for Z are such that the
g-factor of the electron (which is a component of Z) varies with a relative stan-
dard error of as little as 4 x 10712 (this incidentally makes it the most precise value
determined in the latest adjustment of the fundamental constants [3]).

The covariances of the adjusted variables Z can be used for calculating values
with optimal uncertainties from theoretical formulas, as described in Section 1.1.2.
Correlations between adjusted values (i.e., non-zero non-diagonal elements of G)
can play an important role in the uncertainty to be associated to the calculated
formula, as large correlation coefficients are observed between fundamental con-
stants; an example is given by the values for the electron charge e and the Planck
constant /1, which have a correlation coefficient of 0.999 [3, p. 69], which is very
close to the maximum value of 1.

18 The variables Z listed in http://physics.nist.gov/cuu/LSAData/zdata_a.pdf were found [3], and their values are given in
http://physics.nist.gov/cuu/LSAData/zvals.txt

19 hitp://physics.nist.gov/cuu/LSAData/index.html

20 nttp://physics.nist.gov/cuu/LSAData/g.txt
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More technical presentations of the results just discussed can be found in [2,
App. E] (least-squares adjustment) and [3] (CODATA 2002 adjustment of the fun-
damental constants). Important online resources include values of the adjusted
constants?! and data from the calculations®? (list of adjusted variables Z, numeri-
cal input values Q, etc.).

2.3 Optimal predictions of energy levels

2.31 Overview of the new predictions

The method described above, which adjusts variables in order to make theory and
experiments match best, was applied to the determination of fundamental con-
stants [3]. However, fundamental constants only belong to one of the two types
of adjusted variables Z: non-calculated energy contributions § (Section 2.1.1) were
also evaluated??, as mentioned above in Section 2.2.2.3. It is thus possible to op-
timally predict the energy levels whose §-contribution was adjusted in [3], by
evaluating the right-hand side of formula Eq. (2), which is exact. Their are about
two dozen levels whose energy can thus be optimally evaluated; the list can be
found on the web?*.

These optimal predictions were recently extended in Ref. [1] to many more
levels, as all hydrogen and deuterium levels with principal quantum number #n <
200 had their energy calculated, along with that of transitions between any pair
of levels. The precision on the transitions duly includes correlations between level
energies (see, e.g., Eq. (18) in [1]), so that their evaluation is optimally precise.

The principle behind the calculation of new energy levels was to adjust a list
Zs of additional non-calculated §-contributions [1], which was added to the list of
adjusted variables Z (Section 2.2.2.1)—one § for each new level of interest. Apply-
ing the adjustment procedure described in Section 2.2 then yields optimal values
for the theoretical contributions (8’s); using exact predictions like (2) gives in turn
energies with an optimal uncertainty. Thus, new predictions could in principle be
performed by simply redoing the CODATA 2002 adjustment, but only with addi-
tional adjusted §’s.

However, it was shown [1] that the adjustment procedure used for the deter-
mination of the fundamental constants (Section 2.2) does not have to been carried
out again: the full, extended adjustment thus does not represent the calculations
effectively performed for the new predictions [1]. In fact, optimal predictions for
additional energy levels can be obtained in a much simpler way: by combining
some numerical results from the latest adjustment with covariances between a few
theoretical §-contributions (see Section 2.3.3.2 below).

In order to obtain the most precise values possible, the magnitude of the newly
adjusted, non-calculated §-contributions, Zs, was minimized: the latest QED pre-
dictions were used, and some new calculations were performed (see Section 2.3.2.1
below).

21 http://physics.nist.gov/cuu/Constants/index.html
22 hitp://physics.nist.gov/cuu/LSAData/index.html
23 http://physics.nist.gov/cuu/LSAData/zvals.txt

24 hitp://physics.nist.gov/cuu/LSAData/zdata_a.pdf
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2.3.2 System of constraints of the extended adjustment

The system of constraints used for the prediction of energy levels [1] differs a little
from the one used in the latest adjustment of the fundamental constants [3]—even
though it is still of the form given by Eq. (3).

2.3.2.1 New adjusted variables; latest theoretical predictions In order to deter-
mine the energies of all levels of hydrogen and deuterium with principal quantum
number 1 < 200, about 100,000 new §’s had to be calculated?. These new § vari-
ables, which form the vector Zs, were simply appended to the list of variables Z
(Section 2.2.2.1) of the CODATA 2002 adjustment, thus giving an enlarged vector
of adjusted variables denoted by Z, [1, Eq. (2)].

In order to obtain the best possible estimates for the chosen levels of hydro-
gen and deuterium, state-of-the-art theoretical calculations were used in defining
the new §’s—through equation (2) above, which gives the exact energy of a level.
The theory of energy levels in hydrogen and deuterium used in the latest ad-
justment of the fundamental constants is detailed in [3, App. A]. We performed
additional theoretical calculations for the optimal predictions found on the web?°.
The (one-photon) self energy is the largest contribution of QED to the energy lev-
els of hydrogen and deuterium; it represents the effect of the following process,
where a photon (wavy line) is emitted and absorbed by the orbiting electron (dou-

ble line):

A large part of the self-energy shift comes from the non-relativistic Bethe loga-
rithm: many new values were obtained [24,25]. Higher-order corrections to the self
energy used for the high-precision predictions [1] are summarized in [26]; some
predictions were obtained by using the general interpolation and extrapolation
method presented in the appendix of [27], applied to either new or existing self-
energy numerical values. The second-largest QED contribution to the energy lev-
els is the vacuum polarization, in which electron-positron pairs modify Coulomb’s
law according to the following QED diagram, which describes the interaction of
the orbiting electron with such a pair (loop):

Data for this important contribution to our extended adjustment was reported
in [28]. Finally, a smaller QED contribution to the hydrogen and deuterium en-

25 These new variables are contained in the vector Zs, in Ref. [1]
26 nttp://physics.nist.gov/hdel
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ergy levels is the two-photon self energy

b P

whose relevant theory and data was summarized in [29]. By using the latest QED
results, for our calculation of optimal energy levels [1], we minimized the magni-
tudes of the new §’s introduced in the extended adjustment, thus optimizing the
ultimate precision of the new predicted energies.

2.3.2.2 Extended system of equations The system of equations that constrains
the adjusted variables Z, contains equations of a new type [1]: equations that rep-
resent a “constraint” on the energy of a level i:

0+ 00 =Hj(Reo,,...)+ 6, %)

and which contains the same expression as Eq. (2)—the theoretical evaluation of
the energy of level i. Equations of the above type have strictly no influence on the
value of the adjusted variables Z,, because of their infinite?’ uncertainty28 [3].

Information about the §’s of the new levels is included [1] as in the adjustment
of the fundamental constants described in Section 2.2: with equations

0 £ uncertainty = §,

along with?? theoretically known correlations®® with other §’s. For instance, the §
of, let’s say, the 30S state, has non-zero correlations with the § of all other S states—
some of which are found in the CODATA 2002 adjustment’!, while the others are
from the newly studied levels, in the list Z; [1].

2.3.3 Results of the extended adjustment: numerical predictions and simple
calculation method

Calculating optimal values for the variables of the extended list of adjusted quan-

tities Z, was performed [1] along the principles described in Section 2.2.2.3; as

mentioned above, it was found that the actual calculations could be carried out

in a relatively simple and convenient way. Before concentrating on this efficient

prediction method, let’s briefly examine the numerical results.

27 Tn Ref. [1], the infinite uncertainty is contained in the matrix Vg = limy— oo # x Id, and the zero central values are the
elements of the null input data vector Qp

28 The infinite uncertainty gives a zero contribution to the cost function minimized by the adjustment procedure [2,
App. E]. A finite uncertainty in equation (5) would essentially not have changed this situation: the principle behind our
predictions of new energies consists in using all available information that constrains the adjusted variables Z; all such
information is already included in the extended adjustment [1] in the form of the equations of CODATA 2002 [3] (described
in Section 2.2), and in the form of covariances involving the new §’s

29 The zero central estimates of the new, non-calculated contributions § are mathematically put in a null vector Qs
(1, Eq. @]

30 Numerical values for these correlations are found in matrices denoted by § and T in Ref. [1, Eq. (2)]

31 hitp://physics.nist.gov/cuu/LSAData/zdata_a.pdf
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2.3.3.1 Numerical results Examples of precise numerical predictions of transition
energies in hydrogen and deuterium are presented in [1, Table I]. Most of these pre-
dictions are more precise than experimental measurements. This situation arises
from the fact that the system of constraints satisfied by the adjustment includes
all the available information on the levels of interest: consistency between many
equations forces adjusted variables to take very precise values. The full list of en-
ergy levels and transition energies is available on the web site mentioned above32.
2.3.3.2 Simple and optimal energy prediction method Let’s now turn to the de-
scription of the theoretical results obtained [1] on the prediction of energy levels
through an extended adjustment between theory and experiments. It was found
that the prediction of new energies does not actually require adjusting all the vari-
ables Z,, (which contain the §’s to be predicted) in the same way as done for the
adjustment of the fundamental constants (Section 2.2). In fact, less calculations
are actually required. This is proved in [1] through a double use of the Schur—
Banachiewicz formula, which gives an expression for the inverse of a 2 x 2 block
matrix [30,31] (the blocks separate the CODATA 2002 adjusted variables from the
newly adjusted §’s; the calculation of matrix inverses allows one to calculate the
Moore-Penrose least-squares inverse [3, App. E]).

One important result [1] is that the addition of new §’s to be calculated (Sec-
tion 2.3.2.1) has no influence on the best estimates for the variables Z initially
adjusted (Section 2.2.2.1): the determinations (of fundamental constants and §’s)
obtained in CODATA 2002 are not influenced by the predictions of new energy
levels. This is expected, as no new information pertaining to the already adjusted
quantities Z (which includes 815, for instance) is added by the extension of the CO-
DATA adjustment to new levels—no new experiment or theoretical prediction of a
level used in CODATA is added by the extension (Section 2.3.2.2). One important
practical gain brought forth by this result is that the linearizations (Section 2.2.2.3)
of system (3) around successive values of the adjusted variables Z, which were
done for CODATA [3], do not have to be carried out again; the linearization of
system (3) around the final values Z of the CODATA variables thus directly con-
tributes to the new predictions [1], and is readily available3?.

More generally, the prediction of both central energy values and their associ-
ated uncertainties can be obtained by combining some covariances for the new §’s
with matrices and vectors that are readily available** and were obtained for CO-
DATA 2002.

Thus, central values for the new high-precision energy levels of hydrogen and
deuterium can be obtained by using only the covariance matrix V and the lin-
earization A of system (3), along with the covariances T of the new §’s with the
CODATA 2002 equations [1, Eq. (16)]. Non-zero covariances with a new §; orig-
inate only from §’s correlated with §;, in equations such as (1) or (4); for a given

32 nttp://physics.nist.gov/hdel

33 The linearization of system (3) is contained in the matrix A in [1, Eq. (5)]. It is available at http://physics.nist.gov/cuu/
LSAData/a.txt

34 All the relevant data is available at http://physics.nist.gov/cuu/LSAData/index.html


http://physics.nist.gov/hdel
http://physics.nist.gov/cuu/LSAData/a.txt
http://physics.nist.gov/cuu/LSAData/index.html
http://physics.nist.gov/cuu/LSAData/a.txt

Extensive Calculations of High-Precision Energy Levels 269

level i, this represents only a few non-zero values to be calculated®. The fact that
predicting a new energy level i in hydrogen or deuterium only requires the calcu-
lation of a few covariances with §; can be understood intuitively as follows. Let’s
take the case of 1S states; their non-calculated contribution is 8,5 ~ A/n> for
some value of A, as mentioned above. In effect, the CODATA 2002 adjustment
evaluates A for each state involved (through the numerical result obtained for é;s,
etc.); the values of A found are then propagated to the new atomic level of inter-
est i through the covariance of §; with equations that involve 815, etc. In particular,
levels that have only zero covariances with the levels involved in CODATA 2002
cannot be predicted to better than what is given by their theoretical prediction: if
the T matrix of covariances in zero, then the adjustment yields® §; = 0 (central
value) for any new level i.

As with the CODATA 2002 adjustment of the fundamental constants, covari-
ances between all the adjusted variables Z,, can be calculated. Unlike in the cal-
culation of central values for the new energy levels, the matrix S [1, Eq. (2)] of
covariances between the new §’s is involved in the formula that gives the covari-
ance matrix of the new adjusted variables Z,. It is indeed expected that the preci-
sion on the adjusted §’s depends on their uncertainty as predicted from theoretical
considerations (through the order of magnitude of successive perturbation terms).
Precise uncertainties on predicted energies and transition frequencies can then be
calculated through standard propagation of uncertainties (see, e.g., Eq. (F7) in [3]),
as expressed in Egs. (17) and (18) in [1].

3. CONCLUSION

Numerical, optimal predictions for the energies of levels with principal quantum
number n < 200 in hydrogen and deuterium were presented [1]. These ener-
gies, along with the corresponding transition frequencies, were made available
on the web®”. Some transition energies represent the most precise predictions ob-
tained with Quantum Electrodynamics—with uncertainties smaller than that of
the g-factor of the electron—reaching in some cases relative uncertainties such
as 3 x 10713, Many predictions of transition energies are more precise than cor-
responding available experiments, sometimes by about an order of magnitude
(Section 2.3.3.1). These predictions can be used in the future in comparisons with
both experimental and theoretical calculations: as they were obtained under con-
straints of consistency between existing theory and experiments, they represent
a combination of both theoretical and experimental work. In particular, contri-
butions not yet calculated by theory were evaluated without calculating them ab
initio: these so-called “deltas” (Section 2.1.1) were predicted through an adjust-
ment of their value.

35 Calculating the proper covariances between the new §’s and the equation F(Z) of CODATA 2002 concretely requires to
have the list of such equations: see Section 2.2.2.2, Tables XIX and XXI in [3], and the theory of energy levels in [3, App. A]
36 When T = 0in [1], then D = 0, then Zs = 0, according to [1, Eq. (16)]

37 http://physics.nist.gov/PhysRefData/HDEL/index.html


http://physics.nist.gov/PhysRefData/HDEL/index.html

270 E.-O. Le Bigot et al.

The high precision of the numerical energies obtained comes from using as
much experimental and theoretical information as possible, and from taking ad-
vantage of known correlations between these results. Thus, the new energy pre-
dictions are obtained through a least-squares adjustment, which combines theory
and experiments in an optimal way through the adjustment of variables (which in-
clude physical constants, and energy contributions § that remain to be calculated).
A mostly non-technical overview of such an adjustment was given in Section 2.2,
for the latest fundamental adjustment [3], and in Section 2.3, for the adjustment
of hydrogen and deuterium energy levels (where recent progress in theoretical
calculations was exploited, as described in Section 2.3.2.1).

As presented in Section 2.3.3.2, we found a method that simplifies the cal-
culation of the adjustment of new energy levels. The amount of input data and
calculations required is essentially limited to calculating a few theoretical covari-
ances for each atomic level. It is thus possible to obtain new, optimal predictions
by directly using data calculated for the latest adjustment of the fundamental con-
stant, which is also readily available on the web3.

REFERENCES

[1] U.D. Jentschura, S. Kotochigova, E.-O. Le Bigot, PJ. Mohr, B.N. Taylor, Precise calculation of
transition frequencies of hydrogen and deuterium based on a least-squares analysis, Phys. Rev.
Lett. 95 (16) (2005) 163003; http:/ /link.aps.org/abstract/PRL/v95/e163003.

[2] PJ. Mohr, B.N. Taylor, CODATA recommended values of the fundamental physical constants:
1998, Rev. Mod. Phys. 72 (2) (2000) 351-495.

[3] PJ. Mohr, B.N. Taylor, CODATA recommended values of the fundamental physical constants:
2002, Rev. Mod. Phys. 77 (1) (2005) 1-107; http:/ /link.aps.org/abstract/ RMP/v77 /p1.

[4] G.W. Erickson, Energy levels of one-electron atoms, ]. Phys. Chem. Ref. Data 6 (3) (1977) 831-869.

[5] G. Newton, D.A. Andrews, P.J. Unsworth, A precision determination of the Lamb shift in hydro-
gen, Philos. Trans. R. Soc. Lond. A 290 (1373) (1979) 373-404.

[6] S.R. Lundeen, EM. Pipkin, Separated oscillatory field measurement of the Lamb shift in H, n = 2,
Metrologia 22 (1986) 9.

[7] M. Niering, R. Holzwarth, J. Reichert, P. Pokasov, T. Udem, M. Weitz, T.W. Hansch, P. Lemonde,
G. Santarelli, M. Abgrall, P. Laurent, C. Salomon, A. Clairon, Measurement of the hydrogen 1S-
2S transition frequency by phase coherent comparison with a microwave cesium fountain clock,
Phys. Rev. Lett. 84 (2000) 5496-5499.

[8] P. Cladé, E. de Mirandes, M. Cadoret, S. Guellati-Khélifa, C. Schwob, E. Nez, L. Julien, F. Bira-
ben, Determination of the fine structure constant based on Bloch oscillations of ultracold
atoms in a vertical optical lattice, Phys. Rev. Lett. 96 (3) (2006) 033001; http://link.aps.org/
abstract/PRL/v96/e033001.

[9] T. Zelevinsky, D. Farkas, G. Gabrielse, Precision measurement of the three 23 P] helium fine struc-
ture intervals, Phys. Rev. Lett. 95 (20) (2005) 203001.

[10] P. Cancio Pastor, G. Giusfredi, P. De Natale, G. Hagel, C. de Mauro, M. Inguscio, Absolute fre-
quency measurements of the 238, — 23P0,1,2 atomic helium transitions around 1083 nm, Phys.
Rev. Lett. 92 (2) (2003) 023001.

[11] P. Cancio Pastor, G. Giusfredi, P. De Natale, G. Hagel, C. de Mauro, M. Inguscio, Erratum: Ab-
solute frequency measurements of the 23 S1— 23P0,1,2 atomic helium transitions around 1083 nm,
Phys. Rev. Lett. 92 (2004) 023001, Phys. Rev. Lett. 97 (13) (2006) 139903; http:/ /arxiv.org/abs/hep-
ph/0408131.

38 nttp://physics.nist.gov/cuu/LSAData/index.html


http://link.aps.org/abstract/PRL/v95/e163003
http://link.aps.org/abstract/RMP/v77/p1
http://link.aps.org/abstract/PRL/v96/e033001
http://link.aps.org/abstract/PRL/v96/e033001
http://arxiv.org/abs/hep-ph/0408131
http://physics.nist.gov/cuu/LSAData/index.html
http://arxiv.org/abs/hep-ph/0408131

Extensive Calculations of High-Precision Energy Levels 271

[12] J. Castillega, D. Livingston, A. Sanders, D. Shiner, Precise measurement of the ] = 1 to ] = 2 fine
structure interval in the 23P state of helium, Phys. Rev. Lett. 84 (2000) 4321-4324.

[13] M.C. George, L.D. Lombardi, E.A. Hessels, Precision microwave measurement of the 23P1—2 3P0
interval in atomic helium: A determination of the fine-structure constant, Phys. Rev. Lett. 87 (2001)
173002.

[14] C.H. Storry, M.C. George, E.A. Hessels, Precision microwave measurement of the 23P1—23P2 in-
terval in atomic helium, Phys. Rev. Lett. 84 (2000) 3274-3277.

[15] G. Drake, Progress in helium fine-structure calculations and the fine-structure constant, Can. J.
Phys. 80 (11) (2002) 1195-1212.

[16] K. Pachucki, J. Sapirstein, Higher-order recoil corrections to helium fine structure, J. Phys. B: At.
Mol. Opt. Phys. 36 (2003) 803-809.

[17] A. Czarnecki, U.D. Jentschura, K. Pachucki, Calculation of the one- and two-loop Lamb shift for
arbitrary excited hydrogenic states, Phys. Rev. Lett. 95 (18) (2005) 180404; http://link.aps.org/
abstract/PRL/v95/e180404.

[18] V.A. Yerokhin, P. Indelicato, V.M. Shabaev, Two-loop self-energy correction in a strong Coulomb
nuclear field, JETP 101 (2) (2005) 280-293.

[19] J.C. De Vries, A precision millimeter-wave measurement of the Rydberg frequency, Ph.D. thesis,
M.LT. (2002); http:/ /hdlL.handle.net/1721.2/609.

[20] R. Penrose, On best approximate solution of linear matrix equations, Proc. Cambridge Philos. Soc. 52
(1956) 17.

[21] B. de Beauvoir, C. Schwob, O. Acef, L. Jozefowski, L. Hilico, F. Nez, L. Julien, A. Clairon, F. Biraben,
Metrology of the hydrogen and deuterium atoms: Determination of the Rydberg constant and
Lamb shifts, Eur. Phys. J. D 12 (2000) 61-93.

[22] R.S. Van Dyck Jr., P.B. Schwinberg, H.G. Dehmelt, New high-precision comparison of electron and
positron g factors, Phys. Rev. Lett. 59 (1987) 26-29.

[23] W.H. Press, B.P. Flannery, S.A. Teukolsky, W.T. Vetterling, Numerical Recipes in C: The Art of Scien-
tific Computing, second ed., Cambridge Univ. Press, Cambridge, 1992.

[24] U. Jentschura, P. Mohr, Bethe logarithms for Rydberg states: Numerical values for n < 200, Tech-
nical note, NIST, arXiv:quant-ph/0504002 (2005); http:/ /physics.nist.gov/PhysRefData/HDEL/
PDF/bethelogs.pdf.

[25] U.D. Jentschura, PJ. Mohr, Calculation of hydrogenic Bethe logarithms for Rydberg states, Phys.
Rev. A 72 (1) (2005) 012110; http:/ /link.aps.org/abstract/PRA /v72/e012110.

[26] U. Jentschura, S. Kotochigova, E.-O. Le Bigot, P. Mohr, Precise theory of levels of hydrogen
and deuterium: The one-photon self energy correction, Technical Note 1469, NIST (2005); http:
/ /physics.nist.gov/PhysRefData/HDEL/PDF/selfen.pdf.

[27] E.-O. Le Bigot, U.D. Jentschura, PJ. Mohr, P. Indelicato, G. Soff, Perturbation approach to the
self energy of non-S hydrogenic states, Phys. Rev. A 68 (2003) 042101, arXiv:physics/0304068;
http:/ /link.aps.org/abstract/PRA/v68/e042101.

[28] S. Kotochigova, P. Mohr, Precise theory of levels of hydrogen and deuterium: The Coulomb
vacuum polarization correction, Technical report 1468, NIST (2005); http://physics.nist.gov/
PhysRefData/HDEL/PDF/vac_pol.pdf.

[29] U. Jentschura, P. Mohr, Precise theory of levels of hydrogen and deuterium: The two-photon radia-
tive corrections, Internal report 7217, NIST (2005); http:/ /physics.nist.gov/PhysRefData/HDEL/
PDF/two_photon.pdf.

[30] L. Schur, Potenzreihen im Innern des Einheitskreises, J. Reine Angew. Math. 147 (1917) 205-232.

[31] T. Banachiewicz, Zum Berechnung der Determinanten, wie auch der Inversen, und zur daraut
basierten Auflésung der Systeme lineérer Gleichungen, Acta Astronom. Ser. C 3 (1937) 41.


http://link.aps.org/abstract/PRL/v95/e180404
http://link.aps.org/abstract/PRL/v95/e180404
http://hdl.handle.net/1721.2/609
http://physics.nist.gov/PhysRefData/HDEL/PDF/bethelogs.pdf
http://link.aps.org/abstract/PRA/v72/e012110
http://physics.nist.gov/PhysRefData/HDEL/PDF/selfen.pdf
http://link.aps.org/abstract/PRA/v68/e042101
http://physics.nist.gov/PhysRefData/HDEL/PDF/vac_pol.pdf
http://physics.nist.gov/PhysRefData/HDEL/PDF/two_photon.pdf
http://physics.nist.gov/PhysRefData/HDEL/PDF/bethelogs.pdf
http://physics.nist.gov/PhysRefData/HDEL/PDF/selfen.pdf
http://physics.nist.gov/PhysRefData/HDEL/PDF/vac_pol.pdf
http://physics.nist.gov/PhysRefData/HDEL/PDF/two_photon.pdf

Ui 38
He 38,51
1/Z perturbation theory 157

A

ampere 29

angular reduction 203

anomalous magnetic moment 39, 43

anticommutation relations for fermions 191

anticyclotron trap II 221

antimatter 100, 116, 121, 124, 146

antiprotonic atom 219

asymptotic expansion coefficient (AEC) 154,
158

asymptotic expansion methods 42

asymptotic expansions 44

atomic clocks 1,2,4

atomic definition of the kilogram 68

atomic structure calculations 43

Auger transition 228

Auger effect 225

Avogadro constant 31

B

backaction 22

base units 28

Bethe logarithm 38, 4449, 54

binding energy 67, 69, 73-76

Bloch sphere 14

bolometers 59

bound-state quantum electrodynamics 58
Breit interaction 43

C

cc-pVxZ 153

CERN (Centre Européen de Recherche Nu-
cléaire) 219

charged QED vacuum 137

charged vacuum 134

chemical shifts 2,3,5

Chiral Perturbation Theory 228

Cl type approaches 152

classes of orbitals 193

cluster calculations 52

cluster radioactive decay 109

cluster radioactivity 100, 106, 107, 109

clusters of matter and antimatter 99, 124

CODATA 260

coherence 24

coherent rotation 24

cold compression of nuclear matter 100, 126,
132,133, 147

cold fission 110

cold fusion 136

cold valley 100-103, 107, 115

complete-basis-set (CBS) limit 152, 153

configuration interaction (CI) 152

core polarization model 48

correlation consistent (cc) basis sets 152, 153

correlation cusp condition 158

coupled cluster approach 180

CPT invariance 249-251

crystal spectrometers 59

cyclotron trap  218-220, 226

D

decay of the vacuum 143, 146
decoherence 21, 22

deuterium 253, 257, 265, 269
diagrammatic representation 192
Dirac theory 2,4

double B-decay 68, 69, 77, 80
dynamic correlation model 54
dynamical correlation effects 153

E

ECRion trap 230

ECRIS (Electron—Cyclotron Ion Source) also
named ECR source or ECR ion source
230

ECRIT (Electron—Cyclotron Ion Trap) 219,
220

effective Hamiltonian 183

effective interaction 183

effective operators 200

electron correlation effects 152

electron mass 92

energy levels 265

273



274 Subject Index

entanglement 8§, 9,23

exotic atom 218-220, 225, 232

extended model space 195

extrapolations to the complete-basis-set (CBS)

limit 162

F

FAIR (Facility for Antiproton and Ion Re-
search) 95

fine structure constant @ 92

finite nuclear size 49

first-order SAPFs 156

FLAIR (Facility for Low-Energy Antiproton
and Ion Research) 97

fundamental constants 257, 260

G

g-factor 69,74

g-factor of the bound electron 89
gedanken experiment 8,9
generalized Bloch equation 183, 184
GOLDSTONE program 193, 207
Green’s function 46
Greens-function Monte Carlo 53

H

halo nuclei 37, 38, 49, 52, 54

Hartree-Fock (HF) picture 152

Heisenberg microscope 24

helium 38, 39, 47, 49, 54

helium-like ion 59, 219, 226, 230-233

high precision mass 74

higher-order QED effects 58

highly correlated vacuum 119

highly-charged ions 67, 68, 74, 80

HITRAP (Highly charged Ion Trap) 83, 84, 86

hydrogen 45,253, 257, 265, 269

Hylleraas 40

Hylleraas correlated basis set 41

hyper-nuclei 116, 120

hyperfine separation 4

hyperfine structure 1, 4, 39

hyperfine structure of highly charged ions
94

hyper-matter 100, 115, 116, 146, 147

I

individual atomicions 16

individual quantum system 14
individual system 13, 15

information 20

International System of Units (SI) 28
iontrap 16

island of stability 136

isotope shift 37, 38, 40, 41, 43, 49, 51, 52

K
Kabir-Salpeter term 44
kelvin 34

kilogram 29
Klein-Gordon equation 219, 228

L

I-label 162

Lamb shift 39, 58

LEAR (Low Energy Antiproton Ring) 219
least-squares inverse 268

light scattering 9, 22

Linked-Diagram Theorem 188

lithium 38, 41, 47, 49, 52, 54

lithium-like ion 231, 232

Lorentz invariance 245, 248, 250

M

M1 transition 219, 225, 226, 230, 231, 233

magic proton and neutron numbers 100

magnetic moment 1-4, 6

magnetic resonance 1-6

magnetic resonance images 2,5

magnetic resonance imaging 1,5

magnetic shielding 3

main partial wave (PW/m) 154

mass measurements of highly charged ions
93

mass polarization 39, 41, 50

mass renormalization 44

measurement 9, 11-14, 17-20, 22-24

meter 31

micro-motion 17

model space 181-184

mole 34

molecular beam 1,2

MP2 152

MP2/CA 153

MRI (Magnetic Resonance Imaging/Images)
2,5,6

multi-hypermatter 124

muonic oxygen 227

N

natural parity 157, 158, 164, 165

NMR (Nuclear Magnetic Resonance) 1,2,5

no-core shell model 54

non-selective measurements 22

nonrelativistic energy 39

normal isotope shift 49

normal-order sequence 190
extended 201

nuclear charge radius 38, 49, 51, 54

nuclear forces 54



nuclear masses 49

nuclear physics 54

nuclear size 39, 49

nuclear volume effect 53
null result 13, 22

null survival 22

null-result measurement 15

O
one-electron high-Z ions 58
order-by-order expansions 186

P
p-version finite element method (FEM) 153
parity nonconservation (PNC) 60
partial wave (PW) expansions 152
alternative PW (PW/a) 157
auxiliary PW (PW/a) 159
main PW (PW/m) 156
partial waves (PWs)
free PWs (FPWs) 165
main free PWs (FPW/m) 157
main orthogonalized PWs (OPW/m) 157
orthogonalized PWs (OPWs) 165
Pekeris shell 40
Penning trap 68, 73, 76, 80
perturbation expansions 185, 198
Brillouin-Wigner 181
Feynman-Goldstone 193
order-by-order expansions 186
Rayleigh-Schrodinger 181, 184
steps in the derivation of 204
use of computer algebra 184
pionmass 218, 219, 222, 223, 226, 227, 232
pionic hydrogen 219, 220, 228-230, 232
pionic nitrogen 219, 221, 227, 228, 230
Planck constant 31
Poincaré sphere 10
polarizable core 42
position sensitive solid-state detectors 59
precision mass measurement 67, 68, 80
projection operators 196
pseudostate  45-47
PSI (Paul Scherrer Institute) 220
pulse area 19,20

Q

Q-value 67-69,73,76-78, 80

QED corrections 44

QED (Quantum Electrodynamics) 1, 2, 4, 6,
38, 39, 218, 228, 233, 256, 266

quadrupole moment 1,3

quantum information 24

quantum Monte Carlo calculations 52

Subject Index 275

quantum non-demolition 22

Quantum SI 34

quantum Zeno effect (QZE) 10-15, 22
quantum Zeno paradox (QZP) 13,20, 23
quark matter 133

qubit 24

R

radiative recoil 39

Ramsey excitation 78

Ramsey method 73, 80

Rayleigh-Schrodinger variational principle
41

reality 24

reference state 189

relativistic corrections 39, 43

relativistic recoil 39, 43, 50

relaxation times 2,5

retrieval 22

Rydberg constant 257, 261

Rydberg states 41, 42, 48

S

scattered resonance light 18

Schrodinger equation 182

second 35

second quantization 188

second-order Moller-Plesset perturbation
theory (MP2) 152,154

secular motion 17

selective measurements 22

self energy 266

separated oscillatory fields 1,4

single index labels (I-labels) for PW/m incre-
ments 161

singleion 17,21

single system’s 14

specific isotope shift 50

spin-spin interaction 3,5

spontaneous pair production 136

spontaneous vacuum decay 112

state reduction 9, 13,24

stochastic variational multi-cluster 53

Stone terms 50

storage ring 58

strong-orthogonality ~ projection  operator
£(1,2) 155

structure of elementary matter 115

supercritical field 134, 144

superheavies 105

superheavy (SH) element 100, 103, 104, 142

superheavy (SH) nucleus 101, 104, 142, 144

superposition 9,12

superposition state 14

survival 19, 20, 22



276 Subject Index

symmetry-adapted pair (SAP)
energies EQ(T*) 156
functions (SAPF) 152,154, 155

T

temporal evolution 9
tensor force 1,3
two-electron Lamb shift 60
two-level atom 12, 14,24
two-level system 14

U
unnatural parity 157, 158, 164, 165

v

vacuum amplitudes 199

vacuum in quantum electrodynamics

133,134

vacuum polarization 266

variation of constants 239, 245

variational basis set 39-41

velocity of light 31

W
wave operator 183
weighted least squares

260

100,



	cover.jpg
	1.pdf
	2.pdf
	3.pdf
	Magnetic Resonance Contributions to Other Sciences
	Introduction
	Magnetic Resonance and Nuclear Magnetic Moments
	Magnetic Interactions in Molecules
	Nuclear Electric Interactions in Molecules
	Atomic Hyperfine Structure, Separated Oscillatory Fields and Atomic Clocks
	Atomic Hyperfine Structure and QED
	NMR
	Magnetic Resonance Imaging
	Conclusions
	References


	4.pdf
	A Single Quantum System: Evolution, Prediction, Observation
	From ``Gedanken'' Experiments to Quantum Measurement
	Evolution Frustrated by Observation?
	Observations on a Driven Quantum System
	Measurements on Single Ions
	An Alternative Strategy
	Summary
	References


	5.pdf
	The Quantum SI: A Possible New International System of Units
	Introduction
	International System of Units
	The Kilogram and the Ampere
	Possible Redefinitions of the Kilogram
	Relation Between the Avogadro Constant and the Planck Constant
	Other Redefinitions
	Consequences for Other Fundamental Constants
	The Quantum SI
	The Second
	Time Scale for Redefinitions
	Conclusion
	References


	6.pdf
	Studies of Light Halo Nuclei from Atomic Isotope Shifts
	Introduction
	Theoretical Background
	Solution to the Nonrelativistic Schrödinger Equation
	Variational basis sets for helium
	Variational basis sets for lithium

	Relativistic Corrections
	QED Corrections
	Bethe logarithms for helium and lithium

	Applications to Nuclear Size Measurements
	Results for helium
	Results for lithium

	Summary and Conclusions
	Acknowledgements
	References


	7.pdf
	Quantum Electrodynamics in One- and Two-Electron High-Z Ions
	The Ground-State Binding Energy in H-Like Uranium
	Strong Field QED in He-Like Heavy Ions
	The two-electron contribution in U90+: experiment at the ESR electron cooler
	L-shell excited states in two-electron high-Z ions

	Summary
	Acknowledgement
	References


	8.pdf
	Precise Atomic Masses for Fundamental Physics Determined at SMILETRAP
	Introduction
	The SMILETRAP Facility
	Results and Discussions
	Mass measurements for QED tests
	The Q-value of the tritium beta decay
	The Q-value of the neutrinoless double beta-decay of 76Ge

	Conclusion and Outlook
	Acknowledgements
	References


	9.pdf
	HITRAP: A Facility at GSI for Highly Charged Ionsq1
	The Present GSI Facility
	The HITRAP Project
	The HITRAP Facility
	Experiments at HITRAP
	The g-factor of the bound electron
	Precision mass measurements
	Laser spectroscopy of hyperfine structure

	The New GSI Facility
	Stored Particle Atomic Research Collaboration (SPARC)
	Facility for Low-Energy Antiproton and Ion Research (FLAIR)

	Acknowledgements
	References


	10.pdf
	Structure of Vacuum and Elementary Matter: From Superheavies via Hypermatter to Antimatter-The Vacuum Decay in Supercritical Fields
	Introduction
	Cold Valleys in the Potential
	Shell Structure in the Superheavy Region
	Asymmetric and Superasymmetric Fission-Cluster Radioactivity
	Extension of the Periodic System into the Sections of Hyper- and Antimatter
	Clusters of Matter and Antimatter
	Theoretical Framework
	Structure of Light Nuclei Containing Antiprotons
	Doubly-Magic Lead with Antiproton and Anti-Alpha
	Systems with Total Baryon Number Zero
	Life Time, Formation Probability and Signatures of SBNs
	Cold Compression: Nuclear and Quark Matter
	The Vacuum in Quantum Electrodynamics
	On Superheavy Element Formation and Beyond
	Adiabatic dynamics of heavy nuclear system
	Damped collisions of transuranium nuclei
	Giant quasi-atoms and spontaneous positron formation

	Short Reflection on the Chemistry of Superheavy Elements
	Concluding Remarks-Outlook
	References


	11.pdf
	Asymptotic Behavior of MP2 Correlation Energies for Closed-Shell Atoms
	Introduction
	Theory
	Main partial wave (PW/m) structure of the MP2/CA theory
	Alternative partial wave (PW/a) expansion of MP2/CA pair energies
	Correspondence of the PW/a and PW/m SAP pair-energy increments
	Single index labels (l-labels) for PW/m increments
	Formulae for the PW/m asymptotic expansion coefficients of MP2/CA pair energies

	Applications
	Theoretical estimates of PW/m energy contributions
	Extrapolation procedure for MP2/CA energies

	Conclusions
	Acknowledgements
	References


	12.pdf
	A Computer-Algebraic Approach to the Derivation of Feynman-Goldstone Perturbation Expansions for Open-Shell Atoms and Molecules
	Dedication
	Introduction
	Rayleigh-Schrödinger Perturbation Theory
	Overview
	Generalized Bloch equation
	Intermediate normalization 
	Hermitian normalization:

	Order-by-order perturbation expansions
	Coupled-cluster and all-order expansions
	Open-shell atoms and molecules

	Operator Representations
	Second quantization and particle-hole formalism
	Normal-order. Wick's theorem
	Diagrammatic representations 
	Orbital notation for open-shell atoms
	Extended model spaces
	Projection operators. Representation of the model space

	Derivation of Perturbation Expansions
	Feynman-Goldstone perturbation expansions
	Vacuum amplitudes
	Extended normal-order sequence of operator strings
	Angular reduction
	Basic steps in deriving perturbation expansions
	Advantages of using computer algebra
	The Goldstone program

	Application of the Goldstone Program
	Wave operator and energy corrections
	Evaluation of the second- and third-order correlation energies for closed-shell atoms

	Final Remarks
	References


	13.pdf
	Experiments on Highly Charged Heavy Ions in Conjunction with Exotic Atoms
	Introduction
	Experimental Method
	Experimental setup
	Manufacturing and checking of the crystals
	Data analysis

	Measurement of the Pion Mass
	Pionic Hydrogen and the Strong-Interaction at Low Energy
	Highly-Charged Ions
	Conclusion
	Acknowledgements
	References


	14.pdf
	Conceptual Problems in Phenomenological Interpretation in Searches for Variation of Constants and Violation of Various Invariances
	Introduction
	Variation of Constants
	Can constants vary?
	Alternating the basic description
	Gradient terms
	Dimensional quantities
	Three kinds of searches
	An example
	Variations of the constants and violation of the Lorentz invariance or LTI

	Planck Scale Physics in Our Low-Energy World
	Renormalization and Planck scale physics
	The classical Michelson-Morley experiment and calculability of the fine structure constant
	How to violate symmetries?

	External Fields and Related Effects
	External field as a violation of relativity and CPT
	`Selective' external fields and macroscopic experiments

	Microscopic and Macroscopic Description
	Summary
	References


	15.pdf
	Extensive Calculations of High-Precision Energy Levels in Hydrogen and Deuterium Through a Least-Squares Adjustment
	Introduction
	Description of the results
	High precision energy levels and transition frequencies
	Calculation procedure
	Theoretical result: method for high-precision predictions

	Motivations and applications
	Tests of quantum electrodynamics
	Contribution to the determination of the fundamental constants
	Relevance of hydrogen and deuterium

	Outline and references

	Calculation of Energies with an Optimal Precision: Methods Involved
	Two types of adjusted quantities
	Deltas-calculation of quantities not calculated by theory
	Overview of the adjustments

	Adjustment of the fundamental constants
	Overview
	Ingredients of the adjustment
	Adjusted parameters
	System of equations
	Solution of the system of equations


	Optimal predictions of energy levels
	Overview of the new predictions
	System of constraints of the extended adjustment
	New adjusted variables; latest theoretical predictions
	Extended system of equations

	Results of the extended adjustment: numerical predictions and simple calculation method
	Numerical results
	Simple and optimal energy prediction method



	Conclusion
	References


	16.pdf

